2022 Preliminary Examination H2 Further Mathematics Paper 1 (9649/01)
Marking Scheme

s/n Solution

1(a) | Source: 2025 Promo HCI Qn 3
f(x,y) = \Jx? +ky

T (e s i) (20)

ox 2
L)@
At (2,2),
f(xy)zm
gf; 2(4+2k)
Zj; ’2‘(4+zk)

2 k
L(x,y):\/4+2k +m(x—2)+m(y—2)

(b) | Consider k=2,

L(x.y)=+58 (21 2)+ T(1 95-2)
2

=22+ (=
S5 (0)+5 75 (-009)
1
Sub k=2, x=2.1, y=1.95, =2J2+——(0.15
X y 2\/5( )
3
=2J2+=42
ISOI
163\/—
s}
80
20 | (1 1 a O 1 1 a 0
1 2 a O|—B=2R 11 2 4 0
1 1 1 b 0 0 l-a b
1 1 a 0
Ry,—>—R+R, 0 _3 0 0
0 0 l1-a b

S={y} < a#land b#0

(i) | S isnota subspace of R’ < acR and b#0

Possible sets of S :
1. a#1and b=#0 implies S={y}, where y#0

2. a=1and b#0 implies S=O
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s/n

Solution

3(i)

From diagram,

ML is the directrix where LK = KO =h
Let e be the eccentricity of P.
_od_,

MA
Since O4=r and ZAON =60, .. ON=rcos@ .. MA=LO+ON =2h+rcos@
OA _ r ~1
MA 2h+rcos@
r=2h+rcost

. 2h
1-cosé

e

Hence e=

2h

A polar equation of P is r =
l1—cosé@

(i)

Let OA=r, OB=r,
Since 4 and B are points on P, using result from (i),
2h _ 2h
T cos6 rz_l O+Z
- cos( + 7)

Area AOAB = % nr,

=l( 2h ) 2h
2 \I-cos® 1—cos(6’+%)

a 20’

~ (I-cos@)(1+sinH)
Let w=(1—cos8)(1+sinH)
Since area AOAB >0, w is always positive.
S, maximum w = minimum area AOAB

(D)
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s/n Solution
gz—(l cosB)cos @+ (1+sinH)sin &
=cosf—cos’ @ +sin@+sin’ @
=cos @ +sin @+ (sin @+ cos @)(sin @ —cos )
=(cos @ +sin @)(1+sin & —cos )
dw
When — =0,
en 10
cos@+sinfd=0 or 1l+sinf—cos@d=0
tand=—-1 or \/_Sln( 4) -1
" 0:37” or =0 (rejected) or O= 3 (rejected)
Hence from (1),
2 2
Area AOAB = a 33)]1(1 - 37[) 2h
—cos=Z)(1+sin>%F
4 D50+ %)
4n’ i
=———+—— unit
(1++/2)
4(a) | Using GC,
g(x)
1 1
2 2
x—x —4x" +6 (§—4x) [ 6 )
X 4+ x
X, 1.5 1.5 1.5
X, —4.875 undefined 1.0445
X, 21.9199 1.0906
X, —12426 1.0857
X, 1.9x10" 1.0862
X; —7x10% 1.0861
X 1.0861

(i) g(x)=x—x"—4x"+6 diverges.
Hence, it is not suitable.

1
2
(i) gx)= (— - 4x) is undefined at x, .

Hence it is not suitable.

1
2
(111) g(x)=(%) converges.

Hence it is suitable.

Suppose a =1.0861 is a root.
1

2
x:( 6 ) = ¥’ —4x*-6=0
4+x

Let f(x)=x"—4x" -6
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s/n

Solution

f(x) is continuous in [1.08605,1.08615] and
£(1.08605)f(1.08615) = (—0.0009806)(0.000242) < 0
Hence o =1.0861 (4 d.p.)

(b)

1 Sy’
e 2

o2z

1
f(-0.50)=—F——¢
( ) o227

£(0) = ——e

o\2m

f(-o)=

1 2
~5(-0.5)

_1 2
£(0.50) = ——¢ 2
o227

_lay

f(o)=——e2"
o2

By Simpson’s Rule,

j_‘; f(x) dx

1 ey 1 -y
e’ + e’

(0) o\2x o\2x

1 ~L(-0.5) 1 ~L(0.5)2 1 ~L(0)?
+4(—e 20 L e 2
o2

o\2x o2z

= %(ﬁ](e%”z 1oV +8(e_%)+2eo)

~0.683 (3d.p.)

5(i)

eos[ Z 37 st Iz or
LHS —cos(10j+cos(loj+cos(10j+cos(loj+cos(10)

[eos( 2 z 7z 37 5z

—[cos(loj+cos(loﬂ+{cos(10)+cos(10ﬂ+cos[loj

= [2 cos(%) COS(%H + {2 cos(%j COS(%H +0

=0=RHS

(ii)

204 (132-1)° =0
(13z-1)" =-z"
10
(132‘1) 1.

z

10
(1 3 _ lj — ei(ﬂ+2kﬂ')
z

1 i(ﬂ'+2kﬂJ
13—==¢* "/, k=-50,%£1,+2,£3,+4
z

(m+2km
Lo U0 s s el e043 44 -2
zZ
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s/n Solution

Hence

1oz ) gy )
Z zZ,
13-l Ly U
Z, z,

RTINS IS )

Z > ZS*
RRNEPYIRC AR P
z, z,
(97 ( 97
RTINS PP
Z5 Z5
L1 1 gy,
iz 5 g
169137 0 1ol
=170-26cos| =
cos(lo)
Similarly,
! *=170—26cos(3—”j
z, z, 10
1 - :170—26cos(s—ﬂ)
zZ, Z, 10
1 - :170—26005(7—”j
z,2, 10
1 - =170—26cos(9—7[j
zg Z, 10
Hence
1 1 1 1 1
* + % + * + 5 + 5
2,2, Z,Z, 232, Z,Z, ZsZs
_ _ z 3z Sz I o
=5(170) 26[cos(10)+cos(l )+cos(10j+cos(10)+c0s(10)}
=850

6O | =[x (1+27) de

= J;j x"7'x(1+ xz)% dx

L+ ] <[ a-nedyi ) ax

3 t 1
L+ —"T—ljo X141+ x%) 2 de

[\S1o%)

W=

t 1 1
) =2 [ (1) de- 25 [ (1 ) P die

[OST

3
N (E SRR =Y A=Y

¥ n
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s/n Solution

.on+2 g7 _ 1
3, =5t 3
() =" 1+ )5—(n—1)1n72 (shown)

-1 3 —
(1) -

n-2

(ii)

141 1 (2x)

iln(x+\/1+xz)= 2 1+ = 1

dx x+\/l+x2 \/l+x2
4
Jf\/1+x2dxz[xxll+x2]3—j§ﬁdx
J' J'3 1+ x7 d
\/1+ VI+x®
20 3 2
—+ dx — I+x” dx
Jm Io o
ZI I+ x dx——+[ln(x+\/1+x )J
_20 . (4 5)
9 33

3 10 1 10 1
. 3 2 — = ==
. J.O V1+x"dx= 9 +21n3 where m 5" n 7

Wl

3
(iii) y=cos%9+l 2601520 ésec@ (1+x)

Surface area of revolution about x-axis
—j%z [1+(d—y)2Fdx
= 0 Ty ax
4
=2f 1+ )1+ 2) d
[ o4 1 4 1
- j;(l+x2)2dx+j(;x2(l+x2)2dx}
| 3 23 1|4 4\ : 3 23
—r j (1+x7) 7 dx+1 —[1+(§)J —j0(1+x)2dx
4j (1+x%)? dx}
43

4(%+%ln3)]

31n3]

I
N
°°|

S =

'1
1

I
L»JI§
| 2

=7 16

[\

7G g
(1) d_+4r—551n30 ...(1)
dé?

Characteristic equation is m° +4=0
om=221
Hence complementary function is
r=Acos20+Bsin20, A,BeR.
Let a particular integral be » = Asin36+ ucos36, A,ueR.
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s/n Solution

%=3Zcos30—3ﬂsin36’ -2
d*r OAsi
10 =-94sin360-9ucos36 ..(3)

Substitute (2), (3) into (1):
(-94sin36 -9 cos36) +4(Asin36 + pcos36) =5sin 360

Comparing coefficients:
OA+44=5

Ou+4u=0
SoA==1, u=0
Hence a particular integral is » = —sin 36

. r=Acos26+ Bsin 26 —sin 30

%:ZAsin29+2Bcos29+3cos30
When 9:%, r=1 and %:—2.

. 1zAcos7r+Bsin7r—sin37ﬂ = A=0

—2=2Asin72+2Bcos7r+3cos377Z = B=1

Hence » =sin26 —sin 30

(ii)
T
( 1 E] 3)

V% o
O »0=0

— -
U1 Area =4[ ¥ (sin20-sin30)* 4o
5
3z
=17 sin*20-2sin 20sin 30 +sin’ 30 dO
5

=%j§(#)+(cosse—cos9)+(%) 40

3z
:%J-HS 2—cos40+2cos50 —2cos@—cos60 dO
5

3

N

1[~p_ sind4d , 2sin56 im0 sin6é
4_26? BV H 2sin & ra ]

N m‘

6z M5 _9ain 37 _ 5
%= 4+02sm5 3

indr inbmr
2z sin=z i T s1n5)
( 5 7 +0-2sin 5 3

( sinl2z sinl8z )

ENE
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s/n Solution
1 (%—%sin%—ZsinzT”+%sin2T”)
—(—%51 Z—2sinZ+ ésm z )
:% 4T”—12—5sin2T”+%sm%]
= %Jri—g[sin%—sinz%] unit®> where a = %, b= 2—%
81 | g = %Rn_l —%Wn_l — W,_ =3R_ ~2R ..()
Substitute (1) into W, = %Rﬂ_l + i w,_.:
3 3 1
W == +—BR,,-2R)==R _,—=R
n 4 n 1 ( n) 2 n—1 2 n
Hence W _, = %R}H —lRW1 ..(2)
Substitute (2) into R = %R}H - % w._,
3 1(3 1
“ R == —| =R =R
n 2 2 (2 n—-2 2 n—1 )
= % Rn—l - % Rn—Z
(i) | The original equations can be written in matrices as follow.

[FSN N [98)

BRIt

Alw ofw
A= l
N|—
N
=
7 N\
I =
(=] [=)
N—

A-D(A-
. _ _3
S A=lor /1—Z

For 2 =1, solving [_

EN[SI ST
~—
/ﬂ\
&_/
/ﬂ\
\_/
on
<
o
/—\
\_/
_Pv
N
i p—
—

1
. corresponding eigenvector is [ J

L) wee ()L

For A = % , solving (

Koo Kw
= o|—
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s/n

Solution

W

2
". corresponding eigenvector is ( j

Hence [

)

Al ofw
A= Nl
EN| I
— —
= |
N~ T/
B ek —
TN
X woN
~—
O =
Al ©
N
VR
— —_—
W N
|

—_—

om0 el 38
) 3o @ o3) g
(1 2) (1 0 )3 2R,
L b Gy
1 2) 3 2R,
u J(—@" <%>”KWO}
(323 —2+2(%)”][R0j
3-3(3)" —2+33)" )W,
Hence R, =3R,—2(3)"R,—2W,+2(3)"W,
= (2W, =2R,)(3)" + (3R, —2W,)
W, =3R,~3(3)" R, — 2, +3(3)" W,
= (3, —3R,)(3)" + (3R, - 2,)
(iv)

From (iii), R, = (2W, =2R,)(3)" + (3R, —2W,)
W, =(3W,—~3R,)(3)" + (3R, - 2,)
As n— o0, both R — 3R, —2W, and W, — 3R, -2W,.
Since equilibrium is non-zero,
3R, —2W, >0 = R, >2W, ...(*)
Also, as both R, and W, are decreasing,
(2, =2R,)(3)" —0" and (W, =3R))(3)" >0
Hence R, <W, ...(**)
Combining (*) and (**):
o 2W, <R, <W,
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9(1)

Using u,,, =2u,,, —2u,,
u, =2u, ,—2u,,
=2Qu, ,—2u, ;,)-2u,,
=2u, ,—4u,
=2Qu, ,—2u, ,)—4u, ,
=—4u,_,

Hence u,,, =—4u, (shown)

(i)

From (1), u,., =—4u,

4N
Do, =1,y by g g+ g
r=1

F Uy Uy F Uy Uy e Uy Uy Uy U
= (u, +uy +uy +uy)+(—4)(u, +uy +uy +uy)
+ (=4 (uy +uy +uy 1)+ (D) +u, +ug +uy)
4N

Zur is sum of a GP with first term (v, +u, +u, +u,), common ratio —4 and
r=1

N terms.

u +u, +u, +u, =a+ka+2ka—2a)+[2(2ka - 2a) - 2ka]

=5ka—5a
< Ska—Sa)[1-(—4)N
Hence Z_;u, = Oka 12[_4)( V1o (ka—a)[1-(—4)"]
Alternative Method
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4N 4N
Du, =utuy+ Y u,
r=1 r=3

4N-2
=a+ka+ Z u,,,
r=1
4N-=2

=a+ka+ Y (2u,., —2u,)

r=1

=a+ka+2

ul

S
e T
=a+ka+2(uy_ —u)
=a+ka-2a+2u,,
:ka—a+2((—4)N_1u3)
:ka—a+2(—4)N_l(2ka—2a)
=ka—a+4(—4)N_1(ka—a)
=(ka—a)—(-4)" (ka—a)
= (ka—-a)(1-(-4)")

(111) un+2 = 2un+1 _2un = un+2 _2un+1 + 2un = 0

Characteristic equation is m° —2m+2=0
m=@:lii:\/§(cos%iisin%)

Hence general solution is

u, =(2)" (Acos%+Bsin%) , Where p:\/i, q=7

When n=1, uy=A+B=a

When n=2, u,=2B=ka

LoB=l o g=q-Ka=g0-k)

Hence u, = (\/5)” [a(l—%)cos%+%‘1sin %J

i p' (Acosqr+ Bsingr)= (ka—a)[1-(-4)’]

=1025(ka —a)

10(1) | Let f(x,y)=0.2x—-0.01xy,
g(x,y)=-0.05y +0.004xy

it X, Y f(x,y) | gx.y)

0| 0 10 15 0.5 ~0.15
10+0.5(0.5) | 15+0.5(—0.15) ~

L0505 14.903 0.5201875(-0.134325
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10.25 14.925
2| 1 [+0.5(0.5201875)(+0.5(-0.134325) After 1
=10.51 (2 d.p.) |=14.86 (2d.p.) month, share
price of

company Xis $10.51 and company Y’s share price is $14.86.

(i1) dy _ d_yxg _ —0.05y +0.004xy _ v(=0.05+0.004x)
dx df dx 0.2x—-0.01xy x(0.2-0.01y)
0.2-0.01y . _ [ —-0.05+0.004
J y _I xoodr
0.2Iny—-0.01y =—0.05Inx+0.004x+ C
y0.2 e—0401y — Kx—O.OS e0.004x’ Where K — eC
Initially, x=10 and y=15.
. 1502 g00105) _ K(10—0,05)60.004(10)
K =1.59478558
=1.59 (3s.f)
Hence »*? e =1.59x7"% ¢*®* (shown)
where g=0.2, h=-0.01, K =1.59, m=-0.05, n=0.004
(iii)

At points 4 and C, % =0.
~ y(—-0.05+0.004x) 0
x(0.2-0.01y)
y(=0.05+0.004x) =0
o x=12.5
When x=12.5,
yo.z e 00y _ 1.59478558(12.5)_0'05 0004(12.5)

=1.477649814
Using GC, )
y=14.67 or y=26.49 F(y)=p" e ~1.477649814

Hence
A(12.5,26.49) ﬂ4.667783 26.490244
C(12.5,14.67)

>y

At points B and D, ﬂy =0.
. x(02-0.01y)
" (=0.05+0.004x)
x(0.2-0.01y)=0
Soy=20
When y =20,
200.2 e—0.0l(ZO) — 1'59478558)(,—0.05 e0.004x

x 7% " = 0.9346409446

USing GC’ -0.05 _0.004x
x=6.50 or x=21.39 fx) = x """~ 0.9346409446

Hence / >

6.5007398 21.385991
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B(21.39,20)
D(6.50,20)

(iv) | The values of x and y varies with each other in a cyclical manner with the values of
x varying between $6.50 and $21.39, and the values of y varying between $14.67

and $26.49.
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