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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax? +bx+c=0 ,

. _b+\b? —dac

2a

Binomial expansion

(a+b)' =d" +(7Jan_lb+[’;ja”_2b2 +...+£nJa”_rbr +..+Db",
r
nj n! n(n—l)...(n—r+1)

r :r!(n—r)!: r!

where 7 is a positive integer and [

2. TRIGONOMETRY

Identities
sin® A+cos> A=1
sec’ A=1+tan” 4
cosec’A=1+cot” 4
sin(4+ B) =sin Acos B £ cos Asin B
cos(A4 £ B) =cos Acos Bmsin Asin B

tan A+ tan B

tan(4+ B)=———
Imtan Atan B

sin2A4=2sin Acos A

cos2A4=cos> A—sin* A=2cos* A—1=1-2sin* 4

tan2A4 = %
I-tan” 4
Formulae for AABC
a b c

sind sinB B sin C

a’> =b% +c? —2bccos A

Area of A:%absinC



1 (a) Show that _ 4 =2tan 20. [4]
cotfd—tan @
@ LHS = ﬁ
cott— tan M1 for using changing tan
= ; and cot
cos@ 3 sin @
sind cosd
4
_ Ml
cos’ @ —sin’ 0
cos@sin @
_ 4cosOsind ;coszé? Ml
cos’@—sin’@ cos’ O
_ 4tan0 Al
1—tan* @
=2tan 20
) 4
(b) Hence, solve the equation ——  =5for 0 < x < 7. [3]
cot2x—tan2x
(b) 2tan40 =5 M1
tan 46 = é
2
basic angle =1.1903 Ml
460 =1.1903, 7+1.1903, 277 +1.1903, 37 +1.1903
6=0.298, 1.08, 1.87 , 2.65 Al
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4

The expression 4x° +ax+b, where a and b are constants, has a factor of x—1, and a
remainder of —9 when divided by x+2.

(a) Find the value of a and of .

[4]

Letf(x):4x3 +ax+b

f(1)=0

4(1) +a(1)+b=0
d+a+b=0
at+tb=-4-————— (1)

£(~2)=-9
4(=2) +a(-2)+h=-9
—32-2a+bh=-9

2a+b=23————- (2)

Sub a =-9 into(1)
O+b=-4
b=5

sa=-9 and b=5

M1 for forming first equation

M1 for forming second equation

M1 for solving

A1 for both answers
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5

(b)  Hence solve the equation 4x> +ax+b =0 expressing the non-integer roots in the

form of €+

, where ¢ and d are constants.

[4]

f(x)=4)c3 -9x+5
f(x)=(x—1)(4x2 +cx—5)

By comparing coefficients of x,

f(x)=(x—l)(4x2 +4x—5)

4x° —9x+5=0
(x—1)(4x" +4x-5)=0

4x* +4x-5=0 or x=1

—44_“/42 —4(4)(-5)

2(4)
x_—44_r\/%
8
—4+46
x:
8
—1+6
xX= > or x=1

M1 for getting quadratic factor

quadratic equation

A2 for all answers

M1 for using quadratic formula to solve the
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3 The diagram shows an isosceles triangle ABC, where AB = BC and the line segment BC is

parallel to the y-axis. Point 4 lies on the y-axis and the equation of line ACis y =2x+3.

Point B is (4, h), where 4 is a positive constant.

Y A
C
5(45)

A

> X
o
(a) Find the coordinates of 4, B and C. [4]
(a) | Since 4 is on the y-axis,
4(0,3) Bl

Since BC is parallel to the y-axis, and x-coordinate of B is 4,
x-coordinate of C = 4.

y:2(4)+3
=11

C(4.11) Bl

2 2 M1: form equation using
4 +(h_3) =11-h length formula
16+(h-3)" =(11-h)*
16+h* —6h+9=121-22h+h*
16h =96
h=6

B(4.6) Al
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(b)

7

Given that the point D is such that ABCD is a kite, and the line segment CD is parallel to the

X-axis.

(b) Find the coordinates of D.

[4]

1
Gradient of BD = —E
——lx+c
Y 2
6=—L(4)+c
2

c=8

1
Equation of BD: y = —5x+ 8

Since CD is parallel to the x-axis, y-coordinate of D = 11.

M1: for finding gradient

Al

1
ll:—zx+8 M1: for subst y =11
3=—lx
2
x=-06
D(-6,11) Al

(c) Find the area of the kite ABCD.

[2]

(c)

2

110 4 4 -6 0
Area =—
3 6 11 11 3

:%[(O+44+44—18)—(12+24—66+0)]

= SOunits2

M1 in anticlockwise

Al
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8

4 In the diagram, it is given that 4B = 15 cm, BC =40 cm and ZOCB = 6. The vertical
line OC is perpendicular to OA4 and 4B is perpendicular to BC.
C
0
40 cm
15 cm
-
o A
(a) Show that OC =15sin6 +40cos6. [2]
i Bl
@ sind = ﬁ
15
cosf = BC Bl
OC = ABsin@+ BCcos @
=15sinf8+40cos b
(b) Express OC in the form Rsin ((9+ a), where R is a positive constant and « is an
acute angle in degrees. [3]
(i) R=40%+15> =/1825 MI
40
tana = —
15
o =69.444... 1;‘411
OC =42.7sin(0 + 69.4°)
(¢)  Given that OC is at the maximum, determine the shortest distance of B to OC. [3]
(iii) max OC = 42.7 cm when 8 +69.444...° =90°
0 =20.556° Ml
shortest distance = 40sin(20.556°) Ml
=14.0cm Al
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5 (i) Show %[ln(tan 3x)] =— e stating the value of the constant £.
sin 6x
@ |d 2
a[ln (tan3x )} ~ tan3x (sec 3x)(3) M1 — differentiate correctly
= % M1 — simplify trigo functions
sin3xcos” 3x
3 3
sin3xcos3x
3(2)
= 5 sin 35 008 3x M1 — correct application of
é o X sine double angle formula
B sin 6x
k=6 Al
(ii)  Differentiate In with respect to x.
x f—
W d(ln 7 J d(lln 7x] M1 — use logarithm laws t
— 2 =—| zln— — use logarithm laws to
dx x*—=1) dx\2 x"-1 simplify
d(1 )
- a(z[ln 7x=In (x N I)B M1 — differentiate In7xand
2
2\7x) 2\x* -1
1 X -1-247
2 x(x2 —l)
x4 Al
Zx(x2 - 1)
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6 The curve y = f(x) is such that "(x) =2¢" +e7 2.

The y-axis is a normal to the curve at the point O, where y = 1.

(a) Show that Q is a stationary point. [2]

(a) | The x-axis is perpendicular to the y-axis. Since the y-axis is a
normal, the x-axis is parallel to a tangent at y = 1. Since dy
dy B1: finding —
the gradient of the x-axisis 0, —=0aty=1. . dx
dx B1: stating why
Therefore, there is a stationary point. gradient = 0

(b)  Hence, find an expression for f(x). [6]

(b) f'(x)= j2ex e 2 gy

—2x
:26x+e +c
96" _ te M1: for correct integration
2e2x
Atx=0, f'(x) =0,
2—l+c:0
2
__3 M1
c___
1 3
f'(x)=2¢" - =
Zex 2 Al
f(o)=[2e
262)6 2
—2x
=2€x—l ¢ —§x+c
2 2 2
=2¢" + : ——Xx+c
4e** 2 Ml
Atx=0,y=1,
1=2+l+c
5 Ml
c=——
1 3 5
_ X 2.2
f(x)=2e +4e2x ¥ Al
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7 A waterwheel rotates at 1 revolution per 12 seconds. Initially, Point 4, marked on the highest
point of the rim of the wheel is 6 m above the water surface. It reaches 2 m below the water
surface 6 seconds later.

The motion of point 4 can be modelled using the trigonometric equation s =bcos(kt)+2,
where the height of point 4 above the water surface, 4, is a function of time ¢, in seconds.

()  Showthath=4and k = % 2]
B1
p=02_4
2
LT Bl
1 6
(ii) On the axes below, sketch the graph of 4, for 0 <7 <18. [3]

B1 for shape (regardless no
of cycles)

B1 for period and correct x
values (5 per cycle). Must
see all 9 values.

B1 for correct max, min
and axis of equation

Note: zero mark if student
give wrong curve totally.

(iii) A similar waterwheel at a different location has a point, B, marked on its rim. The
motion of point B is modelled by the equation /&g =4cos (% t)+4. By drawing a

suitable line on the same axis above, determine the number of time(s) when point B
touches the water surface from 0<¢<18. [2]

2 times M1 for drawing line of y = -2

Al
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8 In the figure, PORS is a rectangle which fits inside a semicircle of radius 8 cm and centre O.
S
P 0
If PO=xcm and QR=y cm,
(a) Show that the area of the rectangle, 4 cm®, is given by A4 = 3\/256 —x7. [3]
(@ | A=xy
2
g2 — yz " X M1 — form Pythagoras Theorem
2
2
64=7y" +— .
M1 — make y the subject
256 - x’
7 4

Al
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(b) The maximum area is obtained when the value of x, which can vary, gives a stationary

value of 4. Find the maximum value of 4.

[6]

(b)

A:%m
% = (%xj (%)(256—% ); (—2x)+(256 - ); (1

- %(256—)& )_i [—x2 +256—x2]

B —2x*+256
24256 — X

-0
dx

—2x*+256 B

24256 —x°
—2x2+256=0
x> =128

x =128
Az—“1228,1256—(\/128)2

A=064

0

)

¥ J128" V128 J128"

Sign of - 0 +
dA4

dx

Sketch of e
taneg;[gnto / \

By first derivative testing, 4 is a maximum.

M1 — differentiate correctly

M1 — equate derivative to 0

M1 —find x

Al

Ml

Al
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9 The diagram shows part of the curve y = . A line, /, passes through the curve at point

+3x
A(O, 4) and is parallel to the tangent to the curve at x =—2.

3
(a)  Show that the equation of line /is y = -3 x+4. [3]

@ | dy _ 8(_1)(2+3x)_2 (3)

dx
___ % MI
(2+3x)
Atx=-2,
Gradient = — 24 7
(2-6)
:_% Mi

3
Equation of /: y=—5x+4 Al
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(b)  Find the area of the shaded region. Leave your answer in the form a+bIn2. [6]
(b) 8 M1: for equating the
2+3x 2 x+4 equations
1o =-3x+8
2+3x
16 = —6x—9x” +16+24x
9x? ~18x =0
X (x - 2) =0
x=0 or 2 Al: for coordinates of
other intersection
At x=2, point
3
=——(2)+4
y=-2(2)
=1
Area:l(4+l)(2)—.2[ 8 dx M1: for area of trapezium
2 0 2+3x / integrating line minus
2 ) integrating curve
=5—=[In(2+3x) ]
3 0 M1: for integration
8
=5- 3 [ln §~In 2] M1: for definite integrals
=5- ? In2 Al
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10 A particle travels in a straight line such that at time ¢ seconds after leaving a point 4, which

has a displacement of 2 metres from a fixed point O, its velocity, v ms™! is given by

v=3t2—21r +18.

Find,

(a) the minimum velocity of the particle,

[3]

@1 Ao
dt

6t-21=0
21

t=—s
6

2
v=3(2J —21(2}%18
6 6

=—Ems_1

2
i%:6>0
di

Therefore, v = —?ms_l is the minimum velocity.

M1: for finding ¢
(Award even if have
careless mistake)

Al

B1: for checking max/min
(Award even if value of v
is wrong)

(b) the time(s) at which the particle is instantaneously at rest,

[1]

® 132 21418=0

£ —Tt+6=0

(1-6)(r-1)=0
t=lor6

B1
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(c) the total distance travelled in the first 7 seconds.

[6]

s:j3t2—21z+18 dt

=t3—%t2+18t+c

Att=0, s =2, therefore, ¢ =2

s=t3—%t2+18t+2

Atr=1,
s=13—%12+18(1)+2
=10.5m
Ati=6,
—63—%(6)2+18(6)+2
=-52m
Atr=17,
- 3—%(7)2+18(7)+2
=—43.5m
o
P 52m “ | t=1
- N
=6 t=7 0% 10.5m g
43.5m

Total Distance = (10.5-2)+10.5+52+(52-43.5)
=79.5m

B1: for getting s

Ml

Ml

Ml

Ml
Al
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11 (a) Given the function y = m2;2x’ find d_y [3]
x" -3 dx
m—2x M2 — finding numerator and
Yy=—
X =3 denominator d_y
dy _ (x2 —3)(—2)—(m - 2x)(2x)
dx ( w2 - 3)2
B 2x* +6-2mx+4x"
(<)
B 2x° +6—2mx Al
(o)
(b) Hence, find the range of values of m such that the function y = mz;;c is always
x —
increasing. [4]
2
Since M >0 and (x2 —3)2 >0,
(x2 B 3) dy
M1 — stating — > 0 or wrong
L 2xT =2mx+6>0 dx

2x? —2mx+6=2(x2 —mx+3)

For 2x* —2mx+6 > 0,

2
—m—+6>0
2

2
m

—<6

2

m? <12
m*—12<0

(m+\/§)(m—x/§)<0
—2«/§<m<2\/§

expression > ()

M1 — completing the square method

2

2 i6>0
M1 — stating

Al
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Alternative Solution
2x* +6—2mx

Since ———— >0 and (x2 —3)2 >0,

(o)

2x2 =2mx+6>0

2x% —2mx+6=0
discriminant < 0
(=2m)*> —4(2)(6) <0
4m*> —48 <0
m*—12<0

(m+\/§)(m—\/ﬁ)<0
—2\/§<m<2\/§

M1 — stating dy > () or wrong

dx
expression > ()

M1 — finding discriminant

M1 — stating discriminant < 0

Al
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