Topic: Equations and inequalities

Question 1 [2008 EQY, Q3] marks
Itis given that ( p, Ej , Where p >0, is asolution to the pair of simultaneous equations
px+2y:10mﬁ—9+3=5.
Xy
(i)  showthat P=3.
[2]

Solution:

Sub x=p and y:% into pXx+2y =10 to get p2 +1=10= p =3 since

p>0
(ii)
Find the other solution (X, y) to the above pair of simultaneous equations. [4]
Solution:

3x+2y =10 so y:10;3X

hame§+- =5= 3(10-3x) + 4x =5x(10-3x)

X 10-3x
=15%x* —55x+30=0=3x*-11x+6=0= (3x-2)(x—-3) =0
2 2 2
Hence X=— or3sosub X=— toget y=4,i.e. X=—, y=4
3 u 3 get'y ' 3 y

Question 2 [2009 EQY, Q7] marks
(i)
Given f(X) = x>+ (p+1)Xx+ p+1, where piis real. Find the value(s) of p [4]

for which the graph of y = f(x) is a tangent to the x-axis.

Solution:

D=(p+1)°-4M)(p+1)=0
P’ +2p+1-4p-4=0
p’-2p-3=0

(p-3)(p+1)=0
p=3or -1




(i) Find the range of values of x for which (2x+1)(4x —3) <18.

Solution: [3]

8x*—6x+4x-3-18<0

8x*—2x-21<0

(4x-7)(2x+3) <0
Question 3 [2010 EQY, Q17 EITHER i, ii] marks
(a)
A power generator works in such a way that it takes 10 minutes to warm up before it is able to
generate electricity. It is expected to generate 500 units of electricity every 20 minutes after it
warms up.
(i)
Write down an equation in E and t, where E units represent the amount of electricity
generated and t minutes (where t >10) represents the time after which the generator is
turned on.

[1]
Solution:
E- 500(t—10)
20
=25(t-10)

(ii)

Show that it is expected to take at least 5.5 hours to generate at least 8000 units of electricity.
Solution:

8000

For E >8000, 25(t—10) >8000 = t—-10 >

=1>330

So it takes at least 330 minutes or 5.5 hours




Question 4 [2011 EQY, Q10b]

marks

The roots of the equation x? —4x+1=0 are & and L . Without finding

the value of & and of 3, construct a quadratic equation whose roots are

205+l and 2ﬂ+i.
a

Solution:

a+f=4 4 & af=1

Sum :(2a+%j+(2ﬁ+%]
= 2(a+ﬂ)+%

= 2(4)+@:12

Product = (Za +1jx(2,6’+£}
a B
— 40{ﬂ+M+i
af afp
:4(1)+M+i:33

o @
Quadratic equation : X* —=12x+33=0

(Only quadratic expression is written, (not an equation, i.e. no equal sign) answer mark cannot

be given.)

[5]




Question 5 [2012 EQY, Q9]

marks

(i)
Given that k (X2 —3X+ 4)+ X —3 is always positive for all real values of x.

Find the range of values of k.

Solution:

(@) k(x2—3x+4)+x—3>0
=k>0and A<O

A =9k* -6k +1-16k* +12k <0

7k* -6k -1<0

(7Tk+1)(k-1)>0

k>1ork<—1
7

~k>1

[4]

(i)

The roots of the quadratic equation x? +2x+1-k?> =0 are & and [, such that

a? —/3’2 = 2. Find the possible values of k.

Solution:

X*+2Xx+1-k*=0
a+pf=-2and aff =1-k°
a’-p=(a+p)(a-p)=2
La—-pf=-1
ca=-15/=-05
k®=0.25

k=+0.5

[5]




Question 6 [2013 EQY, Q4]

marks

(i)

Find the range of values of h, h #0, for which the line y =x—h meets the curve
y = hx* + 7x.

Solution:

X—h=hx*+7x = hx*+6x+h=0
As the line meets the curve ie. b?—4ac>0
= 6°-4h*’2>0
h*<9
-3<h<3h=0

[3]

(i) Find the range of values of k forwhich y = X*+ (K—4)x + 1 is always
positive for all real values of x.

Solution:
As y is always positive and a >0
= b’-4ac<0
where a=1, b=k—-4 and c=1
(k-4)?-4<0
k* -8k +12<0
(k—2)(k—-6)<0
= 2<k<6

[3]

Question 7 [2013 EQY, Q11]

marks

Solve the equation ‘ x* -3 ‘ = 2X
Solution:

Given ‘x2—3‘ = 2X = x?-3=2x or x*-3=-2x

Casel: X?-3=2x
or x?—2x-3=0

(x=3)(x+1)=0 x=3or -1
Case 2: X*—3=-2x
or x> +2x-3=0
(x+3)(x-1)=0
x=-3orl

But ‘xZ—B‘ —2x>0

Hence after verifying, the answer is:
x=3 or Xx=1

[4]




Alternative Solution
(x*=3)* = (2x)’°
x*-10x*+9=0
(x*-9)(x*-1)=0
Xx=13,%1
Sx=31

Question 8 [2014 EQY, Q5]

marks

Find the range of values of m for which y =mx* —(m+1)x+m is always positive for all
real values of x.

Solution:

y =mx> — (M +1)X+m is always positive
=m>0and A<0

A=(m+1)*-4m* <0
m®+2m+1-4m* <0

3m*-2m-1>0

Bm+1)(m-1)>0

1
m<-—-—=orm>1
3

. m is positive, ..m>1

[4]

Question 9 [2014 EQY, Q6]

marks

It is given that the equation X° +2k +1=(k +2)X has two real roots & and /3.

(i)
Find the range of values of k.

Solution:

X+ 2k +1=(k+2)x

X —(k+2)x+(2k +1) =0
A=(k+2)*—4(2k +1)>0
k*—4k >0

k(k—4)>0
k<Oork=>4

(3]




(i) If &®+ f° =11, determine the value(s) of k.

Solution: [4]
a+pf=k+2
aff =2k +1
a’+ pr =11
= (a+p)’ -2af =11
(k+2)*-2(2k+1) =11
k*=9
k=43
. a, [ are real, range of values fork :k <0 ork >4
~k=-3
Question 10 [2015 EQY, Q1] marks
The roots of the quadratic equation 2x% +1=5x are a and p.
(i)
Write down the values of o + £ and af . [2]
Solution:
5 1
a+f=—and aff =—
p 5 " B >
N . . 1 1
(ii)Find an equation whose roots are given by — and —-.
a B
[3]
Solution:
1 1
P
_ a? +ﬁ2
a2ﬂ2
_(a+p)* 208
(ap)’
=21
LR
o

Hence equation is X2 —21x+4=0




Question 11 [2015 EQY, Q2] marks
(i)
Explain why 2 +4x— 4x? cannot be greater than 3 for all real values of x. [3]
Solution:
2—4x% 4 4x = —4(x> —X)+2
2
= —4(x - i} +3
2
2 2

Since (X—lj >0, 4 X—1 +3<3

2 2
s0 2—4x2% +4X cannot be greater than 3.
(i)
Find the range of values of p such that 4 px2 —4(p+2)x+6p+5 is always positive for all [5]

real values of x.

Solution:
Need 4p >0 and [-4(p+2)]> —4(4p)(6p+5) <0
i.e. p>0 and

5p2+p-4>0
= GBp-4)(p+1) >0

4
:>p<—10rp>g

Hence p > ﬂ
5




