RAFFLES INSTITUTION
H2 Mathematics (9758)
2025 Year 5

Tutorial 5 : Complex Numbers
Section A (Basic Questions)

1 Ttis given that z=1+2i.

@ Without using a calculator, find the values of z* and % in Cartesian form x+iy, showing
z
your working. [4]
(i) The real numbers p and g are such that pz’ +% is real. Find, in terms of p, the value of ¢ and
z
the value of pz* + % . [3]
z
1 12
i) 22 =3+4i,—=——+—i (ii) ¢=-250p, 19
[(©) T s s Wy p, 19p]
Solution:
O o142
22 =(1+2i) =1+4i-4=-3+4i
z :(—3+4i)(1+2i):—3+4i—6i—8:—11—2i
LIRSS S St L 0 ) VL N
z2 —11-21 —-11-2i —11+2i 125 125 125
(i)

11 2
zz+i: —3+4i)+g| ———+—1 | is real
pe 5= 44| ~135* 1o

Im[pz2 +%) =0
z

4p+iq=0:>q=—250p

125
112
2L = ) (=3+4i)-250 (——+—i)
P z P ) P 125 125
=-3p+4pi+22p—4pi

=19p
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Solve the following simultaneous equations:

(a) w+z=6+2i,w—3z=2—0_; (b) z=w+3i+2, 22 —iw+5-2i=0.
—1i
1 1 13 5 . . . .
a)z=——-—i,w=—+—-1 (b) z=21, w=-2-1o0rz=-1, w=-2-4
[(2) 575 >t (b) ]
Solution:
@ | wtz=6+2i------—-- (D
20
W=3z = —— - 2
2-i @
(1)-2), |
4z =642i—20 (2
2—-1 2+i
:6+2i—%(40+20i):—2—2i
1 1
z=————i
2 2

13
=—+—i
2
(b) | z=w+31+2 - (D)
2 —iw+5-2i=0-mm- ()
From (1), w=z—3i-2----- (3)

Substitute (3) into (2),
z’ —i(z—3i—2)+5—21 =0

2 —iz-342i+5-2i=0

zP—iz+2=0
it (-i)" —4(1)(2)
2(1)
_1J_rx/3
2
=il;3i=2i or —i
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The complex number w is such that ww*+2w=3+4i, where w* is the complex conjugate of w.
Find w in the form a + bi, where a and b are real. [4]

[w=—1+2i]

Solution:

wwH 2w =3+41
(a+ib)(a—ib)+2(a+ib)=3+4i
a* —(ib)’ +2a+2bi =3 +4i

@’ +b>+2a+2bi=3+4i

Comparing real and imaginary parts,
a’+b>+2a=3 and 2b=4=b=2
a’+4+2a=3
a’+2a+1=0
(a+1)" =0

a=-1

Sow=—-1+2i
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For each of the following complex number, represent it on an Argand diagram and find its modulus
and argument.

(@) 3 +i (b) -1+i3 (0) i*(1+i) (d) —i(1+1)
Solution:
(@) (a) 3+i

‘\/§+i‘=\/ﬁ=2

tan05=L = a=% = arg(\/§+i)=a=%

V3

(b) (b) -1+iV3

-1+iv3|=VI+3 =2

tal’l(ZZ\/§ = (Z:% = arg(—1+i\/§)=;z—a=27ﬂ

(©) () i’A+i)=-1-i

1| =1+1=42

tang =1 = a=% = arg(—l—i)z—(ﬂ—a)z—%[
(d) @ —i(l+i)=1-i

1-i|=V1+1=+2

tana =1 = a=% = arg(l—i):—a:—%

Tutorial 5: Complex Numbers
Page 4 of 8



Raffles Institution H2 Mathematics 2025 Year 5

The complex number z is such that |z =1 and argz =6, where 0< 6 < %

(D Mark a possible point 4 representing z on an Argand diagram. Given that arg(zz) =2argz,
mark the points B and C representing z? and z+2° respectively on the same Argand diagram
corresponding to point 4. [2]

(i)  State the geometrical shape of OACB. [1]

Solution:

@ N 2

y C (repz+z°)
B|(rep %)
A (rep z)
) 0 R
0] X
(ii) | Since OACB is a parallelogram with 4 equal sides, it is a rhombus.
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(i)  Find the roots of the equation iz* —(5+i)z+2-6i=0 , giving your answers in cartesian form
a+bi,where a,be R . [2]
(i) Hence find the roots of the equation —iw” —(1-5i)w+2-6i=0, giving your answers in
cartesian form a+bi, where a,be R . [2]
(iii) Given that the roots found in part (i) are also roots of the equation P(z) =0, where P(z)is a
polynomial of degree 4 with real coefficients, find P(z). [3]
[() 1-3i or —=2i (i) w=3+i or 2 (iii) z* —22° +14z> —82+40]
Solution:
@ | iz?—(5+i)z+2-6i=0
S5+it[-GHDF —4()(2-6i)
2i
_5+it V2i
2i
_5+ix(14+i)
2
6+2i 4
= - or —
21 21
=1-3i or —-2i
() | —iw’ —(l—5i)w+2—6i =0
Since w=iz,
w= i(l—3i) or i(—2i)
=3+i or 2
(iii) | Since P(z)is a polynomial of degree 4 with real coefficient, 1+3i and 2i are also the
roots.
P(z)=(z+2i)(z-2i)[ z—-(1-3i) ][ z—(1+3i)]
=(7-47’ )[(z—l )+3i ][ (z-1)-3i]
(22 + 4)[ J
(22 +4)(2 —2z+10)
—22° +142° =8z +40
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7 The cubic equation az’ —31z> +212z+b =0, where a and b are real numbers, has a complex root
z=1-3i.

(i) Explain why the equation must have a real root. [2]

(i)  Find the values of g and b and the real root, showing your working clearly. [5]

19
i) a=25,b=190, -—
[(ii) 55

Solution:

(i) | Since the coefficients of az’—31z>+212z+b =0 are all real, complex roots occur in

conjugate pair.
Since a cubic equation has three roots, the third root must be a real root.

(i) | az’ -312°+212z+b=0
Given 1-3i is aroot, 1+ 31 is also a root.

[z-(1-3i) ][ z—(1+3i)]
=[(z-1)+3i][(z-1)-3i]
=(z—1) +9

=z2-2z+10

az'=312* +212z+b=(2’ —22+10)(az +c)
By comparing coefficients of

21 -3l=c-2a

z: 212=-2c+10a

From GC, ¢ =19,a =25

2%t b=10c=b=190

.. The real root of the equation is L. —2.

a 25

Alternative method:
Since 1-3iis aroot of az® —31z* +212z+b =0,

a(1-3i)’ =31(1-3i)" +212(1-3i) +b =0
a(-26+18i)—31(~8—6i)+212(1-3i) +b=0
(—26a+460+b)+(18a—450)i =0

Comparing real and imaginary parts:
—26a+460+b=0 -----emmv (1)

IEPRTI ) )
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From (2), a=25, b=190

[z-(1-3i)][z—(1+3i) ]
=[(z-1)+3i][(z-1)-3i]
=(z-1)"+9

=z"-2z+10

252°~312° +2122+190 = (2° —22+10)(25z +d)

Comparing constant: 190=10d
d=19

The real root is —E .
25
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