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THREE-DIMENSIONAL
VECTOR GEOMETRY

SYLLABUS

o Vector and cartesian equations of lines and planes

o Foot of the perpendicular and distance from a point to a line or to a
plane

o Angle between two lines, between a line and a plane, or between two
planes

o Relationships between
- two lines (coplanar or skew)
- alineand aplane
- two planes



ACJC 2025/26 H2 Mathematics (9758)

CONTENTS
1 LIS ettt 3
1.1 Vector Equation of a LiNe.........cccoovveviiiieiicii e 3
1.2 Parametric and Cartesian Equations of a Line ............c.......... 5
2 Relationships between Point and Line ... 9
2.1 Foot of Perpendicular from a Pointto a Line .........cc.ccccvevnee. 9
2.2 Perpendicular Distance from a Pointto a Line .................... 12
3 Relationships between TWO LiNeS ........cccccccevveveiiieieeie e 16
3.1 Parallel, Intersecting or SKew Lines ..........cccccveveviverviiinnnnn, 16
3.2 Angle between TWO LINeS .......cccovviiirieneiineseseseseeeees 23
4 PIANES ..t 25
4.1 Vector Equation of a Plane in Parametric Form ................... 25
4.2 Vector Equation of a Plane in Scalar Product Form ............ 27
4.3 Cartesian Equation of a Plane ..., 31
4.4 Special PIaNeS ...t 32
5 Relationships between Point and Plane ...........ccccccoevveveieeieciennn, 34
51 PointonaPlane ..o 34
5.2 Foot of Perpendicular from a Point to a Plane ..................... 35
5.3 Perpendicular Distance from a Point to a Plane.................... 38
5.4 Distance of the Origin O from aPlane ...........c.ccocvevvviiennnn, 39
5.5 Reflection of a PointinaPlane ..o, 40
6 Relationships between Line and Plane ..........ccccocevveveieeveciennnn, 41
6.1 Possible Configurations of a Line and a Plane .................... 41
6.2 Intersection of aLineand aPlane .........cccccovvviveivcieniennnnn, 42
6.3 Angle betweenaLineand aPlane .........cccccocvvvevveiciinennenn, 43
6.4 Reflection of aLineinaPlane .......c.cccocooviiiiiiiiniiiiienen, 45
7 Relationships between TWO PIanes .........ccccovviiinininiinincienn, 46
7.1 Two Parallel PIanes .........ccccoovviiieieiieciece e 46
7.2 Intersection of TWO Planes .........cccccovvviieveiin i, 48
7.3 Angle between TWO PIanes ........ccccoocveviviiieiiie e 52
Annex A: Practice Questions on Lines and Planes ...........ccccccoevveeevnnnne, 55



6B Vectors Il

LECTURE 1

Lesson Outline
e Vector equation of a line
e Parametric and Cartesian equations of a line

1 LINES

1.1 Vector Equation of a Line

Consider an origin O, a point A with position vector a, a vector b and a
line | that passes through point A and is parallel to b.

Let P, P, and P, be three points on the line.

Suppose AT’lzb.Then @:@+ﬁ:a+b.

0,

o




Here, ris the
position vector of
any point on the
line /.
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Combining the 3 cases, we have

In general, if P is any point on the line | such that ﬁ:/lb, then the
position vector r of P is given by

r=OP=0A+AP =a+b.
Conversely, the vector r =a+ Ab, where 1 € R, is the position vector of

a point P on the line passing through A and parallel to b such that AP = Ab.
The vector b is called the direction vector of the line.

Hence, the vector equation of a line | passing through point A with
position vector a and parallel to a vector b is

r=a+ Ab, where 1 is a parameter, L e R.

Note
. Expression of the equation of a line is not unique.

o If the equation of the line can be written as r = Ab, where 4 is a
parameter, A € R, then the line passes through the origin O.

Example 1
(a) Find a vector equation of the line |, which is parallel to the vector
2i — j+3k and passes through the point (5, -2, 4).

(b) Find a vector equation of the line |, passing through points
A(5,2,6) and B(-3,6,2).

(c) Determine if the point (7,—3,7) lies on the lines I, and/or |,.

Solution
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-3 5
(b)) AB=OB-OA=| 6 |-|2|=| |[=4
2 6
-2
l,:r= +ul 1|, uelR
-1

(c) If A=1 inthe equation for | , then

5
-2 |+ =
4
-2
Let r= in the equation of |,, we have = +ul 1
-1

As there is no solution for x, the point(7,-3,7) does not lieon I,.

Extra Practice
Annex A: Practice Question 1

1.2  Parametric and Cartesian Equations of a Line

Suppose we have a line that passes through the point (2,-1) and is

2
parallel to the vector [ j y
4

»

A

p =2

The vector equation of this line is

x, )

o[ 2)ea[?) 2em =

-1

Since r is the position vector of a point on the /

. . X
line, we can also write r :( J , Where (X, y)
y

\ 4

are the coordinates of a point on the line. o}
p N
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. 2 2 X 2+21
Since r = +A , we have = ,
-1 4 y -1+44

o)
X=2+24,
y =—1+44.

This is called the parametric equation of the line, since x and y are both

given in terms of a third variable 4.

We can make A the subject in both equations, to get

_ X—2 A= y+1'

2 4

A

Therefore
X—2 _y+1

2 4

This is the Cartesian equation of the line. By making y the subject it can
also be rearranged into the more familiar form y=2x-5.

Note that we have three ways of expressing the relationship between the
coordinates of the points on the line, namely the vector equation, the
parametric equation, and the cartesian equation.

Since the vector equation of a line is not unique, neither are the parametric
equation and the cartesian equation.

We can perform the same sequence of operations in three dimensions:

Example

Equation of line | which passes through the point (5, -2, 4) and parallel

2
to | —1 | can be represented in the following ways:
3
5 2
Vector Equation r=(-2(+A|-1|,where 1eR.
4 3
X X=5+21
Parametric Equation | Let r=|y |, then y=-2-1,where 1 eR.
z z2=4+31
Make A the subject for each of the parametric
Cartesian Equation equations, .., X—=5 _ y+12 _ 2;4.
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In general, if we have a vector equation of a line given by

r=a+4b, 1eR,
2 b,
where a=|a, | and b=|b, |, to convert this to the parametric and
S b,
X

cartesian equations, we let r=| y |. Then
z

X a b, X=a,+Ab
yl|=la, |+A|b, |[=>y=a,+1b,
z a, b, z=a,+Ab,
X—a _y-a _ 1-8

b, b, b,

= A=

Example 2

(a) Find cartesian and parametric equations of the line passing through
the points A(-1,2,3) and B(4,-5,6).

(b) Convert the following cartesian equations of the lines to vector

equations:

L X=3 y+1 2-z .

i = = i) 2x-1=3z, y=4.

() 5 3 2 (i) y
Solution

()
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(b)()

(i) Let A=2x-1=3z, y=4, therefore

2x—1:/1:>x:%+l/1

2
y=4
32:/1:>z=l/1

3
Hence
X 2+1i2
r=y|= 4
z A
1 1
2 2
=14|+4|0
0 3
1 3
=4|+10
0 2

Extra Practice
Annex A: Practice Question 2, 3
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LECTURE 2

Lesson Outline
o Foot of perpendicular from a point to a line

o Perpendicular distance from a point to a line

2  RELATIONSHIPS BETWEEN POINT AND LINE
2.1 Foot of Perpendicular from a Point to a Line

Given equation of line L, r =a+ Ab, and point P with position vector OP,

let F be the foot of perpendicular from point P to line L.

To find the position vector of F
Method 1: Equation of line

Step 1: Since F is a point on the line L,

OF =a-+ b for some real value of A.

Step 2: Since PF is perpendicular to L (and therefore b)
PF.b=0= (ﬁ—@).b = 0and solve for A

Step 3: Substitute A into the expression of OF to find the position
vector of F.

Method 2: Projection

(Recall Chapter 6A Section 5.4 Projection of a Vector in a Given
Direction)

Step 1: Since AF is the vector component of AP parallel to b,
AF = (ﬁ.ﬁ)ﬁ

Step2:  Find OF using OF = OA+ AF
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Example 3
7-4
Given a line L which has vector equation, r=| 1+34 | and a point P with
-5+1

coordinates (3, —6,1), find the coordinates of the foot of the perpendicular

from point P to line L. Hence find the shortest distance from point P to the
line L.

Solution
Method 1

Let OA=| 1|.
5

Let F be foot of the perpendicular from point P to line L.

Step 1: Since point F lies on line L,

Step 2: PFLL=PF.b=

Step 3: Substitute A into the expression of OF .

10



Method 2

-1
ﬁ=(ﬁ.6)6 where b=| 3
1
-4 . -1 . -1
=|-7 |-—| 3 ||—=| 3
N I NG
-1
_ (4-21+6) 3
11
1
1
=|-3
-1
7 1
.'.@zOTA#ﬁz 1 |+|-3
-5 -1
5
Thus PE =OF -OP =| 4.
-7

5

Shortest distance :‘ﬁf‘ =| 4|= \/% = 3x/TO units .

-7
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11
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2.2 Perpendicular Distance from a Point to a Line
In the diagram, the line L has equation r =a+ Ab.

A is a point on L such that OA=aand F is the foot of the perpendicular
from a point P to L. PF is called the perpendicular (shortest) distance from
P to the line L.

To find the perpendicular distance PF
Method 1: Cross Product

(Recall Chapter 6A, Section 6.3 Perpendicular Distance from a Point to a
Line)

If the question only asks for perpendicular distance, we can use the formula

Method 2: Finding foot of perpendicular

If the question first asks for position vector of the foot of perpendicular
from point P to line L, then we can use this position vector to deduce the
perpendicular distance PF:

Step 1: Find OF , Where F is the foot of perpendicular from point P to
line L. (Recall Chapter 6B Section 2.1 Foot of Perpendicular
from a Point to a Line)

Step 2: Find PF and thus perpendicular distance PF = |¥|

Method 3: Finding length of projection

If the question first asks for length of projection of AP on the line L (i.e.
AF), then we can use Pythagoras’ Theorem on AAPF:

Step 1: Find AF, the length of projection of AP on the line L (Recall
Chapter 6A Section 5.4 Projection of a Vector in a Given
Direction)

Step 2: Find PF using Pythagoras’ Theorem on AAPF.

12
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Example 4
Find the shortest distance from P(1,3,2) to the line with equation
r=(1-t)i+(2-30)j+2k.

Solution

Shortest distance from P (1, 3, 2) to the line

Example 5

Using Example 3, find the position vector of the reflection of point P on
line L.

Solution
From Example 3, the foot of P(3,-6,1)
perpendicular F is (8, -2, —6) .

Since F is midpoint of PP’,

13
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Alternatively, F is midpoint of PP’.

Using ratio theorem, OF = OP+OP’
8 3 13

— OP' =20F-0P=2|-2|-|-6|=| 2|. n
-6 1 -13

Example 6

ABCDEFGH is a wooden block with a square base ABCD of side 6 units.
The height of the block is h units. The point O at the centre of the base, is
the origin of position vectors. The vectors i, j, and k are unit vectors in the
direction AB, BC and AF respectively.

E H
! G

F :
St BEEEY c
/' D kBg]

h|

O 6
A 6 B

The vector OH makes an angle of 45° with the horizontal.

(i)  Find, h, the height of the block.

(i)  Write down the vector equation of the line FB and hence find the
position vector of the foot of the perpendicular from H to FB.

[NJC/2003]
Solution
(i) H
(i) A vector parallel to line FB is 0 c
3 -3 6
FB=OB-OF =| -3|-| -3|=| 0
0) \3v2) (-32

Vector equation of line FB is

14
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’
.,

’,
’
4
4
’,

’,
’

&
F(-3,-3,3V2)

H
it
-
N

Let N be the foot of perpendicular from H to the line FB.
Since point N lies on line FB,

3461
m: -3 forsome 1 eR
321
6
HN 1L FB = HN. 0(=0
32
6
:((ﬁ—(ﬁ’). 0l=0
32
34641 3 6
-~ -3 || 3| 0|=0
322 (342)) =32
61 6
— 6 . 0l=0
321-3V2 ) | =32

= 364+184+18=0

:>/1=—1
3
- 3+6(-%) 1
.ON = -3 =| -3
a2(-3) |2

15
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3  RELATIONSHIPS BETWEEN TWO LINES

3.1 Parallel, Intersecting or Skew Lines

Two distinct lines in three-dimensional space may be located in one of the

following configurations:
(@ the lines are parallel,

(b) the lines are not parallel and intersect,
(c) the lines are not parallel and do not intersect. These are called skew

lines.

It is also possible that, given two equations, they may be of the same line

even though they look different.

To determine the relationship between two given lines from their
equations, we first consider the directions of the lines.

Direction vectors are parallel

Same line

Equate the i, J, and k components
and solve for A and

Solutions exist.
(See Example 7(iii))

Direction vectors are not parallel

Intersecting Lines

Equate the i, j, and k components
and solve for A and

Solution exists.
(See Example 7(i))

16

Parallel Lines

Equate the i, j, and k components
and solve for A and

Solutions do not exist.

(See Example 7(iv))

Skew Lines

TT—

Equate the i, j, and k components
and solve for A and

Solutions do not exist.
(See Example 7(ii))
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Example 7

Determine the geometrical relationship between the following pairs of
lines. If the lines intersect, find the position vector of the point of
intersection.

(i) Lir=i-j+3k+A(i—-j+k), L:r=2i+4j+6k+u(2i+j+3k),

where A, zeR,
" . y z-1 X—2
im  Lix-1===—,1,:—=3-y=1z,
L 3 4% 4 y
X-4 y-6 z+9 x-1 y-2 z-3
(i) |i—m == = e =
3 4 -12 —6 -8 24
1 2 3
(iv) Lir=|2{+4|-2 |, L:r=| 4 |+u| -6 |,where 1, uecR.
-5 12
Solution
1 1 1+ 4
(i) Lir=i—j+3k+A(i—-j+k)=|-1|+4|-1|=|-1-2
3 1 3+4
2 2 2+2u
L, :r=2i+4j+6Kk+u(2i+j+3k)=|4 |+u| 1|=| 4+u
6 3 6+3u
1 2
Since | -1 |#«a| 1| for any scalar ¢, |, and 1, are not parallel.
1 3

For intersection of two lines, we equate the two expressions to solve
for Aand s

1+ 4 2+2u A=2u=1
Let| -1-4 |=| 4+u |,ie., s-A—u=5
3+1 6+3u A-3u=3

17
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GC Use [APPS][PlySmit2] Algebraic
In the algebraic Iélfsfs‘lgtTEL'ﬂig; AUTO REAL RADIAN HF n 1_ ZIU -1 o _(1)
method, we c_hoose SIMULT EGN SOLVER MODE ~A—u=5 ———(2)
two equations to EQUATIONS 2EI4567 89 18
solve for Zand . UNKMOHNS 345678918 A-3u=3 -——@0)
Then the third zjfs] DEC
equation is used to SCI ENG - 3y = —
check if the system B12345678¢9 (l)+(2)- 3u=6=u 2
yields any solution DEGREE Substitute into (2)
for Aand p. ’
-A+2=5=>1=-3
[MATN] [HELPTMEXT1

Sub. A =-3, u=-2 into (3),

MORHMAL FLOAT AUTO REAL RADIAM HP n
FLYSHLTZ AFF

SYSTEM MATRIX (3 X 3) LHS=4-31=3
i -z
[? g RHS=3

Since LHS=RHS, we get
consistent values for A and s

LSYSMIC3:)=3 .. The lines I, and 1, intersect.

[MATNTMODE ICLERRILOAD ISOLVE

HORHAL FLOAT AUTO REAL RADIAN HF n
FLYSHLTZ AFF

SOLUTION

x1B8-3
xz=-2

MATNTMODE I SYSMISTOREIF 4+D1

Substitute 4 =-3 in the equation of |, to find the position vector of

1+(-3) -2
the intersection point, i.e. | —1-(-3) |=| 2.
3+(-3) 0

18



=A,ler

|1;x_1:X:Z__1
3 4

IZ:X%Z:s—y:z:,u,i.e., r=| 3—u |=
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1+4 1 1

34 |=|3|+4|3
1+44 1 4
2+4u 2 4
3|+ul -1
Y7, 0 1

Since | 3 |# «| —1|forany scalar ¢, |, and |, are not parallel.

1 4
4 1
1+4 2+4u
Let| 31 |=| 3—u |,ie,
1+44 U

GC

Solving using GC as in (i), there are
no solutions for A and . Therefore
the lines I, and 1, do not intersect.
Hence they are skew lines.

HORHAL FLOAT AUTO REAL RADIAH HF n
FLYSHLTZ AFF

[SY3Hla 3= -1

[MAIN | MODE ICLERRI L OAD ISOLVEI
NORHAL FLORT AUTO REAL RADIAN HF [
PLYSHLT2 APP

 hEGEam

NO SOLUTION FOUND

[MATNTMODE I SYSM T RREF

A-4u=1
3A+u=3
Al—pu=-1
Algebraic
A-4u=1 -——@)
3A+u=3 -——(2)
4)—pu=-1 -——(3

(2)x4: 124 +4u=12 ———(2a)
(1)+(2a): 131 =13= 1 =1
Substitute into (2):
3+u=3=u=0

Substitute =1, =0 into (3):
LHS=1+441=5

RHS= =0

Since LHS # RHS, we do not get

consistent values for A4 and g,
which implies there are no
intersection points between |, and

.

. The lines |, and |, are skew.

19
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A 4+34 4 3
(iii) |1:X; =y;6=2129,i.e., r=| 6444 |=| 6|+4| 4
- -9-124) | -9 ~12
1-6u 1 —6
|2:X;1=y;2222;3,i.e., r=| 2-8u |=|2 |+ u| -8
- - 3+24u) |3 24
3 —6
Since -2| 4 |=|-8], |, and |, are either parallel or the same
-12 24
line.
GC Algebraic
4+32 1-6u The point (1,2, 3) lieson |,.

Let| 6+44 |=| 2-8u |, i.e.,

To check if it lieson |, :
-9-122 3+24u

31+ 61u =_3 4+34 1 If the point (1,2,3) lies
_ 6+44 |=|2 on I, aswell then /; and
12;1% —;jﬂ B ;; -9-122 3 I, are the same line.
- —24u=
Solving using GC, we get Observe that A = -1 satisfies all
A=-1-24 (I, and 1, have three components, thus (1, 2, 3)

infinitely many points in common). | lieson |,.
The equations are consistent.
. The lines |, and |, are the same

line.

MORMAL FLOAT AUTO REAL RADIAM HF n
FLYSHLTZ AFF

. The lines |, and |, are the same
line.

n (3 ¥

s

[5Y¥SHIC331=12

[MATN T MODE ICLEARILOAD ISOLVE!

MORMAL FLOAT AUTO REAL RADIAM HF n
FLYSHLTZ AFF

SOLUTION SET

®x1B-1-2x:
X=Xz

[MATN T MODE I SYSM ISTOREI RREF |




1+
2 |=|2-2A4
4 3+44

ol
(43

1
Since 3| -2 |=| -6
4

(iv)

12

GC
1+2 2+3u

Let | 2-21 |=| 4-6u |, e,
3+44 -5+12u
A-3u=1

24 +6u=2

A -12u=-8

Solving using GC, we do not get
consistent values for A and .

= The lines |, and |, are not the
same line (they do not have any
points in common).

. The lines |, and |, are parallel.

HORHAL FLOAT AUTOD REAL RADIAM HF n
FLYSHLTZ AFF

SYSTEM MATRIX (3 =x 3)
[ 1 -3

2 6

y -1z

[SYSHI(3,3)= -5

[MATNTMODE ICLEARILOAD ISOLVE]

HORHMAL FLOAT AUTO REAL RADIAN HP n
FLYSHLTZ AFF
—  CRINNRERYY

NO SOLUTION FOUND

[MATNTMODE I SYSMTRREF

2+3u
4—-6u
-5+12u
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, |, and |, are either parallel or the same line.

Algebraic
The point (2, 4,-5) lieson |,.

To check if it lieson |, :

) 2 )
2-22|=| 4 (2)
3+44) | -5 3)

1):1+1=2=41=1
(2:2-2A=4=41=-1

Since the system of equations does
not have a consistent solution,

(2,4,-5) does not lieon |,.

Hence the lines |, and |, are
parallel.

21
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LECTURE 3

Lesson Outline
o Relationship between two lines in space

o Angle between two lines

Example 8

The position vectors of A, B referred to an origin O are a, b respectively.
The point P is the midpoint of AB and Q is the midpoint of OP. The line
AQ produced cuts OB at R. Find, in terms of a, b,

(a) the position vector of Q referred to O,
(b) the vector E

Prove that OR = %b | [N72/11/5(b)]

Solution
(@) P isthe midpointof ABi.e. AP:PB=1:1

By ratio theorem, OP =

Q is the midpoint of OP, hence OQ =

(b) AQ=0Q-OA=

Method 1 Method 2

Since the two lines meet at R, to — = 3.1
find intersection, we equate the AR=AAQ=1 _ZaJer
equations of the two lines.

..OR=0A+AR

3_ 1
lo:r=a+4|——a+=b
A ( 4 4 j :a+/1(—§a+1bj
4 4
log 17 = b
: : —(1—§ftja+ib
For intersection, 4 4
a+/1(—§a+lbj=yb On the other hand, R is on OB,
4 4 _
OR=ub

Therefore (1—§ija+%b =ub.

22



Since a is not parallel to b
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31 A
a:l-—=0 b:—=
4 i
= 1=43 —1
U 3

Hence ﬁ=%b.

3.2 Angle between Two Lines

Given two lines L, and L, with equations r=a+A4b and r=c+ ud

respectively,

L

0
L, b

b.d = |bl|d|cos &

cosd = ﬂ
bl|d|

_bd
[bffd]

because b.d is a positive number.

180° -8

b.d = |b]|d|cos (180°-0)
=—|b||d|cos &

-bd

bjld

_lod|

~ Jold]

cosd =

because b.d is a negative number.

Let @be the acute angle between the two lines, then

23

This formula can
also be used to find
the angle between
skew lines.
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Example 9
(i) Find the cosine of the acute angle between the lines L and L,,

where L, passes through point (3, -4, 3) and is parallel to vector

-1 2
2i—j+2k and L, hasequation r=| 2|+ u|-1| where ueR.
3 -1

(if)  Find the acute angle between L, and the z-axis.

Solution
i Lir=
Lr=

Let &be the acute angle between L, and L,

cosd =

(if) Let O be the acute angle between L, and the z-axis. The z-axis is
parallel to the vector k.

24
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LECTURE 4

Lesson Outline
o Vector equation of a plane in parametric form & scalar product form

o Converting between parametric form and scalar product form

4 PLANES
A particular plane can be specified in a number of ways, such as the
following:

o Given three non-collinear points A, S and T, exactly one plane
contains all three points A, Sand T.

o Given one point A and two non-parallel vectors b and c, exactly one
plane contains the point A and is parallel to both b and c.

o Given one point A and a vector n, exactly one plane contains the
point A and is perpendicular to n. In this case n is called the normal
vector to the plane.

n

o=

There are other ways to specify a plane but these are the more useful ones.

For example, if the two lines intersect or are parallel, then they lie on the
same plane. We say that the lines are coplanar.

4.1 Vector Equation of a Plane in Parametric Form

Suppose we want to find the equation of a plane /7 containing point A and
parallel to the two vectors b and ¢ (where b is not parallel to c).

Note that for any A, e R, the vector Ab+ uc is also parallel to 77.

> >
b b

Conversely, any vector coplanar with b and c can be expressed as Ab + uc
for some A, ueR. (Recall Chapter 6A Section 3.3 Linear Combinations
of Vectors)

25
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Therefore, if a point P with position vector r lies on the plane 77, then
OP =OA+AP.

Here,risthe | Hence 3 vector equation of the plane in parametric form is given by
position vector of

any point on the
plane m.

r=a+Ab+uc, where A, ueR.

Example 10
(&) Find the vector equation of the plane in parametric form that passes
1 2
through (0,1, 2) and parallel to | 2 | and | 3 |.
1 5

(b) Find the vector equation of the plane in parametric form that passes
through the points with position vectors 3i—2j , 2i+3k and
i—j+k.

Solution

Notethatthe | (@) Equation of plane is
answers for vector
equations of planes
in parametric form
are not unique.

(b) Two vectors parallel to the plane:

26
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Example 11

Find the vector equation of the plane 77 in parametric form that contains
the line | :r =3i+4j—5k +t(4i—2j+k) and passing through the point P
with position vector 3i—j+5kK .

Solution
Two vectors parallel to the plane:

4.2 Vector Equation of a Plane in Scalar Product Form

Suppose we want to find an equation of a plane /7 containing a given point
A (with position vector OA= a) and perpendicular to the given vector n.

A vector equation of /7 in scalar product form is

r.n=d where d =a.n Note that deR .

Proof 1
Let Q be an arbitrary point in /77with position vector r.

0 n
Since AQ lies in plane 77, it is perpendicular to n. Hence, a r T

(OQ—OA).n:O A

0Q.n=0An
rn=an

Since a and n are given, we can take a.n to be a constant scalar p. Hence
we have rn=d.

27



Write down the
coordinates of
another point on
the plane /1.

What is special
about planes whose
equations are of the

form rn=07?

ACJC 2025/26 H2 Mathematics (9758)

Proof 2
Let Q be an arbitrary point in /7with position vector r.

Let N be the foot of the perpendicular from O to /7, so that ON is parallel
ton.

Then AN and NQ are perpendicular to ON.

Therefore the projections of OA onto
ON and of OQ onto ON are equal. We

T Y

O n

|
rn=a.n
Since a and n are given, we can take a.n to be a constant scalar p. Hence
we have r.n=d.
(Actually we have only illustrated the case where ON is in the same

direction as n. Try and do the case where ON and n are in opposite
directions on your own.)

Example 12

Find the vector equation of the plane 77 in scalar product form if the plane
I7T is perpendicular to vector i+j—k and contains the point A with

coordinates (4, 2, 5).

Solution
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Conversion between parametric form and scalar product form

Suppose a vector equation of /7in parametric form is n

r=a+ Ab+ uc. To convert it to scalar product form,

we need to find a vector n perpendicular to the plane. k: I
One possible choice is b

A.
n=bxc.

Then a vector equation of 77in scalar product form is
rn=d,where d =a.n.

Converting vector equations of planes from scalar product form to
parametric form is less common.

Suppose a vector equation of plane /7 in scalar product formis r.n=d.

To convert it to parametric form, we need to find a point A on the plane as
well as two vectors parallel to the plane (but not parallel to each other).

Example 13

(i) Given that the vector equation of plane /7 in parametric form is
r=2i+3j+m(2i—j-2k)+t(i+3j-3k) , find a vector
perpendicular to 77, and hence write down the vector equation of
17, in scalar product form.

(if) Find the vector equation of the plane 77, in scalar product form,
given that it passes through the point (1, 0,1) and is perpendicular to

2 0
theline l:r=|1|+k|1].
0 1

(iii) Given that the vector equation of the plane /7, is r.(i+j—k)=1,
find a vector equation of /7, in parametric form.

29



ACJC 2025/26 H2 Mathematics (9758)

Solution
()
How do you check
that you have a
correct normal
vector?
i) n=
(iii) 17,:r.

By observation,

are points on /7.
Two vectors parallel to the plane:
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LECTURE 5

Lesson Outline

o Cartesian equation of a plane

o Special planes

o Determining if a point lies on a plane

o Foot of the perpendicular from a point to a plane
o Perpendicular distance from a point to a plane

4.3 Cartesian Equation of a Plane

a

Suppose the equation of a plane 77is r.| b |=d, where a, b, c and d are
C

real numbers.

X
The Cartesian equation of the plane can be obtained by letting r=|y
z

X) (a
and evaluating the scalar product, i.e. | y |.| b |=d gives
z)\c

ax+by+cz=d

The form ax+by+cz=d is the Cartesian equation of the plane.

Example
2

The plane /7 has a vector equation r.| =3 |=4. The Cartesian equation of
5

ITis 2x—3y+5z2=4.

31



ACJC 2025/26 H2 Mathematics (9758)

4.4 Special Planes
These are planes perpendicular to each of the axes and contains the origin.

z
y-z plane
Cartesian equation: x=0

/ 1

y Scalar product form: r.i=0orr.| 0 [=0

X-z plane
Cartesian equation: y=0

L 5 0
/ y Scalar product form:r.j=0 or r.| 1 |=0

X-y plane
Cartesian equation: z=0
0
y Scalar product form:r.k =0 or r.| 0 |=0
X 1

Example 14
Find the vector equations of the following planes in the form r.n=d .
(1) —-x+2y+5=0
(i) -2x+3y+z-2+m(x—2y+z-1)=0, where m is a constant
Solution
(i) —x+2y+5=0=>

X

=y
z
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(i) -2x+3y+z-2+m(x—-2y+z-1)=0

Example 15

Points A, B and C have position vectors, relative to the origin O, given by
OA=—i +2j+3k, OB = 2i +j+4k and oC = i+j+k. Find a Cartesian
equation of the plane through C parallel to the plane OAB.

Solution

-1 2
—— n
OAxOB=| 2|x|1 Ce
3) |4
oA
o° e B

.. The Cartesian equation of plane through C parallel to plane OAB is
X+2y—2=2. [ |

The different forms of the vector equation of the plane above are:

Parametric Form 1 -1 2
r=|1{+4| 2|+u|l|,where ,ueR
1 3 4
Scalar Product Form 1
rB 2|=2
-1

Cartesian Equation X+2y—2=2
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In general, the different forms of the vector equation of a plane are as
follows:

Parametric Form r=a+Ab+uc where 1, ueR
Scalar Product Form rn=d where n=bxc and d =a.n
Cartesian Equation a

ax+by+cz=d where n=|b
C

Extra Practice
Annex A: Practice Question 4, 5, 6

5 RELATIONSHIPS BETWEEN POINT AND PLANE

5.1 Point on aPlane

Substituting the coordinates or position vector of a point into the equation
of a plane allows us to determine if the point lies on the plane.

Example 16

Determine if the point (3, -1, 0) lies on the following planes.
(i) r.(3i+4j+5k)=13

(i) 3x—4y+5z=13

(iii) r=4i+j+k+A(i+2j+k)+pu(-2i+j+2k), 2, ueR

Solution
3
(i)  Substitute | 1| intor,
0
LHS =
Therefore the point (3,-1,0) on the plane

r.(3i+4j+5k)=13.
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(if)  Substitute x=3,y=-1,2=0
LHS =

Therefore the point (3,-1,0) on the plane
3x—4y+5z=13.

3
(iii) Substitute | -1 | intor,
0

Using GC, A=-1, u=0.

Since there are unique values for A and g, the point satisfies the
equation of the plane. Therefore the point (3, -1, 0) on

the plane r=4i+j+k+A(i+2j+k)+pu(-2i+j+2k), A, ucR.m

Extra Practice
Annex A: Practice Question 7

5.2 Foot of Perpendicular from a Point to a Plane

Suppose we have a plane /7 with equation r.n=d, and a point P not on
the plane. Let F be the foot of perpendicular from P to 77

We wish to find the coordinates of F as well as the length of PF, the
perpendicular distance from P to /77
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Method 1: Intersection of plane and perpendicular line

Pe

*n

Step 1: Find equation of line through P perpendicular to 77 i.e.

. r=0P+An
Note that PF=/n. . . . .
Therefore the Step 2: Substitute into equation of plane and solve for 4, i.e.
perpendicular _
distance from P to (OP + ﬂn) n=d
the plane is
e =1l Step3:  Substitute A into equation of line to find OF .
Method 2: Projection
(Recall Chapter 6A Section 5.4 Projection of a Vector in a Given
Direction)
P
* n
)y r{ !
_le F
- 1
A 1
1
Notethe | SteP 1 Find/choose a point A in /7.
g lorpendicvlar | sten2: PF s the vector component of PA parallel to n,
the plane is ﬁf _ ﬁ A\ A
pr| <[P = (PA.A)f

Step3:  Find OF using OF = OP + PF .

36
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The plane 77 has the equation r.(i +j+2k)=1. The point B has
coordinates (7, 0,3) and C is the foot of the perpendicular from B to /7.
Find the coordinates of C and the shortest distance from B to /7

Solution
Method 1

Since point C passes through the
line which passes through B and is
perpendicular to 77,

—

OC =

Since point C is on the plane 77,

Coordinates of C are (5, -2, -1).

Shortest distance from B to plane 77

5\ (7Y |(-2 1
:‘ﬁ‘z 20-lo]=[-2=2
1) (3] -4

Method 2

[/

The point (1,0, 0) lies on /7 (since
1\ (1

0 .| 1 [=1). Let this point be A.
0)\2

Using the formula,

R:(ﬁ.ﬁ)ﬁ

—6 ) 1 ) 1
BC=|| 0[.——|1]||-=|1
-3 \/6 2 \/6 2
1 1
:% 11==2|1
2 2
OC =OB +BC
7 1 5
=10[+(-2)|1|=]|-2
3 2 -1
Coordinates of C are (5, -2, —1).
=26. [ |
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5.3 Perpendicular Distance from a Point to a Plane

Method 1: Projection

If the question only asks for the perpendicular distance from P to plane 77,
then we use the fact that perpendicular distance from P to plane /7is the

length of projection of PA onn, i.e.

Perpendicular distance from P to /7 = ‘ﬁ.ﬁ

Method 2: Finding foot of perpendicular

If the question first asks for position vector of the foot of perpendicular
from point P to plane /7, then we can use this position vector to deduce the
perpendicular distance PF:

Step 1: Find OF , Where F is the foot of perpendicular from point P to
plane /7. (Recall Chapter 6B Section 5.2 Foot of Perpendicular
from a Point to a Plane)

Step 2: Find PF and thus perpendicular distance PF = ‘E‘

Example 18
The plane 77 has the equation 2x+ 2y —z =4. The point P has coordinates
(6,1,3). Find the shortest distance from P to /7.

Solution
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LECTURE 6

Lesson Outline

o Distance of the origin O from a plane

o Reflection of a point in a plane

o Possible configurations of a line and a plane
o Intersection of a line and a plane

o Angle between a line and a plane

5.4 Distance of the Origin O from a Plane

Given a plane /7 with equation r.n=d , i.e. r.A =|O|—|
n

Distance of the origin O from 77 = %

Proof
Let P be any point on the plane /7 Then OP.n=d.

~J
-
>

_[oPn| g

Distance from origin O to /7 = ‘@'.ﬁ

n[ Il

=
B I~
M

Note
Given two planes /7, :r.n=d, and /Z,:r.n=d, with the same normal
vector n,

(@) if d; and d, have the same sign, then the planes are located on the
same side of the origin,

(b) if d, and d, have opposite signs, then the planes are located on
opposite sides of the origin, i.e. origin is located between the planes.

n n

) )
| I

(a) (b)
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Example 19

(a) Find the distance from the origin to the plane p with equation
2X—Yy+z=6. Write down the equation of another plane parallel to

p that is the same distance from the origin.

(b) Find the cartesian equations of the planes that are perpendicular to
the vector 2i—2j—k and 4 units from the origin.

Solution

()

(b)

5.5 Reflection of a Point in a Plane

Example 20

Using Example 17, find the position vector of B’, the image of B when
reflected in the plane 77

Solution
5 7 3
- OB =2|-2|-|0|=|-4
-1 3 -5

Alternatively, C is the midpoint of B and B'.

By ratio theorem, we have OC = % — OB'=20C -OB. n
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6  RELATIONSHIPS BETWEEN LINE AND PLANE

6.1 Possible Configurations of a Line and a Plane

Givenaline | :r=a+ Ab andaplane 77 :r.n=d, there are three possible
configurations of | and 77 with respect to each other.

| intersects 17
(at a point)

b.nz0

We may be asked to
find the coordinates
of the point of
intersection, and the
angle between the
line and the plane.

| is parallel to I7

A b
—>

SN

b.n=0 and a.n=d

We may be asked to
find the distance
between the line and
the plane.

| is contained in 77

b.n=0and a.n=d

Example 21

The line | is defined by I:r=

and /7, are defined by /7, :r.

2 3
-1 3
-1
O0|=1and /7, :r.
1

(@) Show that I is parallel to 77, .

1|+t| 1| where teR. The planes 77,

-1
0|=c.
1

(b) For which real value of c does the | lie in 77,?

Solution

()
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(b) From above, for | to lie in 77,,

2) (-1
1{.] O|=c=>c=-3. ]
-1 1

6.2 Intersection of a Line and a Plane

Given a line l:r=a+4b and a plane 77 :r.n=d, to find the point of
intersection,

Step 1: Substitute r=a+Ab into r.n=d to

solve for 4, i.e.
(a+4b).n=d
Step 2: Substitute A into | to find the point of | /7

intersection.

Example 22
The position vectors of the points A and B are given by OA=i +j+k and

OB=2i+ 3j+ 4k . Find a vector equation of the line passing through A and

B. Find the position vector of the point where this line meets the plane
z=0.

Solution

Extra Practice
Annex A: Practice Question 8
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6.3 Angle between a Line and a Plane

Suppose a line I :r=a+ Ab and a plane /7 :r.n=d intersect at a point.
We wish to find 6, the acute angle between line | and plane /7.

n

"

\r

A9 ¢

7

n.b
CoS ¢ =
In[Jol
Since ¢=90°-64, we have

COS¢p = sin 6 . Therefore,

sme—

Inll |

—Ab= ‘ﬁ.f)‘ since

A.b is positive (¢ is acute).

b
/ 4 ;7
.
n.b
"5 = Tl

Since ¢ =90°+6, we have

cos¢ =—sin@. Therefore,

sin@ __n_b
Inilbl

A.b is negative (¢ is obtuse).

- _Ab= ‘r‘].ﬁ‘ since

Therefore, if @is the acute angle between a line I :r =a+ Ab and a plane

I7:rn=d,then

Example 23

Referred to the origin O, the points A and B have position vectors given

respectively by OA=3i
equation 2x+4y+3z=1.

-2j+k and @:4j+7k. The plane p has

(i)  Show that the point A lies in the plane p.

(i)
(iii)

Find the acute angle between the line AB and plane p.
Find a vector equation of the plane in parametric form which

contains the line AB and is perpendicular to the plane p.

Solution

(i)  Substitute A(3,—-2,1) into 2x+4y+3z=1.
LHS=2(3)+4(-2)+3(1)) =6-8+3=1
Since it satisfies the equation, A is on p.
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(i)

(iii)

44
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LECTURE 7

Lesson Outline

o Reflection of a line in a plane
o Two parallel planes

o Intersection of two planes

o Angle between two planes

6.4 Reflection of a Line in a Plane

Example 24

Using Example 22, find the vector equation of the reflection of the line AB
in the plane z=0.

Solution
1
From Example 22, |, :r=|1|+A4| 2| and position vector of point of
3
2
intersection with z=0 is 1 1.
3 0
Let F be the foot of perpendicular of A to the n A(L1,1)
plane z=0. /
1) (o | i
le:r={1|+4|0|and z=0=r.| 0 |=0 / """ /
1 1
1 0 0
11+4{0([.|]0|=0=21+A=0=>1=-1
1 1 1
1 0 1
~OF =|1]+(-D|0|=|1
1 1 0
AF — FA = OF ~OA=ON' —OF
1 1 1 Alternatively, since
OA'=20F-OA=2|1|-[1|=| 1 20 [sthe xoy plane,
the reflection of A in
0 1 -1 the plane z=0 is

1,1,-1).
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z=0 isthe x-y plane,
we can also see that
the direction of the
line of reflection is
i+2j—3k.
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Hence direction of the line of reflection is

Hence, equation of reflected line is

7  RELATIONSHIPS BETWEEN TWO PLANES

Given two distinct planes 77 :r.n, =d, and /7, :r.n, =d,, there are two

possible configurations of /7, and 77, with respect to each other.

IT, and I7, are parallel

n, and n, are parallel

We may be asked to find the
distance between the planes.

IT, and I7, intersect (at a line)

n, and n, are not parallel

We may be asked to find the
equation of the line of

intersection, and the angle

between the two planes.

7.1 Two Parallel Planes

Example 25

The plane 7, has equation —7x—2y+3z =4. The plane 7, has equation

7x+2y—3z=7. Find the distance between =, and r,.
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Solution
Method 1: Distance from point to plane

(Recall Chapter 6B Section 5.3 Perpendicular Distance from a Point to a
Plane)

Planes 7, and 7, are parallel since their normal

—7 7 n,
vectors are parallel, | -2 |=—| 2
3 -3 | 7

A(0,-2,0) isapointon 7, since

~7(0)-2(~2) +3(0) = 4. nzf —

B(1,0,0) isapointon 7, since
7(1) +2(0)-3(0) = 7.

0) (1) (-1
BA=|-2|-|0]|=| -2
o) o) (o

Hence distance between the two planes is the distance from Ato =,

1
Method 2: Using distance from origin to plane f
(Recall Chapter 6B Section 5.4 Distance of the ln
Origin O from a Plane)
O e
-7 “2?
3
- [T
Divide throughout by || —2 || = /62, we get r.——| -2 | = ——.
3 3
7 —7
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-7 -7
.. 1 7
Divide throughout by || =2 ||=~+/62 ,we get r.—| -2 |=——

Hence the two planes are parallel planes on opposite sides of the origin,
4 7
— and —
Je2 T 62

.". Distance between planes =- ]

units away from the origin respectively.

In general, given two parallel planes 77 :r.n,=d, and /7 :r.n,=d,,
with the same normal vector n,

|d1_d2| .

Distance between /7, and /7, = m
n

Extra Practice
Annex A: Practice Question 9

7.2 Intersection of Two Planes

The intersection of two non-parallel planes is a line.

Consider two planes /7 :r.n, =d, and /7,:r.n, =d,.

Since the line of intersection | lies in both planes, 1 L n, and | L n,, hence
I//n, xn,,

i.e., the line of intersection | of the planes is parallel to n, xn, .

There are three methods of finding the equation of the line of intersection
of two planes.
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Method 1: Solve simultaneous equation using GC
Step 1: Express equations of both planes in Cartesian form.

Step 2: Use GC to solve the simultaneous equations (2 equations in 3
unknowns)
Step 3: Express two of the variables in terms of the third, e.g. x and y

respectively in terms of z.

If the equations of two planes are in any other form, then convert the
equations to cartesian form and solve the system of equations.

Method 2: Find point and direction of line
Given the equations of two planes in scalar product form
I7:rn =d, and 7Z,:r.n, =d,,
then the equation of line of intersection, I, can be found by finding the
direction vector and a point on the line.

Step 1: Since 1//n,xn,, find
n,xn,.

Step 2: For a point (X, y, z) on I, set one of the coordinates to 0, e.g.
z=0, and solve the Cartesian equations of /7, and 77,
involving x and y only.

This method is usually used only if there are unknowns in the equations of
the planes.

Method 3: Solving parametric and scalar product form

If the equations of two planes are in parametric and scalar product form
respectively, the line of intersection can be solved by substituting the
parametric form into the scalar product form, e.g.

Il :r=a+Ab+uc and 77, :r.n=d
Step1:  Substitute /7 :r=a+Ab+uc into /Z,:r.n=d i.e.
(a+Ab+uc).n=d

to obtain A in terms of 4.

Step 2: Substitute A in terms of x into the parametric equation and re-
express r in terms of z only.

Note

o As the equation of a line is not unique, you may obtain a different
expression from others depending on the method chosen or the
choices you made in the algebraic working.

49
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Example 26

(@)

The planes p and g have equations 3x—y—-z=2 and
X+5y+z=14 respectively. Find the equation of the line of
intersection of p and g.

(b) The equations of two planes are
2 0 -2 -7
r=| 1|+A|0|+u| 4 [, ueRandr.|-2 [=-4.
-1 5 3 3
Without the use of the graphing calculator, find the equation of the
line of intersection of the two planes.
Solution
(@ p:3x—-y-z=2and q:x+5y+z=14
Method 1 Method 2
1)  Press [apps] [4:PlySmIt2] 3 1
[2: SIMULTANEOUS EQN P . .
SOLVER]. Select 2 for prri-1|=2q:r|5 =14
EQUATIONS and 3 for -1 1
UNKNOWNS. Select [NEXT] b . . .
pressing [graph] [ I'by Let the line of intersection of
. the two planes be |.
2)  Enter the coefficients and )
constants accordingly. A vector parallel to 1 is
HORMAL FLOAT AUTO REAL RADIANH HP n
FLYSHLTZ AFP
SYSTEM MATRIX (2 X 4)
[ 3 -1 -1 F
1 5 1 1Y
To find a point (x, y, z), let
z =0 in the Cartesian
[syshz=14 equations of the two planes to
get
(MATNTMODE ICLERRILOAD ISOLVE! You may also let z
. be any other value
3)  Select [SOLVE] by pressing and find the
[graph]. corresponding x and
HMORMAL FLOAT AUTD REAL RADIAN HP n y values.
FLYSHLTZ AFF
SOLUTION SET Solving we get’
x1B3+ixa 3 5
xz=§—%x3 X=E,y=§-
KI=A3
Thus (§ E, 0) lieson I.
2 2
MAIN I MODE | SYSM ISTOREI RREF Hence equation of | is
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Solving using the GC, we get

.. Equation of line of intersection is

(b)
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+A|-1 [,AeR.

O Mo Nw

Method 3
Let the two planes be p and g,

2 0 -2

1 |+A410|+u 4 |=
-1 5 3

2-2u
1+4u
—-1+54+3u

pir=

-7
g:r.| -2
3
For line of intersection of p and ¢,
2—-2u —7
1+4u | -2 |=-4
-1+54+3u 3
= 2-2u)(-7)+A+4)(-2) +(-1+54+3u)(3) =4
= -19+154+15u =4
> A=1-u

=4

.. Equation of the line of intersection is
2 0 -2 2 -2
r=| 1 |+@-u)|0|+u| 4| ier=1|+ul 4,ucR. =
-1 3) 3 4 —2
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7.3 Angle between Two Planes

Suppose 77 :r.n, =d, and 77, :r.n, =d, are two planes that intersect. We

wish to find 6, the acute angle between the two planes.

Angle between n, and n, is 6.

Hence

A /\

=n,.

A A

cos@— =[N,.N

n 1|| ]

since n,.N, is positive (9is
acute).

Angle between n, and n, is

180°-4.
c0s(180°—8) =—cos@

Hence
n,.n A oA A A
cosfd=——=-=—A A, =|A,.A,
[, |
since n,.n, is negative (180°—-6
is obtuse).

Therefore the acute angle, 6, between two intersecting planes /7 :r.n, =d,

and /7,:r.n, =d, is given by

cosd =

In,.n

[m]in|

| A,.f,
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Example 27
Planes =z, and 7, have equations x—2y+3z=0 and 3x+y+2z=0
respectively. Show that the acute angle between 7, and =, is 60°.

Solution

Extra Practice
Annex A: Practice Question 10

Example 28

A tent has vertices ABCDEF with coordinates as shown. Lengths are in
metres. The xy-plane is horizontal.

z
4

4(0,-4,0)

(i)  Find the length of the ridge of the tent DE, and the angle this makes
with the horizontal.

(i)  Find the equation of the plane ADE in scalar product form. Given
that B also lies in this plane, find a.

(iii) Find the acute angle between the planes ABDE and BCD.
Solution
1) (6 -5
() DE=[0|-|0|=| O :‘ﬁ‘:w/(—a%f - 26
1

3 2
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Let the angle DE makes with the horizontal be 6.

-5)(0
01l.l0
sin@ = L =6=11.3°
1/( 5)2 412 J_ "~ 26
6 0 6 5
(ii) ﬁ=0}4 =[ ol-|ol=| o
2 0 2) \3 -1
6 5 —4
Normal =| 4 |[x| 0 |=| 16 |=-4| 4
2) (-1 -20
Equation of plane ADE:
1 1 0 1 1
r|-4 |=OA|-4 |=| -4 || -4 |=16.Hence r.| -4 |=16.
5 5 0 5 5
8 1
Since B lieson plane ADE, | -a |.| -4 |=16=>8+4a=16=>a=2
0 5
0 6 8 -2
(iii) BC_2{2=4, D=|0|-|-2 |=| 2
0 2 0
0) (-2 1
Normal =| 4 |x| 2 |=|0|=8|0
0 2 8 1
Angle between planes
1 1
0[.|—4
=cos™ AN =C0S~ 0 =49.1°. n
1 +12 17 + (—4)? +52 V242
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ANNEX A

Practice Questions on Lines and Planes
1 Find the vector equations of the lines joining the following pairs of points.
(@ (2,-1,2),(3,-14) (b) (1,2, 2),(2,—2, 2)

©) (3.14),(-12,3)

2 Which of these equations represent the same straight line?

1 2 3 2
@r=|4|+A -1 | 1eR () r=|3+4-1|,1eR
2 2 4 2

(c) r=5i+2j+6k+A(-2i+j-2k), AeR
(d) r=i+4j+2k+A(-2i+j-2k),A1eR
(e) r=—i+5j+A(2i—j+2k),AeR (f) r=—i+5j+A(-2i+j-2k),AeR

3 Determine if the point (-3,1,5) lies on each of the following lines.

1 -2 0 1
@r=[3[+4|-1|, 1R b)r=|1|+2|{0,1eR
1 2 2 3
1 —4
©r=|-2|[+4-3|,4€R
4 -1

4 Find the equation of the following planes in (i) parametric, (ii) scalar product and (iii)
cartesian forms.

(@) Plane 77, passes through the points (1, 2,3),(2,-1,2) and (3,1, -1).

(b) Plane 77, is parallel to both i+2j—k and 3i—j+k and passes through the point
(2,0,-3).

5 Find the equation of the following planes in (i) scalar product and (ii) cartesian form.
(@) Plane /7, passes through (2,—1,1) and is normal to the vector 2i—j—k.

(b) Plane 77, passes through (1, 2, —1) and is parallel to 5x+y+7z=20.

6 Find a vector equation of the line passing through (4, 2, —1) and perpendicular to the
plane 3x+4y—-z=1.
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7
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56

Determine if the point (-3,1,5) lies on each of the following planes.

4
@r.|-31(=0 (b) 3x—4y+5z=13
3

(€) r=4i+j+k+A(i+2j+K)+u(-2i+j+2k), 1, ueR

Given the following planes and lines, determine whether the line is parallel to the plane,
intersects the plane or is contained in the plane. Find the coordinates of the point of
intersection if the line intersects the plane.

x—3: y+1: z2-2
5 -3
(b) r.(i+3j—2k)=4and r=(2i-2j-4k)+A(i—j—k)

(© r.(3i-3j+4k)=3and r=(i—3j+5k)+A(i—3j—3k)

(@) 5x-4y-7z=49 and

Find the exact distance between these pairs of parallel objects.
(@) Thelines r=(i+4j+2k)+A(2i—j+2k) and r =(3i+4Kk)+ u(2i—j+2k)

(b) Theline r=(i-3j+5k)+A(i—3j—3k) and the plane r.(3i—-3j+4k)=3
(c) Theplanes r.(3i—3j+4k)=3 and r.(3i—3j+4k) =37

Find the acute angle between the following pairs of objects.

1 2 1 1
(@ Thelinesr=-1 |+4| 1 |landr=|-1 [+u| O
1 -1 1 -5
1 1 -3
(b) Theliner={7|+4]0|,AeR andtheplane r.| 11 |=4
1 2 8
1 1
(c) Theplanesr.|2|=1and r.|-5|=6
3 4
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Answers

10

2 1 1 1 3 4
@r=[-1|+A|0[,AcR® r=|2[+1|-4 |,1eR (c)r=[1|+4| 1| 41eR
2 2 2 0 4 1

They all represent the same straight line.
(@) Yes (b) No (c) No

1 1 2 11
@)(i) r = 2}4[—3}#{—1],1,#@{ (ii) r.[ 2}30 (iii) 11x+ 2y +5z =30

3 -1 —4 5
2 1 3 1
)@ r=| 0 |+A 2 |+u|l-1|, L, ueR (ii) r.| -4 |=23 (iii) x—4y—-72=23
-3 -1 1 -7
2 5
@) r.{lJ:4 (i) 2x—y—-z=4 (b)(i) r.{llzo (if) 5x+y+7z=0
-1 7

r=4i+2j—-k+4(3i+4j-k), 1eR

(@) Yes (b) No (c) No

(a) intersect at (11,19, -10) (b) contained (c) parallel
@ 22 (0) - (0 34

(a) 55.9° (b) 24.7° (c) 82.9°
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