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RAFFLES INSTITUTION
H2 Mathematics (9758)
2025 Year 5

2024 H2 Math Year 5 Timed Practice (Modified) Solutions with Comments

1

A smoothie shop sells three different types of smoothie blends, Berrylicious, Tropicality
and Pumptein. The smoothie blends are dispensed from machines and each serving is
prepared by blending protein powder, mixed fruits and milk.

Relative to a serving of Berrylicious, a serving of Tropicality uses 50% the amount of
protein powder, 30% more the amount of mixed fruits and 75% the amount of milk.
Relative to a serving of Berrylicious, a serving of Pumptein uses 50% more the amount
of protein powder, 60% the amount of mixed fruits and 25% more the amount of milk.

A serving of Berrylicious, Tropicality and Pumptein weighs 360 grams, 350 grams and
355 grams respectively.

Find the amount of protein powder, mixed fruits and milk required to make a serving of
Berrylicious, in grams. [4]

Solutions ments

~

Total mass of a serving of Tropicality: 0.5x+1.3y+0.75z =350 -- (1)
Total mass of a serving of Pumptein: 1.5x+0.6y +1.25z =355 -- (2)
X+Yy+z=360--(3)

Solving equations (1), (2) and (3) with the GC, we have
x =10,y =150 and z =200

Let the amount of protein powder, mixed fruits and milk required to Very often the last
make a serving of Berrylicious be x, y and z respectively. line in the SLE

question gives a clue
to the unknowns to
define.
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2 A graphic calculator is not to be used in answering this question.

Given that 3—4i is a root of the equation
52° +az* +bz+25=0,

find the values of the real numbers a and b and the remaining roots of the equation. [4]

Solutions Comments
Since the coefficients are real, z=3+4i is another root of the | Most students use
equation. Method 1, which is
Method 1 the recommended
(2-3+4i)(z2-3-4i)=(2-3) —(4i)’ method, to do this
5 question.
=2"-6z+9+16
=7°-6z+25
So, 52° +az’ +bz+25= (2" —62+25)(5z+1)  (By inspection)
Comparing coefficients of z*, a=1-30=-29
Comparing coefficients of z, b=125-6=119

The other roots are z=3+4i and z = —%.
Method 2 (Not recommended)
Substitute z=3-4i (or z=3+4i) into the given egn,
5(3—4i)’ +a(3-4i)" +b(3-4i)+25=0
5(27-108i —144+64i)+a(9—24i—16)+b(3—-4i)+25=0
5(—117-44i)+a(-7—-24i)+b(3—-4i)+25=0
(-560—7a+3b)—4(55+6a+b)i=0
Comparing the real parts, 7a—3b=-560--- (1)

Comparing the imaginary parts, 6a-+b=-55---- (2)
(1) +(2) x 3: 7Ta+18a=-560—55%3

25a=-725
a=-29
From (2): b=-55+29%x6=119
~a=-29,b=119

(z2-3+4i)(z-3-4i)=(2-3)"—(4i) =2 —62+9+16=2° —62 + 25
257° +1192° ~292+5=0
(2 —62+25)(52+1)=0

The other roots are z=3+4i and z= —é.

As graphic calculator
is not allowed in
answering this
question, students are
to expand out

(3-4i)’and (3-4i)°
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3 With reference to the origin O, the points A and C have position vectors a and c
respectively, where a and c are non-zero and non-parallel vectors. The point E lies on
AC such that AE: AC= A —2: A,where 1 > 2.
(@) Find the area of triangle OAE in terms of 1, a and c. [3]
(b)  Given that the area of triangle OAE is %|axc| , solve for the value of 4.  [1]
(© Given that a is a unit vector, give the geometrical interpretation of
0 la.d. [1]
(ii) |a><c|. [1]
(d) If ZOAC =90, explain why a.c is positive. [1]
Solutions Comments
(a) : . — 2a+(1-2)c Use a diagram to interpret
[3] | Using ratio theorem, OF = ————— the ratio AE: AC = A-2:1
0]
Area of AOAE = l‘ﬁx Cﬁ‘
2 A
C
1|, 2a+t(A-2)c
=-——lax—-_7
A A=-2 2
A=2)c
:lax—( ) sinceaxa =0
2 A A
= l E |a>< C| The vector product gives a
2| A4 vector. This is the zero vector.
=E|axc| since 1>2
22
b _
(b) Area ofAOAE=u|axc|=i|axc|
[1] 2 10
By comparison,
A-2_3
24 10
101-20=64
42 =20
A=5
(©)(@) | |a.c| gives the length of projection of ¢ onto a. Note that a is a unit vector,
[1] 50 [a.c|= ‘OC cos AOC]| .
(©)(ii) | Jaxc| gives the perpendicular distance from point C | Note that a is a unit vector,
[1] to OA. s0 |axc|=0Csin AOC .
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Alternatively, |a>< c| gives area of parallelogram with
OA and OC being the adjacent sides.

Or, |a><c| is equivalent to twice the area of triangle
OAC.

The description must
accurately convey that it is
the distance from a pointto a
line.

(d) Since ZOAC =907, 0 You can draw a diagram to
[1] OAAC =0 explain the relationship
' between the angles.
a.(c-a)=0
a.c=laf A C

which is positive since a is a nonzero vector

Alternatively, since ZOAC =90°, the angle between
aand ¢, ZAOC is less than 907, i.e., it is acute. Hence
a.c is positive.
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4 The line I, contains the points A and B with coordinates (-1,3,7) and (a,0,-2)

X+7

y-10

respectively, where a is a constant. The line |, has equation ———=-"——, z=10.

It is given that |,and 1, cross at the point C.

3

(@) Find the value of a and the coordinates of C. [4]
(b)  The point P has coordinates (-2,9,8). Find the point on I, which is closest to P
and hence find the exact perpendicular distance between P and |, . [4]
Solutions Comments
(@) -1 a+1 Revise on your skill
[4] l:r=/ 3 |+ -3 |, 2eR and in converting from
7 -9 cartesian form to

AS

When |, and |, intersect/cross,

-1 a+l -7 -2
3 |+A] -3 [=|10 [+u| 3
7 -9 10 0

A(a+1)+2u=-6 -—(1)
= 1 31-3u=7-()
97, =3 -(3)

Solving (1), —%(a+l)—4 =-6=a=5

Hence C has coordinates (-3,4,10).

Alternative method:

-1 a+l X
3|+ -3 |=|Yy
7 -9 10

—1+A(a+1)=x (1)
= 3-31=y ---(2)
7-92=10 —(3)

-7
IZ:—X—sz_lo,z=1O ie, |, 10 |+p| 3
2.3 10 0

-2

, HeR

Solving (3), A = —%. Then solving (2), 1-3u=7=u=-2

vector form.
Careless mistakes
can be costly as
wrong equations will
impact on working
for part (b).

Vector equation of a
line is incomplete
without “r ="
Vectors should also
be properly
presented with the
right notations such
as “~” like a.

Question asked to
give your answer in
coordinates, not as a
position vector.
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Solving (3), A = —%. Then solving (2), y=4

Sub into —Xngy_Tlo, we get x =-3

Solving (1), —1—%(a +1)=-3=a=5

Hence C has coordinates (-3,4,10).

(b) Let the point which is closest to P be F.
[4] -7 -2
OF =| 10 |+ u| 3 |, forsome ueR
10 0
-5-2pu P(-2,9.8)
PF=OF -OP =| 1+3u
2
Since PF L1, ,
-5-2u) (-2
1+3u || 3 |=0
2 0
10+3+(4+9u=0
u=-1
-5
Hence OF =| 7 | or coordinates of F are (-5,7,10).
10

5-2(-1)
Required distance PF = | 1+3(-1) |=| -2 | =17
2 2

|
w

Calculation of PF

needs to involve PF
since question states
“hence”.
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5 On the same axes, sketch the curves with equations yz‘x2 —5x‘ and y=|16—3x|,
stating the exact coordinates of any points of intersection with the axes. Hence solve
exactly the inequality ‘xz —5x‘ >[16-3X. [8]

Solutions Comments

8 Many students

[8] ; y =[xt —5¥ y

missed out on the y-
- |x(x —5)| intercept (0,16)

Many students
(0,16) ’ missed outon x =4
being a solution.
y=[16-3x] Note y =[16—3x| is

B c tangential to
. y= ‘xz —5x‘ at x=4.
0 SOl
At point A and C, 3’ When reading the
graphs on your
x* ~5x =16-3x graphing calculator,
x*-2x-16=0 do learn to zoom in

. 24 /(_2)2 —4(-16) or zoom out so that

YOu Can see features

2
of the graph.
_2+./68 I
2 The question asked
—1+17 for “exact
coordinates”, so you
Hence x=1—+/17 atAand x =1++/17 at C. are expected to show
the algebraic
At point B, working to arrive at
the exact answers.
—(%* ~5x) =16 -3x
X —8x+16=0
(x— 4)2 =0
x=4 Note the use of the

conjunction ‘or’. It is
not acceptable to use
x<1-+17 or x>1+17 or x=4. comma or ‘and’.

.. Solution to ‘xz —SX‘ >|-3x +16| is
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6 The curve C has equation
x* —ae*tany =0, for x>0,
where a is a positive constant.

(@  Show that ae*%z(Zx—xz)(lJr y?). [2]

It is given that C has one stationary point.
(b) Find the x-coordinate of this stationary point and determine its nature, showing
your working clearly. [3]

Solutions Comments

(a) x*—ae*tany=0
[2] Differentiating wrt x,

2x—| ae*tan™" y + ae*- ! Zﬂ =0
1+y° dx

_aet. 1 ﬂzo,since ae*tany = x*

1+ y2 dx

2X — X?

ae* % = (2x=x*)(1+y?) (shown)

Alternative

: e
Rewrite x*—ae*tan™"y=0 as y= tan[ J :
a

Differentiating wrt x,

Y _ sec ( xe’" J -i(—xze’X + 2xe’x)

dx a a
—X 2 A—X
Since secz[xz j:1+tan2[x:1 j:1+y2,

Yo (14y7) 2 (x4 2x)

dx ae
ae W _ (2x—x*)(1+y?) (shown)
dx
®) . . dy
For stationary points, let =~ =0
3] yp dx

Since (1+y*)#0, 2x—x*=0

Thus x=2 since x>0.

To determine the nature of the stationary point at x =2,
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Method 1 : Second Derivative Test

><d2 Xd d
ae d—)g+ae d—i/(=(2x—x2)~2yd—i+(2_2X)(1Jr yz)

At x=2, ﬂ:o.
dx

2y =2(1+y?
3Z= ( Zy)<Osince a>0and 1+y*>0
X ae

Maximum point at x=2.

Method 2 : First Derivative Test

dy x(2-x)(1+y?)
dx ae”

For x in the neighbourhood of 2, x>0.

sign of dy around x=2.
X
X 2" 2 2"
(2—x) +ve 0 ~ve
ay +Vve 0 —-ve
dx

Maximum point at x=2.

Now a>0,e*>0 and 1+ y* >0, so 2—x will determine the

You should factorise
the expression for

dy and clearly

dx

justify how each
factor is positive or

negative.

The row with
(2—x) is necessary

to show the sign
changes.
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7 A curve C has parametric equations
X =(1+t)2 Y =(1—t)2 .

The point A is on C such that the tangent to C at A has gradient 2.

(@) Find the equation of this tangent and hence show algebraically that this tangent
never meets C again. [5]

(b)  The tangent and the normal to C at A meet the y-axis at points P and Q
respectively. Find the area of the triangle APQ. [3]

Solutions Comments

(a) dy —2(1-t) t-1
Bl ) ax ™ 2@+1) t+1

Solving t_—1= 2,wegett=-3.
t+1

Coordinates of A = (4,16)

Equation of tangent at A: y—16=2(x—4),
ie y=2Xx+8
C:x=(1+t)2,y=(1—t)2

Solving simultaneously,
(1-t) ~16=2| (1+1)’ ~4]
t*>+6t+9=0

(t+3)° =0

t =—3 is the only solution, meaning that the tangent meets C
only at point A. Thus the tangent never meets C again.

(b)

3] Equation of normal at A: y—-16 = —%(x —4) 00 .1¢

Sub x=0, P=(0,8) and Q =(0,18) Al41¢

Area of triangle APQ = %x10x4 = 20 unit?

P(0 R
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8 The function g is defined by g: x> In(x*=3)+1, forxeR, x> J3.
(8  Explain why g exists. [2]
(b)  Find g™ (x) and write down the domain and range of g™*. [4]
2
(©) The function f is defined by f:x— a—(x—2\/§) , forxeR, x>0 for some real
constant a. Show that the composite function fg™exists. Find fg™(x) and
its range in terms of a. [4]
Solutions Comments
(@) Y x=B You should draw a
[2] t graph of the function
and draw the
horizontal line to
support your
) =8(%) explanation.
: y= k
o
You need to be
Since every horizontal line y =k, k € R cuts the graph of g at | familiar with this
one and only one point, g is a 1-1 function. Hence, g™ exists explanation for
y point, 9 ' 9 " | inverse of g to exist.
(b) =In(x>=3)+1, x>+/3
[4] eVt =x*-3
x> =e'1+3 Do explain the
x =~/e'*+3 since x > /3 choice of x=ve’+3
. — instead of
9 (X) e +3 x=—/e"1+3 by
D L= R =R considering domain
of g.
R o D \/g,oo)
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(c) Rg1 - D, z(ﬁ,w) It is important to .

[4] state the range of g
D =(0,0) and domain of f
Since R_, Dy, hence fg"exists. explicitly.

2
fg‘l:XI—>a—(\/eH+3 —2\/5) . XeR

Using the graphs of g and f,

(243
50

\\
/ \
\\

3

y=1(x)

D,.=R—%>=R_,(+/3,0)—"(~,a].

So R, , =(—oo,a]

fg
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An architect is designing the structure of a slide for an indoor children’s playground.
As shown in the diagram below, part of the structure has a rectangular base ABCD and
a rectangular slide surface BCEF and two sides ABF and DCE which are perpendicular

to the base ABCD. £

A B

It is given that the base ABCD is part of the plane with equation —2x-6y+7z =7, and
-1 -1

the line BF has equation r=| 18 |+ 4| 8 |, AeR.
5 1

(@) Find the position vector of B. [3]
(b) Find the angle between the slide surface BCEF and its base ABCD. [3]

(© Show that the cartesian equation of the plane containing side ABF is
62x+5y+22z2=138. [3]

It is now given that the other side DCE is part of the plane with equation
62x+ 5y + 22z = 200.

(d)  The playground’s theme requires the slide surface width to be between 80 cm
and 100 cm. Taking each unit in the architect’s design to be a metre, determine
if the slide meets the requirement. [3]

Solutions Comments

(@)
[3]

Point B is the point of intersection between To solve for a point,
) -1 -1 you need to ask

Maco . T-| 6 |=7and Iy :r=[18 |+4| 8 |, LeR. yourself how the
7 5 1 point is defined.

-1 -1\ [ (-2 Here it is defined by
18 |+A| 8 ||-|-6|=7 the intersection of a
5 1 7 line and a plane.

2-108+35+(2—-48+7)A=7
A==-2
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(b) The angle between the surface BCEF and the base of the slide | Alternatively, since
[3] is given by the acute angle between the plane and line BF the angle between
since the sides are perpendicular to the base. Let 6 be the direction vector of
required angle. line BF and normal
2\ (-1 of plane ABCD is
E 90-0
61+ 8 , 2\ (-1
) bl
sinf = c0s(90-0) = A%
J4+36+49\1+64+1 RN R
39
\/89/66
Therefore 6 =30.6° (to 1d.p.)
(©) )
[3] Since 7,5 is perpendicular to Ty, ZTpge iS//t0 | —6 | and
7
it contains the line BF.
Hence, a vector equation of 7 g is
-1 -1 -2
r=\18 |+a| 8 [+pB| 6| ,a,peR
5 1 7
-1\ (-2 62
A vector perpendicular to 7,z iS| 8 (x| —6|=| 5
1 7 22
Equation of 7 g is You should show
your steps clearly
62) (-1) (62 since thisis a
r-|5|=(18{] 5 |[=-62+90+110=138 “show” question.
22 5 )22 The working for the
. . . dot product must be
Hence cartesian equation of 7,g- is 62x+5y+22z =138 shown.
(d) Width of the slide surface is given by distance between the Refer to Chapter 4C
[3] two sides ABF and DCE lecture notes Example

T pgr -62X+5Yy+227 =138, 7, :62X+5y+227 =200

Distance between the two parallel planes is

[138 - 200
L =0.93072

5
22
Since width is 0.940m = 94.0cm, the slide meets requirement.

5 for illustration of
distance between two
planes.
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