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READ THESE INSTRUCTIONS FIRST

Do not open this booklet until you are told to do so.
Write your name, class and index number in the space at the top of this page.

An answer booklet and a graph paper booklet will be provided with this question paper. You should
follow the instructions on the front cover of the answer booklet. If you need additional answer paper
or graph paper ask the invigilator for a continuation booklet or graph paper booklet.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of
angles in degrees, unless a different level of accuracy is specified in the question.

You are expected to use an approved graphing calculator.

Unsupported answers from a graphing calculator are allowed unless a question specifically states
otherwise.

Where unsupported answers from a graphing calculator are not allowed in a question, you are
required to present the mathematical steps using mathematical notations and not calculator
commands.

You are reminded of the need for clear presentation in your answers.

The number of marks is given in brackets [ ] at the end of each question or part question.
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1 Let a, b, ¢ be positive real numbers such that abc =36.
(a) Show that 2a+b+3¢c>18. [2]
4a® b’ 9¢?
+ +
b+3c 3c+2a 2a+b

¢ where this minimum value is attained. [5]
(c) Hence, or otherwise, prove that if p, g and r are positive real numbers such that

(b) Deduce the minimum value of and find the values of a, b and

1
r =—, then
rq 36

1 1 1

+ + >9. 4
9p3(r+3q) 36q3(3p+2r) 4r3(2q+p) 4l

2 (a) The variables x and y are related by the differential equation

dy 2xy
— = x;t\/z forall x,yeR.
dx  x*-2)° 4 d
Using the substitution y =ux, find the general solution of the differential equation. [7]
(b) Describe geometrically the set of points that satisfy the general solution obtained in part

(a). [4]

3 Consider 4-by-4 unit-square grids where each unit-square is either shaded or white.
For example, the following diagram illustrate an example of such a grid.

(@) (i) How many possible 4-by-4 unit-square grids are there? [1]
(i) How many 4-by-4 unit-square grids are there which contains at least one entirely
shaded 3-by-3 square? [4]

(b) Determine the minimum number of shaded unit-squares in a 4-by-4 unit-square grid to
guarantee that it contains at least one entirely shaded 2-by-2 square. Justify your answer.

[3]

(¢) Define ¢;, for i=1,2,3,4, to be the number of shaded unit squares in the ith column from
the left of a given 4-by-4 unit-square grid.
For example, for the 4-by-4 unit-square above, ¢, =2,¢, =0,¢; =3,¢, =2.

How many distinct possible tuples (c;,c,,c5,¢,) are there if the given 4-by-4 unit-square

grid has
(i) exactly 4 shaded unit-squares, [1]
(i) atleast 12 shaded unit-squares? [3]
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4 Let S be the set of all integers from 1 to n and 7 be the set of all subsets of S, including the
empty set & and S itself.

(a) Explain why |T|=2". [1]
The sets A4, and 4,, which are not necessarily distinct, are chosen randomly and

independently from the 2" subsets in T.
(b) In this part of the question, we will calculate P(4, N4, =<) in 2 ways.

() Letibe an integer such that 1<i<n. Show that P(i¢ 4, N 4,)= % . [2]
(i) Hence, find P(4, N4, =9). 1]
(iii) Let k be an integer such that 0<k <n.Find P(4 N4, =D||4]|=k). [1]
(iv) Deduce that Z 4 (3) 3]
k)2t \4) "
k=0
(¢) (i) Letkbe an integer such that 0<k <#. Find P(|A] NA4,|= k). [2]
(i) Find E(|4,N4,)). [2]

5 (a) Let f(x) be a polynomial with integer coefficients.
(i) Forintegers & and S show that f(x)—f(«) has a factor of x—« and hence, or

otherwise, show that

f(B)—f(a)=0 (modulo f—-a). [2]

(ii) Deduce that there does not exist a polynomial f with integer coefficients such that
£(1)=2.£(3)=5. 1]

(iii) Explain why there does not exist a polynomial f with integer coefficients such that
f(1)=0, 0<f(2025)<2024. [2]

(b) A monic degree n polynomial is a polynomial where the coefficient of x" is 1.
Let p bean odd prime. Let h(x) be a monic degree n polynomial with integer

coefficients.
We call an integer y is a root modulo p of h(x) if h(y)=0 (modulo p).

Moreover, if a # # (modulo p), we call integers «, S incongruent.

(i) Find two incongruent roots modulo 7 for x* +x+1. [1]
(ii) For n>1,show thatif y is aroot modulo p of h(x), then there exist a monic degree

n—1 polynomial h,(x) with integer coefficients, such that

h(x)=(x=7)hy(x) (modulo p). 3]
(iii) Prove, by induction, that any monic degree n polynomial h(x) has at most n

incongruent roots modulo p for n>0. [5]
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Use the information in the mathematical text to answer Question 6. You should read the whole
mathematical text before you start answering the questions.

On the irrationality of ©

We denote £) (x) to be the kth derivative of f(x) with respective to x and f ©) (x)=f(x).

A number is called rational if it can be simplified to the form 5 where a is an integer and b is a positive

integer where a and b do not share any prime factors. A number is called irrational if it is not a rational

number. For example, the numbers 0.1, %, —% = -3 are rational numbers but </2 and = are not.

However, showing that & is irrational, is not trivial.
In 1947, the Canadian-American mathematician Ivan Morton Niven produced an elementary yet elegant
proof that & is irrational. His methods could be traced back to French mathematician Charles Hermite’s

1873 paper on proving irrationality of e”, where 7 is a rational number. We will investigate a modified
version of Niven’s proof of the irrationality of .

a e .
We suppose that = 3 for positive integers a, b, for contradiction.

In his proof, for each positive integer n, Niven considered the polynomial

n _ n bn _ n
f(x): X (a bx) _ I:x(n x)] .
n! n!
Using binomial theorem, we can write this polynomial in the form

1 2n .
f(x)=n—!2c,x ,

where c, are integers for all 7.
By considering the expansion, we can show that f () (O) is an integer, for 0 <k <2n. This would then

imply that f () (m) is an integer, for 0 <k <2n, as well.

Niven also define another function F(x) as,

F(x)=1£(x)= £ (x)+ £ (x) =t (=1)" £ ().

This is carefully chosen so that the identity I f (x)sin(x) dx = F(O) + F(n) holds for all n.
0

n n

For 0 < x <, we have 0<f(x)<nn'1
n:

for some positive real constant m.

We can then develop the bound

O<J‘nf(x)sin(x)d>c<27t 1'11 forall n>1.
0 n!

It is a known fact that if lim u, =0, this implies that for sufficiently large n, we have u, <I.

n—>0

By selecting a sufficiently large n, we will attain the required contradiction to prove that & is irrational.
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6 In this question you are asked to prove that = is irrational.
. . . a .. .
For the entirety of the question, we will assume that = 7 where a, b are positive integers,

for contradiction.

. : : 1,
(@ () Considerany ¢, inthe sum f(x)= ;Zc,x .

Briefly explain why c, is an integer. [2]
(i) Hence, explain why f*) (0) is an integer for 0<k <2n. 2]
(b) By showing that f(x)=f(n—x), prove that £(k) (m) is an integer for 0 <k <2n. [3]
(0 () Provethat F'(x)=f(x)—F(x). [2]
(ii) Deduce that I f(x)sin(x) dx=F(0)+F(x). [3]
0
(d) (i) Prove that for some positive real constant m, 0<f(x)< n n'a for0<x<m.
n!

(2]

T . 2n"m"
(ii) Hence, show that 0< j f(x)sm(x) dx < ZF "n [1]

0 n!

(iii) By considering the series expansion of e* , or otherwise, explain why

lim 22" _ ¢, [2]
n—o  pnl
(e)  Prove that = is irrational. [3]
End of Paper
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