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Chapter 1(b): Lines and Vector Product

1. Vector Equation of a Line

Consider the line / passing through the point 4 with position vector a and parallel to the vector
b.
Let R1, R> and R5 be points on /. b

Then we have 0731 —OA+ TRI =a+Ab, for some 4. (since A—R1 //'b).

Similarly, we have,

OR, = , for some 4, .
O ~TTTee-ll
OR, = , for some A,.

Hence, the position vector of any point on a line can be obtained by identifying a point that the

line passes through and a vector that is parallel to the line.

Therefore, the vector equation of a line is as follows:

direction

VGCW R

Vector equation of a line:

r=a+Ab, 1R

O
Note:
1. A is a real value that gives a particular point on the line.
2. r is the position vector of a point on the line corresponding to a A value.
3. a is the position vector of any known point on the line.
4. b is a vector (called direction or displacement vector) parallel to the line.
5. Vector equation of a line is not unique because of the different choices of a and b.
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Example 1
Write down a vector equation of the line passing through the point (1, 3, —2) and parallel to

1
the vector | —2 |.

3 1
Solution -2

The position vector of a point on the line is

Direction vector of the line is

.. Vector eqn of the line is

Example 2

Find a vector equation of the line passing through the points A(1, 5, 6) and B(-1, 1, 4).

Solution
AB _
1) (1 (1,5 6)4__48 B(-114)
4 6 r
0

Direction vector of the line is :
The position vector of a point on the line is :
Vector eqn of the line is AeR

Note: (1) The direction vector can also be found using BA.
(2) Only directional vector can be reduced.

Chapter 1(b) Vectors — Lines and Vector Product (Students’ version) / Pg 2



Jurong Pioneer Junior College

H2 Mathematics (9758) JC1-2026
Example 3
1 1
The equation of a straight line is given by r=|1 [+ 4| 2 |, 4 € R. Find the value of 1 that will
1 3
give the position vectors below:
1
(a) r =| 1|, therefore =
1
3 3 1 1
(b) r=|5]|,therefore |5|=|1|+A4]2 =
7 7 1 3
0 0 1
(c) r=| —1 |, therefore | -1|=|1|+1|2 =
-2 -2 1

Note: If there is a unique solution for A, the point P lies on the line, otherwise the point is not
on the line.

Example 4
Determine whether the points P(2, 3, 4) and Q(—1, -3, —6) lie on the line

r=({+j+k)+A>{i+2j+3k), LeR.

Solution

Vector equation of line: AeR

Consider point P(2, 3, 4)

I+1=2 =41=1 -(1)
Equate components and solve for 1 in each equation: 1+24=3 =1=1 -(2)
1+434=4 =1=1 -(3)

Conclusion: Since an unique solution of A is found, the point P(2, 3, 4) on the line.
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Consider Point O(-1, -3, —6) r=|-3|=[1[+4]2

Equate components and solve for 2 in each equation:

1+1=-1 =

1+24=-3 =
14+34=-6 =
Conclusion: Since the solution of A4 , the point O(-1,-3,-6) on the

line.

Note: All 3 equations must be used to check the uniqueness / non- uniqueness of A. If there is

a unique value of A, the point lies on the line. Otherwise, the point is not on the line.

2. Cartesian Equation of a Line

The Cartesian equation of a line can be derived from its vector equation. Generally, from the

vector equation, we have

x a, b, X =a, +Ab,
yi=la, |+4 b, SO y=a, +Ab,
z a, b, z =a,; + Ab,

Making / the subject, we have

The Cartesian equation of the line is:

X —q, y—a, Z—d,

bl b2 b3
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Example 5

Find the Cartesian equation of the line passing through the point 4 with position vector
O4d =i+ 2j — k and parallel to the vector 2i — 3j + k. Hence check whether the point B with

position vector OB=i+ 2j lies on the line.

Solution
Vector equation of line is:

Equate components:

Making A the subject:

Cartesian equation is

Check if point B(1, 2, 0) is on the line:
Now, and )

and

Since , the point B(1, 2, 0)
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Example 6
0 12

Express the vector equation r = | =7 [+ 4| 5 |, A €R in Cartesian form.
14 0
Solution

X

.. The Cartesian equation is

Geometrically, what does the Cartesian equation in Example 6 mean?

Z A
e
1 1
: : pla,/]4 | //
: :
1 1
1 1 Yy
1 1
1 1
1 1
1 1
------------------------------------ |~ >
o X
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Example 7
x+3 y-3

. . z . .
Express the Cartesian equation T -5 —3 in vector equation form.

Solution

Let

Vector equation is

Example 8

Express

=z, y =—1 in vector equation form.

Solution

Let

Geometrical meaning of the

Vector equation 1s equation of the line:
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3. Relationships between Two Lines

In a 2-Dimensional situation, e.g. on the whiteboard, any two straight lines drawn will either
(1) intersect at 1 point (the two lines are not parallel).

(i1))  do not intersect (the two lines are parallel but not the same line).

There is a case where the two lines intersect infinitely many times. This is when the two lines

are the same.

Give a geometrical interpretation when two lines
are parallel and intersect.

However, in a 3-Dimensional situation, any two straight lines may
(a) be parallel and do not intersect;
(b) not be parallel and intersect; or

(c) not be parallel and do not intersect. Such lines are called skew lines.

. H G
Let see the case as in a box:

AD and BC are parallel.

AD and DC intersect at D. E

AD and BF are skew lines since they are not parallel

and do not intersect.

Extend the line segments into straight lines, and the results still hold. 4 B

Consider 2 lines L, and L, whereL, : r=a,+4b,, AcR and L, : r=a,+ub,, ucR.
(a) If the two lines are parallel, then b, //b, .

(b) If the two lines are not parallel and intersect, there are unique values of A and u such that
a, +4ib, =a, +ub,

(c) If the two lines are not parallel and no unique values of A4 and x can be found, then the

lines are a pair of skew lines.

Note :

If two lines are parallel and do not intersect or two lines are not parallel and intersect at a point,
then the two lines lie on the same plane. The lines are said to be coplanar. Conversely, two
lines that are not coplanar are skew lines.
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Example 9
Determine whether the following pair of lines are parallel, intersecting or skew. If the lines

intersect, find the position vector of their point of intersection.
Liir=i—j+3k+Ai—j+Kk), AeR, L:r=2i+4j+6k+u2i+j+3K), ucR.

Solution

Check if direction vectors are parallel

Since , the lines are

Suppose the 2 lines intersect at a point.

Write LHS & RHS

in column vectors

Equate components:

(3 equations in A & u)

Solve any two equations (D) +(2), 0=6+3u =>u=-2
to obtain values of 4 and u Subst into (1), 1+4A=2+2(-2)=>A=-3

Test that the values of A4 and u satisfy remaining equation

Substituting to (3):

.. A =-3 and u =2 satisfy all the 3 equations.

Conclusion The lines

The position vector of the point of intersection is
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Example 10

Determine whether the following pair of lines are parallel, intersecting or skew. If the lines

intersect, find the position vector of their point of intersection.

-1 2
[y x—1:y+5:z+3’ h:r=|5 |[+u|l-3|, uekR
2 -3 4
4 0
Solution
-1 2
[ : Liir=5 |+ul 3|, uekR
4 0
Since , the lines are not parallel.

Suppose the 2 lines intersect at a point.

1 2 -1 2
=S|+A 3= 5 |[+u|-3
-3 4 4 0
1424 ==142u = A—pu=—1 -(1)

—5-31=5-3u=-34+3u =10 -(2)
-3+41=4 =41=7 -3
Using GC,

Since there are

Hence, the lines are

Note: All 3 equations must be used to check the uniqueness / non-uniqueness of 1 and u .

APPLICATIONS MAIN MENU SIMULT EQN SOLVER MODE SYSTEM MATRIX (3 % 3)
1:Finance.. 1:POLYNOMIAL ROOT FINDER |EQUATIONS 2B 456789 10f & 7 |3}
2:Conics PESIMULTANEQUS EQN SOLVER |UNKNOWNS B 34567 89 18| °
3:Inequalz 3:ABOUT DEC
EHPL=Smlt2 4:POLY ROOT FINDER HELP SCI ENG
S:Transfrm S:SIMULT EQN SOLVER HELP 123456789

6:QUIT APP RADIAN  [o]Se{SS EYsHiEI=7

MATN] HELP INExT ||[MATNTMODE ICLERRILOAD ISOLVE]

NO SQLUTION FOUND

[MATMTMODE [ SYSM IRREF |
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4. Acute Angle Between Two Lines

Consider the vector equations of two lines:
[:r=a,+ib,, AeR  and L:r=a,+ub,, ueR.

Since b, and b, are the direction vectors of the 2 lines,

the angle between /, and /, is the same as the angle between b, and b,
b, eb,

= cosl =
b [[b, |

Hence, to find the acute angle between /, and /, =

Note: By convention, we normally find the acute angle between 2 lines.

Example 11
0 1 0 2

Find the acute angle between the lines r = | 1 |[+A| 2| AeR andr=|-1|+u| 3 | peR .
1 3 -1 —4

Solution

Use the scalar product to find the acute angle between the two direction vectors: A

acute angle
between /, and /,

12

The acute angle = 8 =78.5° (to 1 d.p.)
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Example 12

Prove that the linesr=(1+2A)i+ (1 - 1)j+ (1 - A1)k, A €R and
r=Gi-j+k)+ u(i-2j+4k), ueR are perpendicular.

Solution
[Write the vector equation of lines:]

[: ,AeR : ,HeR

[Prove that the scalar product of the direction vectors is zero:]

Since the scalar product of the direction vectors is zero, the 2 lines are perpendicular.

5. Angle between a vector and the positive x-, y-, Z- axes

Consider a vector OTD:2i+3j+k . The angle between OP and the positive x-axis can be

found using the scalar product of OP and i:

z
A
@Oi:‘ﬁ’“ﬂcosa y
2 1
31el0 :x/ﬁ(l)cosa
1 0

cosa 2 = a=cos’ (ij—ﬂ 7°
Jia Jia)~ " o

v

Similarly, the angle between OP and the positive y-axis, £, can be found using the scalar

product O—POj:‘O—PH j|cos f and the angle between OP and the positive z-axis, y can be

found using the scalar product OP ok = ‘O—P‘ |k| cos ¥, which are left as exercises.
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Example 13
Find the angles between a = 2i + 4j — 2k and the positive x, y, z- axis.

Solution
Let «, fand y be the angles between a and positive x, y, z- axis be respectively.

a= =65.9°
B= =35.3°
y= =114.1°
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6. Length of Projection of a Vector Onto Another Line

Length of projection of AP onto the line / = ‘ﬂ’ ob| ,

where b is the direction vector of /.

Projection of AP onto b

(by scalar product APeb = ‘ﬁ" |b| cos@)

Proof:
Length of projection of AP onto the line! =AN
= Hﬂ"‘ CcoS 9‘
-farl A
|4P]b]
= [4Peb
Example 14
1

2

Find the length of projection of AP onto the line L: r=|1 [+ 4| -1 |, 1 € Rwhere the

0

position vector of 4 and P are i + j and 3i + 2j + 6k respectivel

distance from point P to line L.

Solution
3 1 2
AP=|2|-|1]=|1
6 0 6

Length of projection of AP onto the line L = ‘Z%f)

‘ﬂ":x/22+12+62:\/ﬁ

2

y. Hence find the shortest

A

Projection of AP onto b

By Pythagoras’ Theorem, shortest distance from point P to line L =
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7. Foot of Perpendicular and Perpendicular Distance from a Point to a Straight Line
Example 15
Find the position vector of the foot of perpendicular, N, from the point P (3, 2, 6) to the line

1 2
L: r=|1|+1| -1|, AeR. Deduce the perpendicular distance PN.

0 2
Solution

Idea: Let N be the foot of the perpendicular from P to L.

ON satisfies equation of L since N lies on the line L. P

1
2 2 i
Since PN L| -1 , use the fact that PN e| —1 |=0 i]
2 2 L N — [

to form an equation for A and solve for it.

With the value of A, obtain the position vector of N.

Since the foot of the perpendicular N is a point on line L,

N lies on
the line: for a value of 4.
1 2 3
Find PN in Therefore, PN=ON—-OP= |1|+4]|-1|-|2
terms of A: 0 2 6
2
— Since PN e| -1 |= 0, we have
PN 1 line 5
Use scalar
product to
solve for A :

The position vector of the foot of perpendicular N is

Chapter 1(b) Vectors — Lines and Vector Product (Students’ version) /Pg 15




Jurong Pioneer Junior College

H2 Mathematics (9758) JC1-2026
13 3 13-9 4
PN=1| 2|-|2]=L 2-6|=1 8
3 3
10 6 10-18 -8

The perpendicular distance,

PN|=

Note: (1) The perpendicular distance is also the shortest distance from a point to a line.
2) Compare Examples 14 and 15. If the question did not ask for the foot of the

perpendicular, then the method used in Example 14 is the shorter one.

Example 16
-1 3 -1
The position vector of point 4 is | 0 | and the equation of line/isr=|2 |+ 4| 2| AeR.
5 1 1
Find

(1) the position vector of N, the foot of perpendicular from A4 to the line /;
(i1) the perpendicular distance from A4 to the line /;

(ii1)  the position vector of the reflection of 4 in the line /.

Solution
. . . A(-1,0,5)
(1) Since N lies on /, :
for a value of A ! ;
! [ S
N 1
3 -1 -1
AN=ON-O4 =|2|+A|-2|-| 0
1 1 5

Chapter 1(b) Vectors — Lines and Vector Product (Students’ version) / Pg 16



Jurong Pioneer Junior College

H2 Mathematics (9758) JC1-2026

Since Z\U_l,
1Y (-1} (2
(i) AN=|-2|-| 0 |=| =2
3 -2

Perpendicular distance from 4 to the line / =

(i11))  Let A’ be the reflection of 4 in the line /. 4
Since N is the midpoint of 44",
1
N
0 1
A 4
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8. Vector Product (Cross Product)

The vector product (cross product) of two vectors a and b whose directions are inclined at

an angle @ to each other is defined as:

axb:|a||b|sin0ﬁ

where 0" <0 <180" and

n is the unit vector perpendicular to the plane parallel to both a and b.
(M is a normal to the plane parallel to both a and b.)

Note:

(1) The resultant of a vector product is a vector.

(2) The direction of a vector product is perpendicular to the directions of both a and b in

the sense of using a right- hand screw.

Basic Properties of a Vector Product

(1) axb#bxa
In fact,a x b=(-b) x a b

~bx (-2 - %<:
=— (b xa) T a

Note : aeb=Dbea buta x b=- (b xa)

Ybxa
(i)  |axb|=|al||b|sin & since [i|=1

(i) ax(bte)=(axb)t(axc)

(iv)  A(axb)=Zdaxb or A(axb)=axib
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*Important Results
(i) Parallel Vectors

For any two non-zero vectors a and b,

if vectors a and b are parallel, then 6§ = , sinf = = axb=

Conversely, ifa x b=0, and a# 0, b# 0, then a and b are parallel vectors.

ie. a//b

< axb=0

Recall the alternative way to check that two vectors are parallel:

a//bsa=Ab forsome AeR, 1 #0.

Note:i xi=jxj=kx k=0

(ii) Mutually Perpendicular Vectors

As the unit vectors i, j, k form a mutually exclusive perpendicular right-handed system,

it follows that:

ixj=k i x k=i kxi=j
Ix] J J i\\/
ixk=-j k x j=-i jxi=-k .
J
k
Z-axis &_/
y-axis
A
k j
0 —> X-axis
i

Comparison of Key Results for Scalar and Vector Product

For non-zero vectors aand b, and A e R

Scalar (Dot) Product Vector (Cross) Product
aesb=0<alb axb=0«<al//b
aoa:|a|2 axa=0
aeb=Dbea axb=—(bxa) >
A(aeb)=Jaeb=aelb A(axb)=Aaxb=ax1b

What is the difference
between ae0and a x 0?
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Example 17
Find |a x3(b+c)|, given that that a is parallel to b and perpendicular to ¢, [a| =4 and |¢|=
Solution
lax3(b+c)
since
=3 |a X c|
= since
= since

-3(4)(9

=60

To calculate Vector Product

This is available in
Consider the vectors a = ¢,i +a,j+ak and b=hi+b,j+bk. | MF27.

Note! V
a, b, a,b, —a,b, a,b, —ab,
axb=|a, |x| b, |=| —(ab,—ab) |=| a;b, —ab,
a, b, a,b, —a,b, a,b, —a,b,

a bl This step is done mentally by
a. x| b “covering” one row each time
axb=| "2 2
a, b, o<:>c>
( 4 \ ( b‘ w }’Y 1 1
PidRF i
3 \bg iy ) kb3 J
:(azb3_a3b2)i - ( )J + ( bl)k
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Proof (Read it yourself):

axb=(aji+a,j+ak)x(bi+b,j+bk)

=ab (ixi)+ab,(ixj)+ab,(ixK)
+a,by(jxi) + a,b, (jx j) + a,0,(j < K)
+ab,(kxi) +a.b,(k x j)+ a,b,(k xk)

= abk+ ab,(-j)+ a,b(-k)+ abi+ abj+ ab,(-i)

= (a2b3 —a3b2)i - (a1b3 —a3bl)j + (alb2 —azbl)k

(sinceixi=jxj=kx k=0)

Example 18
Ifa=2i+3j+kandb=3i—j+ 2k, finda x b.

Solution
2 3
axb=|3|x|-1|=
1 2

Note: Checking correctness of vector product using scalar product 1i.e.

Check that and

Example 19

Find the unit vectors which are perpendicular to both the vectors a = 2i + 2j — k and
b=4i+j-k

Solution
2 4

axb=1| 2 |x| 1 |=
-1 -1

|a><b|=|b><a|=\/a

Unit vectors are
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9, Applications of Vector Product

9.1 Perpendicular Distance from a Point to a Straight Line/Vector (Shortest Method)

Consider a point P and the line r =a+Ab (i.e. line passing through 4 and parallel to the

vector b).

Let N be the foot of the perpendicular from P to the line.

Perpendicular distance of P to the line

- PN :\ﬁ\sme

From the definition of vector product,

APxb =‘ﬁ’“b|sin9n

‘ﬂ’xb‘ = ‘ﬁ‘ [b|sin@ since ‘n‘ =1 Recall that
S . opposite
sinfd =———
‘ﬂ?‘ Sin 6 = ‘APXb‘ hypotenus
b
‘ﬁ) X b‘ ..
.. Perpendicular distance of P to the line with direction vector b = T = ‘Abe
Example 20
1 2
Find the perpendicular distance from the point P(3, 2, 6) tothe liner=|1 [+A|-1|, 1 e R.
0 2
Solution
AP = f) = P@3,2,6)
Perpendicular distance of P to line
=[PN]
A1, 1,0) —
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Comparing Examples 14, 15 and 20, what are the methods to find the perpendicular distance
from a point to a line?

Summary (3 Methods to find perpendicular distance from a point to a line)

Method 3 (Example 20)
P - Find ‘ﬁ\f‘ using cross product.
o
Line /
4 N >
b

Method 1 (Example 14)
- Find 4N, the length of
projection of AP onto Method 2 (Example 15)
line / using dot product.
- Then use Pythagoras - Find ON , the position vector
Theorem to find PN. .

of foot of perpendicular from P

to line /.
- Then find ‘ﬁ\f‘ .

Important Note:

I) Length of PN = @Ob (which is also the length of projection of P—Q onto line /.)
g g

(IT) Length of QN = ‘P—Qxb‘ (which is the perpendicular distance from Q to line /.)
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9.2 Area of Triangle

(Approach 1)
Area of triangle ABC = %‘E‘ h

h = perpendicular distance from point Cto AB = ‘R’ X ZB‘

Area of triangle ABC = %‘ﬁ‘ ‘R x AB

Area of triangle ABC= %‘% X E‘

(Approach 2)

From the definition of vector product,
axb =|a||b|sin i

ACx AB = ‘Eﬁ”ﬁ‘sin&n
‘Ex E‘:‘%Hﬁ‘sinﬁ since ‘n‘zl
Substitute ‘R’HE‘ sinf = ‘TCX@‘ into (*)

1 -
Area of triangle ABC = E‘AC x AB‘

9.3 Area of Parallelogram

Area of parallelogram ABCD = 2 times of area of triangle ABC
=2 (%\E xAC))

Area of parallelogram ABCD = ‘E X R"
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Example 21

The position vectors of 4, B and C are givenby a=1i+j+k, b=i+2j+ 3k and
¢ =i-3j + 2k respectively. Find

(i) the position vector of the point D such that ABCD is a parallelogram, D

(i1) the area of parallelogram ABCD, and
(iii) the perpendicular distance from D to AB.

Solution A B

(1) Since ABCD is a parallelogram,

1) (1) (1) (1
OD=|-3|-|2|+|1|=| -4
2 ) (3) 1) Lo

(i1) Area of ABCD =

ADx AB =

Area of ABCD :‘E X ﬂé‘ =9 units’

(ii1))  Perpendicular distance from D to AB
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