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2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax” +bx+c =0,

_ —b£b* —4ac

2a

X

Binomial Expansion

n n n n—1 n n-212 n n-riy.r n
(a+b) =a"+ La b+ 5 | b*+...+| |a"'b +..+b",

r

where 7 is a positive integer and Mo n(n-1)...(n=r+1)
r r!(n—r)! 7!

2. TRIGNOMETRY

Identities
sin> A+cos’> A=1
sec’ A=1+tan” 4
cosec’ A=1+cot> 4
sin( A+ B)=sin Acos B+ cos Asin B

cos( A+ B)=cos Acos BF sin Asin B

tan A £ tan B
l1Ftan Atan B
sin2A =2sin Acos A
cos2A=cos’ A—sin’ A=2cos’ A—1=1-2sin”* 4
2tan A
1—tan® 4

tan(AiB) =

tan2A4 =

Formulae for AABC
a b c

sind sinB sinC
a>=b*+c*—2bccos A

A= lbcsinA
2
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(a) Given that the line y =2x—k meets the curve y = %xz —2kx +1, find the range of

values of £. [4]

§x2—2kx+1=2x—k

%xz—zkx+1—2x+k:0

§x2—2kx—2x+k+l=0

a=§, b=-2k-2,c=k+1

Line meets curve,
b*> —4ac>0

1

(—2k—2)2—4(zk)(k+1)20

4k> +8k+4—k*—k>0
3k2+7k+4>0

(3k+4)(k+1)=0

(b) A student claimed that when £ = —% , the curve does not intersect the line. By

showing your workings clearly, explain whether the statement is valid. [2]

No intersection,
b*> —4ac<0
3k +7k+4<0

(3k+4)(k+1)<0

—ll<k<—1
3

: 1 . s . .
Since k = -3 does not lies within the range. The statement is not valid.
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A triangle has a base of (—2 -

j m and a height of # m. Given that the area of

the triangle is (2\/5 - \/§ ) m’ , find, without using calculator, the value of / in the form

avo6 +b

Simplifying base:

1 V32 16
NI/
L“‘f 16
V2 4
122 4
V21 3
NE)

J6

) NG

_ 4

) 3

V343 42
NN

_4W2-33

J6

_42-3V3 V6
R

_83-9\2

6

where a and b are integers.

[5]

Area=—

A A

6

12

_12(2\5—6)

83 -9\2

24f 12f 8V3 +9v2

1 8/3-9y2
xS

8V3-9V2 831942
19246 +432-288-108/6

192-162

846 +144

h=

h=

6(14J€ +24)

30

30
1446 + 24
5
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3 Show that 3x? —5x +21is always positive for all real values of x. [3]
Method 1: Method 2:
b* —4ac 3x% —5x+21
=(-5) ~4(3)(21) =)
=-227<0

Since discriminant < 0, there is no real roots
Since the coefficient of x? >0, the graph lies
entirely above the x- axis

Hence, 3x? —5x + 21is always positive for all real
values of x.

6 6
2
=3 (x—é —£+7
6 36
2
6 12

2
Since (x —%) >0 for all real values of x

Hence, 3x” —5x + 21is always positive for all
real values of x.

(i) The curve y =ax", where a and n are constants, passes through (2, 48), (3, 108)
and (k, 192) . Find the values of a, n and k where k >0. [3]
48 =2"¢4 Whenn=2,
48 48
=— -—( a=—
108=3"a a=12
108
a=Z @ y=124"
48 _108 192 = 12k>
2" 3 16 = k*
3108 k=4 or k=-4(rej)
2 48
[EJ" _9
2 4
&-6)
2 2
Therefore n =2
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4 (a)  Given that f(x)= S/zg , find f'(x). [3]
Method 1: Method 2:
f(x)z(ziw/;_? f(x)=(2x+3)(4x—l3)_;
. JZ;:§(2)_(2X+3);(4x_3)1(4) f(x):(zx4x_3)z+(zx+3)(_%)(4x-3)2(4)
f(x)= 3
= £ (x)=(4x-3) [(2)(4x=3)+(2x+3)(=2)]
. (¢4x—3ﬂ2)—(2x+3x4x—3);(2) F(x)=(4x-3) " [8v-6-4x-6]
f(x)= I Floe 12
£ Y [(63)0)-Ce)e)] (4x=3)
4x-3
¢ (x) _ [8x—6—4x3— 6]
(4x-3)>
()2 dxo12
(4x—3)E

(b) Find the set of values of x for y = ln(8

3+8x ) .
to be a decreasing function. [3]

x-5

y=1n(3_8xj
8x—5
y=In(3+8x)-In(8x-5)
dy 8 8

dx 3+8x 8x-5

d_y_ 64x—40—-64x-24

dx  (3+8x)(8x-5)
dy —64
dx (3+8x)(8x-5)

For decreasing function,

d_y<0

(3+8x)(8x—5)>0

3 5
X<—— or x>—
8
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(@)

(b)

2% —4x* +13x-10
(x* +4)(x-2)

Explain why is considered an improper fraction. [1]

The degree of x in the numerator is the same as the degree of x in denominator thus, it
is an improper fraction.

2x° —4x* +13x-10
Express al > al al in the form of 4 +Bx—+C and hence, express it
(x"+4)(x-2) (x> +4)(x-2)
in partial fractions. [6]

Using long division:

2x3—4x2+13x—10_2+ 5x+6
(x2 +4)(x-2) (x2 +4)(x-2)

S5x+6 B Ax+B+ C
(P +d)(x-2) P+ (x-2)

5x+6=(Ax+B)(x—-2)+C(x* +4)

When x =2,

16 =8C
c=2

Comparing x°:

0=A+C
A=-2

Comparing constant:

6=-2B+4C . )
6=_2B+8 2x’ —4x +l3x—10=2Jr 1-2x N 2
B=1 (X +4)(x-2) (x* +4) (x—2)
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(a) Given that 6x* —9x+18= 4 (2x +1
values of 4, B and C.

8

)(x—=1)+B(x—2)+C for all values of x, find the
[3]

6x> —9x+18=A(2x+1)(x—1)+B(x
Comparing x°:

6=24

A=73

Comparing x:

-9=-4+B

B=-6

_2)+c Let x=1
6-9+18=-B+C
C=15+8B

C=9

(b)  Given that f(x)=2x"-11x* +3x+36, show that 2x+3 is a factor of (x) and

hence solve the equation f (x) =0.

[5]

f(x)= 20 —11x> +3x+36
Let (2x+3) be a factor of f (x)

f(~1.5)=2(-1.5) =11(-1.5)" +3(~1.5)+36
=—6.75-24.75-4.5+36
=0

Since f(—1.5)=0, by factor theorem, 2x+3

1s a factor of f(x).

2x° —11x% +3x+36 = (2x+3)(x* = 7x+12)
f(x)=(2x+3)(x* - 7x+12)

f(x) =0

(2x+3)(x* =7x+12)=0
(x—4)(x—3)(2x+3)=0

x=4 or x=3 or x=—ll/—1.5

2x° —11x2+3x+36=(2x+3)(ax2+bx+c) or

2x° —11x° +3x+36 = (x—4)(2x* + bx—9)

Comparing x°:

A=1

Comparing constant:
36=3c

c=12

Comparing x°:
-11=3a+2b
b=-17
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, , log, 9+2log, 6—4log,3
7 Without using a calculator, evaluate " 1 . [4]
0855

log, 9+2log, 6—4log,3
log, 4

_ log, 9+ log, 6’ —log; 3*

log,, 4

_ log, (9x36+81)
log,, 4

log 4
log 4

log, 25

= log, 5’ =2log, 5
=2

mxn
8  Simplify 2°"*x 9" =6**? in the form ( Y

X
j =9, where m and n are integers.

. . . Ina .
Hence solve for x, giving your answer in the simplest form nh’ where a and b are integers.
n

[5]

23x—4 X 9x—3 _ 62()(72)

23)( 32,‘( 62x
T
8" y 9* 36"
16 729 1296

8 x9"  729x16

36 1296
(8x9j o
36
2" =37
xIn2 =1n3?
In9
X=—
In2
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10

The function f'is defined, for 0° < x <180°, by f(x) =c+acosbx, where a, b and c are

positive integers. Given that the amplitude of f is 4 and the period of fis 120°,

(i) state the value of a and of b,
a=4
120° = 3607
b
b=3

Given that the minimum value of fis -5,

(ii) find the value of ¢,

(iii)  sketch the graph of f for 0°<x <180°.

[3]

ylk

INA

0 60° 120°\ 180° x
-5

(iv)  Aline y =k is drawn on the graph of f. State the range of values of & that will give

3 real roots.

S5<k<3

[1]
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10 The diagram shows an outline of a board, ABCDE, consisting of a rectangle ABCE of height

h cm and width 24x cm and an isosceles triangle CDE in which CD = DE = 13x cm. The
perimeter of the logo is 480 cm.

(@

(b)

D
13z cm

Fel e 22 C
h cm
A = B
24r cm
Show that the area of the board, 4 cm?, is given by A4 =5760x —540x”. [3]
Height of triangle = \/(13x)2 - (12x)2
=5x cm

Perimeter of board = Perimeter of rectangle + Perimeter of Triangle
480 =24x+2h+ 2(13x)

480 =50x +2h
480 —50x
p=220
2

Area of board = Area of rectangle + Area of Triangle

= 24xh+%>< 24xx5x

— 24x (@j +60x°

= 12x(480—-50x)+60x°

= 5760x —600x> + 60x?>
= 5760x —540x”

Calculate the stationary value of 4 and determine whether it is a maximum or a
minimum. [5]

For stationary value, % =0

a =5760-1080x
dx

5760-1080x =0

x=5—
3
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(@

12

When x = 51,
3
2
A=5760 (EJ—SMKE)
3 3
A=15360cm?

Using 2™ derivative test,
d*4

2

=-1080<0

Therefore 4=153601is a maximum.

If a cos? O+ b sin? @ = ¢, show that tan® 6 = a—; .
c_

From RHS

a-c

c—b

a—(a cos’ 0+bsin’ 6)

B (acos2 0+ bsin’ 6)—1)

B a(l—cos2 9)—bsin2 0
- acos26+b(sin26—l)

_ asin’0—bsin’ 0
acos’ G—b(cos2 6)

sin® G(a —b)

cos’ O(a —b)

= tan’ 0 (shown)
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(b) (i) Given that \/(2 cos’ x —sin x) =2sin x, show that 6sin® x+sinx—2=0.
[2]

2 . .
\/(ZCOS x—smx) =2sinx
. . 2
2cos” x—sinx =(2sinx)
2cos’ x —sin x = 4sin” x
2(1—sin2 x)—sinx =4sin’ x
2—2sin? x—sinx = 4sin’ x

6sin’ x+sinx—-2=0

(ii)  Hence, solve the equation \/(2 cos’ x —sin x) =2sinx for 0<0<2n. [4]

6sin’ x+sinx—2=0

(3sinx+2)(2sinx—1):0

. 2 .
sinx = 3 (rej)

. 1
Or sinx=—
2
. | 1 T
basic angle=sin" | — |=—
2) 6
T Sn
X=— or —
6 6
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12 The positive x- and y-axes are tangents to a circle C with equation of (x— a)2 +(y —b)2 =r.

(@

(b)

What conditions must apply to the constants a, b and »? [1]

a, b and r have the same value

It is given that N (1, 2) is a point on the circle and it is further from the centre of the

circle C as compared to the origin. Show that the coordinates of the centre M are

(5, 5). [4]
Let the centre of the circle be (x, x) and the radius be x units.

(x=1)" +(y-2)" =«

Since y = x,

(x—l)2 +(x—2)2 =x’

¥ =2x+1+x" —4x+4=x

X —6x+5=0

(x=1)(x-5)=0
x=1or x=5

Distance between the point (1, 2) and the origin

= J(1-0)’ +(2-0)’

= /5 units

Distance between the point (1, 1) and the origin

— \/(1_0)2 +(1-0)’
= /2 units (rejected)

Distance between the point (5, 5) and the origin

= J(5-0) +(5-0)’

= /50 units

Therefore the centre of C is (5, 5) and radius is 5 units. ---- Shown
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(c)

(d)

15

Find the equation of the tangent to the circle C at (1, 2) . [3]
Gradient = 572
5-1
= 3
4

Gradient of tangent = —i
Equation of line:

y= —%x +c passes through (1, 2)

2=—i+c
3
10
c=—
3

4 10
=——x+— or 3y=—4x+10
y 3 3 y

The tangent intersects the axes at the points P and Q. The point R has coordinates
(k2 ,— k) , where k >2. Find the area of the quadrilateral MPOR in terms of k. [4]

0=-4x+10
x=2.5

(2.5, O) and (0, ?]

0 25 k* 5 0

. 1
Area of quadrilateral = —
¥ 20y s 10
3 3
-1 (2.5)(—k)+5k2+ﬂ_(§_5kj
2 3 03

ékz +§k+£ units?
2 4 6
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(@)

(b)

16

Show that sin 2xcot x =2cos” x.

COS X

S x

sin 2x cot x = 2sin x oS x X

=2cos’ x

Hence, without using a calculator, find the value of the constant & for which

5 3
j: cosec6xtan3xdx=£.
z k
3 (‘5 1
jg cosecbxtan3xdx=| ———
m J % sin 6x cot 3x
K 1
J®2cos®3x
18
(o
= | —sec’3xdx

Il
1
[\
X —_
(O8]

—

oo

=]

(98]

=
| I——
2 o3

[5]



