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Answer all questions.

1 Two perfectly elastic balls, A and B, are held above the ground at a height h, such that h is much
greater than the diameter of each ball. The balls are almost touching, with ball A directly above
ball B.

The balls are released simultaneously. Ball A rebounds to a maximum height H above the
ground.

(a) Sketch a labelled diagram to show the velocities of the balls relative to the ground just
before they collide with each other.

Hence show that when the balls collide with each other, they do so with relative velocity

Vrel =+ Sgh

[3]

(b) The mass of the lower ball mg is greater than or equal to the mass of the upper ball maso
that:

m
—8-np and n>1
mA

Determine an expression for the velocity of the centre of mass frame v, relative to the
ground immediately before the two balls collide.

[2]



(c) (i) Determine an expression for the ratio of the rebound height H to the drop height h.

[3]

(ii) Deduce the maximum value of %for nx1.

maximum value of %: ..................................... 2]

[Total: 10]
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2 Aconsequence of special relativity is that observers in different inertial reference frames disagree
on the lengths of objects and the times between events.

(a) State what is meant by an inertial observer.

(b) Aninertial reference frame (x, y, z, t) has Earth as its origin.

Ignore the rotational motion of Earth as negligible on the length scale of interest.

In this reference frame, the star Proxima Centauri is a distance of 4.25 light years (ly) along
the positive x-axis, as shown in Figure 2.1.

Earth y Proxima Centauri

|
|
I spacecraft
|
|
|

'\
Y

4.25ly

Figure. 2.1

A spacecraft leaves Earth at { = 0 and travels directly to Proxima Centauri at a speed of ¢ :

Assume that there is negligible relative motion between Earth and Proxima Centauri.

The origin of an inertial reference frame (x', y ', z', t') moving with the spacecraft coincides
with the origin of the Earth’s reference frame at the moment the spacecraft leaves the Earth.
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(i) Write down the x and ¢ coordinates of the spacecraft in Earth’s reference frame at the
moment of departure from Earth and at the moment of arrival at Proxima Centauri.

Use units of light years (ly) for x and years (yr) for t. In these units, ¢ = 1.

xatdeparture = ... ly
tatdeparture = ..., yr
xatarrival = ... ly
tatarrival = ... yr

3]

(ii) Use the Lorentz transformation equations to write down the x' and t' coordinates of
the spacecraft at the moment of departure from Earth and at the moment of arrival at
Proxima Centauri.

Use units of light years (ly) for x"and years (yr) for t'. In these units, ¢ = 1.

X atdeparture = ... ly
tatdeparture = ..o yr
x atarrival = ... ly
Patarrival= ... yr



(iii) Using your answer in 2(b)(ii) or otherwise, calculate the distance from Earth to
Proxima Centauri in the (x', y', z', t") frame.

distance = ............cocoeii ly [1]

(iv) The spacecraft returns immediately to Earth at the same speed of % .

Explain why, for an inertial observer onboard the spacecraft, this journey could be
considered a form of time travel.

Support your explanation with calculations.

[Total: 12]
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3 Fig. 3.1 shows a side view and top view of a helicopter hovering stationary in mid-air.

side view top view

rotor head rotor blades

rotor blades
\4 7" rotor

tail rotor

rotor head

Fig. 3.1

The two rotor blades of the helicopter can be modelled as uniform thin rectangular plates of
length R and width ¢, as shown in Fig. 3.2.

Fig. 3.2 (not to scale)

The gap between the two rotor blades is negligible when compared with the total length of
the blades.

(@) Show, from first principles, that the moment of inertia, I, of the rotor blades about the
x-axis in Fig. 3.2 is given by
1
12

I. = —Mc?

where M is the total mass of the rotor blades.

[3]
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(b) The total lift force on the helicopter can be calculated by summing the lift on infinitesimal
elements of the blade.

Fig. 3.3 shows an element of the rotor blade with width ¢ and length dr at a distance r
from the axis of rotation.

<

dr
Fig. 3.3 (not to scale)

The lift dL on the blade element is given by the equation:

dL = %CLp(ra))zcdr

where:

C, is the coefficient of lift

p is the density of air and can be taken to be 1.25 kg m=
w is the angular velocity of the rotor blades.

(i) Show that the coefficient of lift C, is dimensionless.

[1]
(i) Show that the total lift force L generated by the two rotor blades is given by:

L= %  po’cR’

[3]
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(c) Coning is an effect where the rotor blades of the helicopter tilt upwards from the horizontal,
as shown in Fig. 3.4.

side view

rotor head
rotor blades

tail rotor

//- ..... e ______ 1 ///
coning angle s g Ué

Fig. 3.4

(i) Explain why coning occurs.

(ii) The total mass of the helicopter, including blades, is 2500 kg.

Calculate the angular velocity w of the rotor blades, in rpm, required for the helicopter to
hover at a constant height above the ground with a coning angle of 10.0°.

Use a typical value for C, of 0.400, R = 3.84 m and width ¢ = 20 cm.

[Total: 10]
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4 Auniformly charged thin disc of radius R lies in the x—y plane as shown in Fig. 4.1.

y

Fig. 4.1

The total amount of charge on the disc is Q.
(@) (i) State an expression for the surface charge density ¢ in terms of Q and R.

[1]
(i) Use your answer in 4(a)(i) and apply Gauss’s law with an appropriately chosen
Gaussian surface to show that an approximation for the electric field at the
position (0,0,z), where z < R, is given by:
E, = 2nko

where k is a constant you need to determine.

You may wish to draw a diagram to help your answer.

[6]



13

(iii) Determine an expression for the electric potential at the point (0,0,z) relative to
the origin.

[2]

(b) The electric field can be determined more accurately than determined in 4(a) by
superimposing the point charge fields of infinitesimal charge elements. This can be done by
summing the fields of charged rings of width dr, as shown in Fig. 4.2.

EZT

Fig. 4.2

i. Show that the electric field at position (0,0,z) is given by:

E,=21-2
° 2 NZ2+R?

[5]
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ii. Determine an expression for E, when z K R.

[2]
iii. Determine a non-zero expression for E, when z > R.
You may wish to use the approximation shown when x is small.
(1+x)"=1+nx
[2]
iv. Comment on the form of the expressions in 4(b)(ii) and 4(b)(iii).
........................................................................................................................................ [2]

[Total: 20]
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