Solutions

1 | Solution [11] Inequalities

(a) | By AM-GM inequality,
2a+b+3c>32a-b-3¢
=33/6abc
=3(6)
=18

(b) | By Cauchy Schwarz inequality
{ 4a’ N b 9¢?

J’_
b+3c 3c+2a 2a+b
44* b* 9¢?
+ +
b+3c¢ 3c+2a 2a+

}[(b+3c)+(3c+ 2a)+(2a+b)]>(2a+b+3c)’

b}[4a+2b+6c]2(2a+b+30)2

2 2 2
4a + b + o 22a+b+3c since 2a+b+3c>0
b+3c 3c+2a 2a+b 2
2 2 2
Hence 4a b 9¢

+ + >
b+3¢c 3c+2a 2a+b

Equality holds for AM-GM inequality when 2a =b=3c.
Substituting into abc =36 yields a(2a)(§aj =36
a’=27
a=3

na=3,b=6,c=2

Check against original expression

2 2 2 2 2 2
4a N b N 9¢ _ 4(3) N (6) N 9(2) 3434329
b+3c 3c+2a 2a+b 6+3(2) 3(2)+23) 23)+6
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Consider the substitution ¢ = l,b = l,c _1
p q r
Then abc:l.l.l: 1 =36
p q r pgr

1 1 1
+ +
9p*(r+3q) 36¢°(3p+2r) 4r(2q+p)

1 1
- + + x 36 pgr
90p* (r+3q) 364 (3p+2r) ar(2q+p)| 1
dqr 7 )
=— 9 o p - pq2
pr+3p’q 3q¢°p+2q°r 2rig+rip
b 1 1
2 2 2
_ 4gr < Par + pr PO N 9pq L bar
pr+3p’q 1 3¢p+2¢r 1 2rq+r’p 1
pzqr pqzl" pqrz

B V7 N ) I V)
(Falral) 3)e2(1p) 2 ) (1)
4a’ b’ 9c’

B b+3c+ 3c+2a i 2a+b

29

by the result of the earlier part.




Solutions [11] Differential Equations, Conics

(@)

Differentiating the substitution with respect to x,

dy du
—=uU+x—
dx dx

. d d . . . :
Substituting Y —u+xL and y =ux into the differential equation, we have

u +xd—u = —2x2u
de  x? —2x%u?
du 2u

xX—= > —u
dx 1-2u
du  2u-u +2u°
dx 1-24°

u
2u’ +1

= Bx, where B=+4

2
Y_2pd | Bx
X X

y =2By* + Bx’

(b)

Case 1: B#0.
y =2By* + Bx*

_[ L) !
Gy 168>

oeor (55
) L
1

. . 1 : : .
The general solution represents an ellipse centre at (O,—) with horizontal radius ——
4B 8B

and vertical radius ﬁ with x #+/2 y forall x,yeR.

Case2: B=0

The particular solution is the line y =0.




Solutions [12] PIE, Pigeonhole Principle, Distribution Qns

(@) | Total number of grids =2'° = 65536
(a)(ii) | Label the squares as shown below
1 2
3 4
Let A be the number of grids with a 3-by-3 shaded square that’s top-left square is
labelled i.
|4|=27, |4 NA|=|4 N 4|=|4N4,|=]4N4|=2%,
|4 N4y =|4,N4|=2%, |4N4,N4|=2 and
|4 NA,NA N4 =1.
By PIE,
4U4U4U4
4
= Z|A7|_ Z |Ai nAi|
i=1 I<i<j<4
+ ) 4NANA]-|4N4N4 N4
I<i<j<k<4
=4(27)—(4x2" +2x27 )+ (4x2)-1
=447.
(b) We require more than 12 from the following construct:

Now we show that every grid with 13 shaded unit square will satisfy the required
condition.

Consider the partitioning for the grid by the four 2-by-2 squares as shown below:




S, 5

We have 13 shaded squares (pigeons) and four 2-by-2 squares (pigeonholes). By
pigeonhole principle, there will be one 2-by-2 square with at least [?1 =4 shaded

squares. This would be we have at least one shaded 2-by-2 square if we have 13 shaded
square in the grid.

Therefore, at minimum, we need 13 shaded squares.

(¢)(i) | Method 1:
This is equivalent to

— +
¢ +c,+cy+cy =4, where ¢, € Zy.

4+4-1
Hence, =35
4-1

Method 2:
By listing cases,
4+ Gx3

Leolumnwith4 5 1 ns with 1,1 with 2

4 4
+ P, + C,
1 column with 3, 1 with 1 2 columns with 2

+ 1 =35

4 colums with 1

(c)(ii) | As the number of white squares is 16— the number of shaded squares.
Counting this is equivalent to counting if the grids have at most 4 white squares.
By symmetry this is the same as counting the grids that have at most 4 shaded
squares.

Method 1:
So, we require,

444-1) (3+4-1) (2+4-1) (1+4-1) (0+4-1
+ + + +
4-1 4-1 4-1 4-1 4-1

=0.




Method 2:
This is equivalent to

o+ +ey+ey+cs =4, where ¢; e Zj, .
We treat ¢; as the number of shaded squares not in the grid if there are less than 4
shaded squares in the grid.

4+5-1
=70
5-1
Method 3:
By listing cases:

<4+4C3X3+4P2+4C2+1)+(4+4P2 +4)

+(4+4cz)+(4)+(1)=70




Solutions [12] Probability

(a) | In constructing a subset of S, we have 2 choices for each of the » integers from 1 to n:

include or exclude.

By multiplication principle, there are 2" subsets of S.
(b) | Then,
® | Plieand)=1-Plicdn4a)

=1-P(ie 4)P(ie 4,) (by independence)
2
2
_3

Alternatively,

Consider the partition: (Al' N4, ) U (Al' N4, ) U (A1 N4, ) U(4,N4,)

Then i has equal probability to be in one of these four sets.

Therefore, P(i¢ A4 NA4,)= % :
(b) (s

P(4na,=0)=]]P(ie4n4,)
(ii) i1

14
4

(b) | Let the k elements of 4, be q,,...,q, .
(iii)

k

P(4 N4, =2||4]=k)=]]P(a ¢4,)
i=1
1

k

\S)

Alternatively,




P(AlmAZ:®||Al|=k):P(AlmA2:® and |A1|:k)

P(|A1|:k)
(nj2nk
k
471
T
k
271
1
ToF
(b) <
P(4 N4, =D)= P(|4|=k)P(4 N4, =D ||4]|=k)
(iv) =0
"L L] (th " | subsets with & elements: part (bii))
= —x— ere are subsets with & elements; part (bii
2l g 2 k P
e (nj 1
pard k 2n+k
. n(n) o1 3Y
From (bi), we have = =1.
e vete S (3
(¢) | WLOG, let the k£ elements of their intersection be 1, ..., k.
() | Then, we must have ie 4, N4, for 1<i<k and j¢ 4 N4, for k+1<j<n.
. . 1 . 3
By (b1), P(leAlmAz):Z andP(zeAlmAz):Z.
Moreover, there are [Zj ways to pick the & elements.
n 1 k 3 n—k
So P(|4, Nn4,|=k)= 1=
[V . 1
© By . [4 1 4]~ B2
(i)

So E(|A1 m142|)=n><

n
7

PN




Q5

Solutions [14] Polynomial, Numbers, Induction

(@)

f(x)—f(a) is a polynomial.
When x=a, f(a)—f(a)=0. By factor theorem, x—« is a factor of f(x)—f ().
ie. f(x)—f(a)=(x—a)f,(x) for some integer polynomial f;(x).

When x =/,
£(B)~f(a)=(B~a)fy(B)=0 (modulo f-ar).

Alternatively
By remainder theorem, f(x)=(x—a)g(x)+f(a), where g is a polynomial with

integer coefficients.

Sub x=p: f(f)=f(a) (modulo S-a).

(a)(ii)

Suppose there exists such a polynomial.
£(3)—f(1)=0 (modulo 2) from (a)(i).

But f(3)-f(1)=5-2=3=1 (modulo 2) a contradiction.

(a)(iii)

£(2025)—f(1)=0  (modulo 2024)
£(2025)=0 (modulo 2024)

Since (2025) is a multiple of 2024, it cannot be strictly between 0x2024 =0 and
1x2024 =2024 .

(b)(@)

2#4 (modulo 7)

22 +2+1=7=0 (modulo 7)

And

4> +4+1=21=0 (modulo 7)

So, 2 and 4 are incongruent roots modulo 7 of x* +x+1.

(b)(ii)

Consider h(x)—h(y). From (a)(i) we have thath (x)—h(y)=(x—y)h,(x) for
some integer polynomial h, (x) with degree n—1.
We note that x"™' coefficient of h, (x) must be 1 when we compare the x”

coefficient in the equation h(x)—h(y)=(x—y)h,(x).

h(x)-0=(x—y)h,(x) (modulo p)
h(x)=(x-y)h,(x) (modulo p)
Alternatively

h(x)=(x—y)hy(x)+h(y) by Remainder Theorem, where h is a degree n—1
polynomial with integer coefficients.
h is monic by comparing coefficients of x".

h(x)=(x=y)he(x)+h(y)
=(x—y)h,(x) (modulo p)




since y is a root modulo p.

(b)(iii)

Let P(n) be the statement that any monic degree n polynomial h(x) has at most n
incongruent roots modulo p for n>0.

Base case: When 7 =0,h(x)=1 for all x and has no solution for that h(x)=0

(modulo p). Hence it has at most 0 roots.

Inductive step:
Assume P(k) is true any monic degree k polynomial h(x) has at most £ incongruent

roots modulo p for some £ >0.
Now suppose h(x) is a degree k& +1 polynomial. If it has no roots we are done.

If it has a root, say ¢ (modulo p), then h(g)= 0 (modulo p). From (b)(i) we have

that there exist monic degree n—1 integer polynomial h, (x) such that
h(x)=(x—gq)h,(x) (modulo p).

This implies that h will have at most £ + 1 roots modulo p that are incongruent
modulo p (at most k from h, (x) and additionally g).

Hence, P(k + 1) is true.

Conclusion: Since P(0) is true and P(k) is true = P(k +1) is true, by Principle of

Mathematical Induction, P(n) is true for all >0 .




Solution [20] Irrationality, Differentiation, Integration, Functions, Inequality,

Limits.
(a)(i) n _ n n n
X (a bx) =x_ (nj(_l)r an—rbrxr
n! n! r
r=0
_i Y (nJ(_l)’ an—rbrxn+r
- nl‘=s\r
_ 1 & r—n n 2n—ryr—n_r
_E,,:,,(_l) r—n]a b "x
_ 1 < r _ r—n n 2n-ryr—n
_Er:nc,,x . ¢, =(-1) (r—n]a b
We note that ( " je Z and a®" b €7 as n<r<2n.
r—n
Therefore, c, :(—l)r_"( " jazn_rbr_" e’.
r—n
@) | For 0<k<n-1, f (k)(x) is a polynomial with no constant term and hence that
£ (0)=0.
For n<k<2n, f®) (x) will have a constant term k!f" which will be an integer as
n!
n<k<2n.
(b) f(n—x)
~ b" [(n—x)(n—(n—x))]
- n!
B b" [(n—x)x]n
- n!
=f(x). (Shown)
f(n - x) = f(x




(©)()

(©/Gi) | Thus by ()0,

L“f(x)sm(x) dx
_ L"F"(x)sm(x)+F(x)sm(x) dr
~[sin(x)F'(x)]; - [ F (x)cos(x) dx
~[cos (x)F(x) || + JjF’(x)cos(x) dx

= (O—O)+(—F(n)cos(n)+F(0)cos(0))
=F(0)+F(m).(Shown)

(d)(@) Method 1:

If0O<x<m,then O<m—x<m.And b"n" =a" as n=%.

Hence,

(0)(0) _b"[(x-x)x]" ¥’ () (=)'

n! n! n!

bn I:(TE—)C)X:In § 7_[nan ~ nnmn
n! n! o
Where m=a.(or m=bmn.)

O<f(x)=

(Shown)

Method 2:




bn' [x(n—x)] >0 forall xe (0,7). Furthermore, the graph of
n!

Note that f(x) =

y= x(n —x) is concave downwards on the interval [O,n] and f (x) is a polynomial

in x and so is continuous (and infinitely differentiable) on R o (0, iz) . Hence,

x(n—x)sg for all xe(O,n). Then

£(x) =2 [x(x-x)]

b

n! 2"
nn bn Tci’lml’l
_E.i_ n!

b

Where sz.

As 0<f(x)= A IGELIN “n”"n (by (d)(i)), we have:
n!

(@) ,
n.
0<[ £ (x)sin(x) de <™= rsinxdx
Jo n! Jo
0< .nf(x)sin(x)dx< T n'a (—cosm+cos0)
Jo n:
0< [ f(x)sin(x) ar< 2" (Shown)
Jo n:
(d)(ii) | Method 1:

As the Maclaurin series of e* converges we see that the general term of the series
n
. . X
must converge to 0, i.e. lim —=0.

n—o p!
()
Let x =mm, we have lim~———=0.
n—»wo p!
. 2n"m" ~ (mm)"
hmﬂ:thu:O.
n—o pl o pl
Method 2:
ma 1
For large enough n, say when n>m, 0 < — < —.
n
1y 200
Let 222 _ yp.
ny!

n_n ng+k _ng+k k
Then Tim 2~% — 1im 2™ %" < atim| L] =0
n>o  pl ke—>o0 (n0+k)! ko




(e)

By (d)(ib),

O<J.nf(x)sin(x) < M
0 n!

n n

By (d)(iii), as lim 2"

n—>0

=0, by the text, there is sufficiently large n such that

2n"'m <1,

n!
Thus, we select a sufficiently large n to get:

0<rf(x)sin(x) de <1,

0
Moreover, by (a), £(27) (O),f(zr) (n)eZ for 0<r<n, thus,

_[:f(x)sin(x) dx =F(0)+F(x)

=1 27 (0)+ (-1 1) (m) [ e 2

r=0

T
However, coupled with 0 < j f(x)sin(x) dx <1, we arrived at a contradiction as
0

there is no integer between 0 to 1.

Therefore, n is irrational.




