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1 Asequence{u,} is given by

u3

uy=M and u "7+6 for n>1,

n+l =

where M is a constant.

It is given that the sequence converges to the limit L.

(@)
(b)

()

Find the possible values of L. [1]
Show that if 1<u, <2, then

l<u,,, <2 and u,  <u,. (3]

Given that M =1.5, deduce the value of L. [1]

2 The complex variables w and z, represented by the points W and Z respectively in an Argand diagram, are
related by the equation

(@)

(b)

(b)

z+4
w=

,Z#2.
z—2

Given that the locus of W is the imaginary axis, find the cartesian equation of the locus of Z and give a
geometrical description of this locus. [4]

Given instead that the locus of W is the real axis, show that the locus of Z is a straight line, and write the
equation of the line in the form

pz+qz' =r

where z° denote the complex conjugate of z and p, ¢ and r are complex numbers to be determined. [3]

It is given that for non-negative integer n, [, = j sin" 0déo.
0

Show that

B

nl :—7+(n—1)1,172,for n>2. [3]

n

. . : . 1
The region R is bounded by the curve y = x>+1—x” , the x-axis and the line x = > where x [O,%} .

Using the shell method and the substitution x =sin @, show that the volume of solid generated when R
is rotated through 2n radians about the y-axis is given by

().

where k, m and n are integers to be determined. [5]
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4  Ethan uses the expression
E:af(o)+bf@+cf(1)
to estimate the integral /= J.;(l +x)f(x)dx, where a, b and ¢ are constants. It is given that Ethan’s method

gives the exact value of / for f(x)=1, x and x°.

(a) Find the values of a, b and c. [4]

(b) The Simpson’s rule with two strips is applied directly to estimate /. Show that Simpson’s approximation
is identical to Ethan’s method. [2]

(c) Tang applies the trapezium rule with two strips to estimate /. Show that his approximation can be written

in the form
T =af(0)+ ﬁf@ +yE(1)
where ¢, [ and y are values to be determined. [2]
d Iff (x) is a quadratic function, determine whose estimate is more accurate. [2]

5 The variables x, y and z are related by the equation z=f (x, y) where f is a function of the independent
variables x and y.

We define the independent differentials dx and dy to be the small increments of x and y respectively. The
total differential dz , which is the small increment of z corresponding to small increments of x and y, is given
by

dz=gdx+gdy.

Ox oy

A right circular cone has a circular base radius of 9 cm and a height of 20 cm. Denote
e the radius of the circular base of the cone by r,
e the height of the cone by 4,
e the volume of the cone by V.

oV oV

(a) Find expressions in terms of » and 4 where appropriate, for — and — [2]

or oh
In one instance, in measuring » and /4, a man made a maximum error of 0.01 cm in each of them.

(b)  Use the above result to estimate the maximum possible error in calculating V, leaving your answer in
the form km where £ is to be determined to two decimal places. [3]

In another instance, a man used the same faulty instrument to measure » and 4 and gave an overestimation of
each by an amount ¢ cm but maintained that the error in calculating ¥ is no more than © cm®.

(¢) Determine in fractional form, the largest possible value of ¢ . [3]
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6 A water authority is considering a few potential service reservoirs to supply water to a prospective new town
for short-term usage.

For a particular service reservoir, let w, denote the volumes of water (in million litres) in this reservoir at the

start of month 7. The volume of water in the reservoir is modelled by
w, =0.8w  +0.32w

29

where n>3, w; =100 and w, =80.

(a) Find an exact expression for w, in terms of n and \/E . [6]

Another service reservoir is identified to be a nearer water source. Let x, denote the volumes of water (in
million litres) in this reservoir at the end of month »n. The volume of water in the reservoir is modelled by

X, =1.4x,,, —0.45x, + (F - Gn) ,
where n>0, x, =100 and x; =200.
(b) State the significance of the positive constants /" and G. [1]
To remain sustainable, the reservoir must not be depleted. To determine whether the reservoir can sustain the
new town over a 30-month horizon (0<#n<30), the value of F is initially fixed at 100 while G is varied,

where 4<G<9.

(¢)  For the case when G =4, use your graphing calculator to investigate the behaviour of x, over the 30-
month horizon and comment on its sustainability. [1]

(d) By considering the behaviour of x, over the 30-month horizon when G=6 and G=9, comment on
the proposed model and how the value of F' should be adjusted, so that the reservoir remains sustainable

over the 30-month horizon for all values of G satisfying 4<G<9. [2]
X 4+ (sinf)y = b
7  Consider the system of equations y + (cos@)z = b,

x + (I+sinf)y + (a+cosb)z

Il
S5

where a, b, b,, by are real constants and 6 €[0,2m).

(a) Show that if & # 0, the system is always consistent for any values of b, b,, b,and the solution set is a
point that does not pass through the origin when b, #0, b, #0, b, #0. (3]

(b) Explain the geometrical relationship of the solution set when o =0, =g .

Discuss how this relationship depends on the values of b, b,, b;. (2]

(c)  Write down the coefficient matrix of the above system of linear equations and find its determinant in
terms of « and @ . Explain how the determinant confirms the condition in part (a). [2]

(d) Given a=1and 0=, determine if the coefficient matrix is diagonalisable over R . [4]
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8 A public health researcher studies the spread of an infectious disease in a closed population. Individuals are
classified into three groups:

e Healthy: individuals who are not infected but remain susceptible to the disease.
e Infected: individuals who carry the disease but do not require medical treatment.
e Hospitalised: individuals whose symptoms are severe enough to require hospital care.

Individuals who recover from hospital treatment become healthy again but may later become infected.
The movement between the three groups is illustrated below:

Healthy

Hospitalised Infected

The model assumes that each week:

e 10% of the healthy individuals become infected.
e 20% of the infected individuals become hospitalised.
e 60% of the hospitalised individuals recover and become healthy.

Let x, y and z (in millions) be the number of healthy, infected and hospitalised individuals at time ¢ weeks

respectively. Assume that the total number of individuals in the population is 1 million throughout the period
of research. Initially, x=0.7 and y =0.3. Assume that x, y and z can be treated as continuous variables.

(a) Itis given that % =-0.1x+0.6z.

Write down, in a similar form in terms of x, y and z where appropriate, ((11_y and 212 . [2]
t t
(b) Show that
2
d—f+o.99+o.2x=0.12. [3]
de dt
(¢) Hence, or otherwise, find x in terms of ¢. [5]

(d) Determine what happens to the number of healthy, infected and hospitalised individuals in the long term.

[3]
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9 A horizontal plane can be modelled by the cartesian xy-plane with origin O at the point (0,0) . A transparent
structure S is built with its base on the horizontal plane such that the height, 4, of a point on .S vertically above
the point (x, y) on its horizontal base is given by

h=36-3x" -’
where x and y are independent variables satisfying 3x”* + y* <36.

Points 4 and B on the horizontal base of S have coordinates (1,0) and (2,2) respectively. Three tiny light
bulbs are placed at the points O, 4 and B.

A tiny Al-enabled robot equipped with a light sensor starts at a point on S and moves continuously on its
surface in the direction of increasing x and y in such a way that the vertical projection of its path onto the
horizontal base of S is the line L with equation of the form y = ax+ b such that the quantity

3
Z(axi +b-y, )2

i=1

where (xt., y, ), i=1,2,3 represent the points O, 4 and B, is minimised.

(a) Use partial differentiation to show that the equation of L is

L
y 3’

justifying your conclusion. [6]

At the instant when the robot is at the point on S vertically above the point P on the horizontal base of S with

coordinates (E,lj , it shoots out a beam of laser in the direction of its velocity and strikes the horizontal xy-

plane at the point Q.

(b) By calculating an appropriate directional derivative, find a vector equation of the line represented by the
beam of laser. [6]

(¢)  Find the length of PQ. [2]
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10 (a) Giventhat 0<é8< %n , exXpress

l+itan@
l-itan®@

in the form e where >0 and ¢ is a function of @ which is to be stated. [2]

(b) Hence find the three complex roots of the equation

Z3_1+i\/§
1-i3~

giving your answers in the form re¢'’ where >0 and —-t<@<m. [4]

(c) Deduce the roots of the equation

s 103
1+i\/§’

giving your answers in exponential form. [2]

The three complex roots in part (b) are denoted by a, b and ¢ and are such that arga < argh <argc.

(d) Mark the complex numbers a, b and ¢ as points on an Argand diagram, indicating clearly their modulus
and arguments. [3]

(e)  With the aid of your diagram in part (d), or otherwise, evaluate

(a=1)(B-1)(c-1)],

giving your answer in the form

ksinmsinﬂsinE
9 9 9

where k, p, ¢ and r are positive integers to be determined. [3]
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2026 Preliminary Examination
Further Mathematics Paper 1

Solutions and Marking Scheme

1 Asequence{u,} is given by
3
uy=M and u,, = Uy_+6 for n>1,
where M is a constant.
It is given that the sequence converges to the limit L.
(a) Find the possible values of L. [1]
(b) Show thatif 1 <u, <2, then [3]
l<u,,, <2 and u,  <u,.
(¢) Giventhat M =1.5, deduce the value of L. [1]
1(a) | Asn—>ow, u, >L, u, , —> L
3
1= p qr46=0
Using G.C., L=-3, 2 or 1
(b) P+6 u’+6 2°+6
l<u,<2 = < <
7 7
=>l<u,,,<2
un3 +6 un3 —714” +6 (l/l” —1)(1/ln —2)(14” +3)
Upyp Uy = 7 Uy = 7 = 7
l<u,<2 =>u,-1>0,u,-2<0 and u,+3>0
Thus u,,, —u, <0 =u,,, <u,.
(¢) | By (b), since 1<u; <2=1<u,,u;,...<2 and since the sequence is decreasing,
L=1.
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2 The complex variables w and z, represented by the points /" and Z respectively in an Argand diagram, are
related by the equation
z+4
w= , Z#2.
z—2
(a) Given that the locus of W is the imaginary axis, find the cartesian equation of the locus of Z and
give a geometrical description of this locus. [4]
(b) Given instead that the locus of ¥ is the real axis, show that the locus of Z is a straight line, and
write the equation of the line in the form
pz+qz =r (3]
where z° denote the complex conjugate of z and p, ¢ and r are complex numbers to be
determined.
2(a) | Since W lies on the imaginary axis, Re(w) =0.
Let z=x+ yi where (x,y) #* (2,0) .
e z+4  x+yi+4i
z=2 x+yi-2
Lo 9ie-2) 1]
[(x=2)+yi][(x~2)-»i]
~ x(x—2)+y(y+4)+[(x—2)(y+4)—xy]i
( xX— 2)2 +y°
Re(w)=0:>x(x—2)+y(y+4)=0
:>(x—1)2 +(y+2)2 =5, (x,y) ¢(2,0)
which is a circle of radius \/g and centre at (1,—2) with the point
(2,0) removed.
(b) | Since W lies on the real axis, Im(w) =0.

Im(w):O:>(x—2)(y+4)—xy =0 from (a)
=2x—-y=4, (x,y) ¢(2,0)
which is the cartesian equation of a straight line with the point (2,0)

removed.

.
zZ+z
and

z+z*=2Re(z)=2x:>x=

5

z—z" =2ilm(z)=2iy=>y= z

Substitute above into 2x— y =4 gives

2 Ttz | |2z =4= 1+li z+ 1—li z"=4.
2 21 2 2




3 (a) Itis given that for non-negative integer n, I, = Jj sin” @ d@ . Show that

n[n=—f+(”—1) I, ,,for n>2.

(b) The region R is bounded by the curve y=x’/1-x*, the x-axis and the line x =% where

xe[O,l]
2

Using the shell method and the substitution x=sin@, show that the volume of solid
generated when R is rotated through 2z radians about the y-axis is given by

(e n3),

where k, m and n are integers to be determined.

@1 1, =[*sin6-sin"" .0
0

= [—cosﬁ -sin"”! 6]: - j%—cosﬁ (n— 1)sin”’2 6 cosf do

:_g[%r +(n-1)]!

:—§+(rz—l)j(l—sin2 9)~sin"—2 0 do

__3 +(n—1)Usin”’2 00— [sin" 0 de}

2}1

B

:——n—i—(n—l)[[n—z _[n]

- +(n—1)]nf2 —(n —l)In

N

cos’@-sin" >0 do

(b) Volurne of solid generated
27[[ ( 2 1-x )

=27ZJ.ZX3 1-x* dx
=27 sin® 01 =sin” 9 cos6 d6
= 27rJ-fsin3 0 cos’6 do

=2z "sin* 0 (1-sin 0) 40
=27z“zsm 60do- I sin GdH}
=27 (I, -1,)

\/§ n—1

From(a), [, =———+—1

n(2") n "




B

I =stin9 d9=—[cos€]§ =1-—

2
__ 3 L2, N3 2( B 23
3 3 1= -

3(2) 3 24 3 2] 3 8

1 =_£+i =_£+i1
> 525) 5% 160 5°

27(1,-1,)=27 13—(—%%13}}

NE

= 27| 4o,
1160 5

o, B +l(3_§ﬁﬂ

160 5\3 8

_og 21l 3
15 160

=£0(64—33\/§)

k=240, m=64, n=-33

4  Ethan uses the expression
1
E= af(0)+bf(§j+cf(1)
to estimate the integral / = J:(l + x)f (x) dx, where a, b and c are constants. It is given that Ethan’s method
gives the exact value of 7 for f(x)=1, x and x°.
(a) Find the values of ¢, b and c. [4]
(b) The Simpson’s rule with two strips is applied directly to estimate /. Show that Simpson’s
approximation is identical to Ethan’s method. [2]
(¢) Tang applies the trapezium rule with two strips to estimate /. Show that his approximation can
be written in the form
1
T=af (0)+ ﬂf[ij +yf(1)
where a, f and y are values to be determined. (2]
d Iff (x) is a quadratic function, determine whose estimate is more accurate. [2]
4(a)

f(x)=1: 7= (1+x)dr=15
a+b+c=15 ----- €))

1 5
f(x)=x: I=10(1+x)x dng




> (! 2 1
X .I—Io(l+x)x dx-E

—
—_
=
~
I

1 7
—b+c=— - 3
FERRRETI
Solving (1), (2) and (3) using GC:
azl, b=1, c:l.
6 3

(b) | Using Simpson’s rule,
I~ é(l—o)[(1+0)f(0)+4[1+%)f{%}r(lﬂ)f(l)}
=é{f(0) 6f@+zf(1)}

1

=gf(0)+f(%j+%f(l) “E.

(c) Using Trapezium rule,
1(1-0)

T= ET{(HO)f(O)JJ[H%)f{%}r(lﬂ)f(l)}

=ﬂf(0) 3{%}%(1)}

1
a:—, =
R

(d) Since f(x) is quadratic, the integrand (1+ x)f(x) is a cubic polynomial.
Ethan’s method which is the same as Simpson's Rule would provide
exact value for the integrand for cubic polynomial whereas Tang’s
method which uses the trapezium rule uses straight, linear segments

to_approximate the curve results in larger gaps under the curve.

Hence, Ethan’s estimate is more accurate.

S The variables x, y and z are related by the equation z=f (x, y) where f is a function of the independent
variables x and y.
We define the independent differentials dx and dy to be the small increments of x and y respectively. The
total differential dz , which is the small increment of z corresponding to small increments of x and y, is given
by

dz=Zar+ Ly
oy

A right circular cone has a circular base radius of 9 cm and a height of 20 cm. Denote
o the radius of the circular base of the cone by 7,




o the height of the cone by #,
e the volume of the cone by V.

(a) Find expressions in terms of 7 and 4 where appropriate, for o and a 2]

or Oh
In one instance, in measuring » and /4, a man made a maximum error of 0.01 cm in each of them.

(b) Use the above result to estimate the maximum possible error in calculating V, leaving your
answer in the form Am where £ is to be determined to two decimal places. [3]

In another instance, a man used the same faulty instrument to measure » and / and gave an overestimation
of each by an amount & cm but maintained that the error in calculating ¥ is no more than m cm?®.

(¢) Determine in fractional form, the largest possible value of ¢ . [3]

@) V:V(r,h)zénrzh.

a—sznrh and a—V:lnrz.
or oh 3

b
Oy -4
oh

»
2 I
=—qrhdr + 5 nr-dh from (a)

:%n(9)(20)dr+§n(92)dh

=120ndr + 27ndh
Since |dr{<0.01 and |dA|<0.01,
V| =120m(0.01)+27x(0.01)=1.47n cm’.

(©) | We want largest & (& > 0) such that |dV| <. Thatis,

|120ne +27ne|<m since dr=dh=¢
147ne <m since ¢ >0

1
> &<l —
147

Hence largest possible value of ¢ is é

A water authority is considering a few potential service reservoirs to supply water to a prospective new
town for short-term usage.

For a particular service reservoir, let w, denote the volumes of water (in million litres) in this reservoir at

the start of month 7. The volume of water in the reservoir is modelled by
w, =0.8w _ +0.32w

n-22

where n23, w; =100 and w, =80.

(a) Find an exact expression for w, in terms of n and \/g . [6]



Another service reservoir is identified to be a nearer water source. Let x, denote the volumes of water (in

million litres) in this reservoir at the end of month #n. The volume of water in the reservoir is modelled by
X4y =1.4x,,, —0.45x, +(F —Gn),

where 720, x, =100 and x; =200.

(b) State the significance of the positive constants /" and G. [1]

To remain sustainable, the reservoir must not be depleted. To determine whether the reservoir can sustain
the new town over a 30-month horizon (0 <7 <30 ), the value of F'is initially fixed at 100 while G is varied,
where 4<G<9.

(¢) For the case when G =4, use your graphing calculator to investigate the behaviour of x, over

the 30-month horizon and comment on its sustainability. [1]

(d) By considering the behaviour of x, over the 30-month horizon when G=6 and G=9,

comment on the proposed model and how the value of F should be adjusted, so that the reservoir
remains sustainable over the 30-month horizon for all values of G satisfying 4<G<9. [2]

6(a)

The auxiliary equation is

m*—0.8m—0.32=0

0.8£,/0.64+4(0.32)

2
=0.4+/0.48
IE 243

5
2+2\/§J"+B(2—2\/§T
5

m

General solution: w, = A( 5

Initial Conditions

w, =100 100:A(2+52*6J+B£2_52ﬁj — (1)

2 2
W, =80 80:A(2+2\E] +B(2_2\BJ ———®)
5 5
From (2), since m?> =0.8m+0.32,

80=O.8{A(2+52\/§J+3(2_2\/§H+0.32(A+B) ~0)

5
Sub (1) into (3):
80=80+0.32(A4A+ B)
B=—4 -4
Sub (4) into (1):
IOO:A(2+52\/§J—A(2_52\/§J

43 12543

100=4——= 4=
5 3




1253

Hence B =— 3
. 125\/§£2+2\/§jn _125\/§£2—2\/§jn
"3 5 3 5

(b) | F is the initial volume of water added into the reservoir and G is the constant rate
of decrease of water from the reservoir for each subsequent month.

(¢) | The reservoir volume increases initially before decreasing gradually. Throughout
the first 30 months, the volume remains positive, so the reservoir is not depleted.
(The model suggests that the reservoir can sustain the town over the 30-month
horizon).

(d) | As G increases, the depletion will become faster, and the reservoir will be
depleted before month 30 which makes it unsustainable for higher values of G.
The current value of /= 100 is sustainable only for low values of G such as 4.
There is a need to increase the value of /" as G increases.

x + (sin@)y = b
7  Given the system of equations y +  (cosO@)z = b,
x + (+sin@)y + (a+cos@)z = b,
where a, by, b,, b, are real constants and 6 [0,27).
(a) Show that if « # 0, the system is always consistent for any values of 4, b,, b;and the solution
set is a point that does not pass through the origin when 4, =0, b, #0, b, #0. [3]

(b) Explain the geometrical relationship of the solution set when « =0,8 :g . Discuss how this

relationship depends on the values of b, b,, b,. [2]

(c) Write down the coefficient matrix of the above system of linear equations and find its
determinant in terms of « and 6. Explain how does the determinant confirm the condition in

(a). [2]
(d) Given a=1and €=~ , determine if the coefficient matrix is diagonalisable over R. [4]
1 sind 0 b, 1 siné 0 b,
0 1 cos@ | b, |—22EE 510 1 cos b,
1 I+sin@ oa+cos6 | b, 0 1 a+cos@ | b—b
1 sind O b,
— &2k 510 1 cosd b,
0 0 a b,—b, —b,

—b—

. b b . . . .
Since a #0, z=-2 2 there is a unique solution and the system is

consistent.
And since b, #0, b, #0, b, #0, origin is not one the solution.




Hence the solution set is a unique point that does not passes through the
origin.

a=0,0==

2
110 b,
01 1 b,
0 0 0| b—b-b,
If b, —b —b, #0,

The third row creates an impossible equation. The system is inconsistent
and has no solution. Geometrically, the three planes represented by the
equations do not share any mutual intersection space. the intersection of
the first two planes is a line that is parallel to the third plane, so there is
no common intersection.

If b,—b —b,=0

The third row vanishes completely. The system is consistent.
Geometrically, the three planes intersect in a line. In this specific case,

y = byand x = b; — b,, while z can be any value. This is a vertical line.

1 sin@ 0 1 sin@ 0
M=|0 1 cos@ |—|0 1 cos @
1 1+sinf@ «a+cosé 0 0 a
1 sind
0 1
Since [M|=0

= M in invertible. The system of equations can be considered as
M(x)=b
=x=M"(b)

Therefore there is a unique solution.

An invertible matrix always yields a unique solution (a point) for any
constant vector b, which confirms the condition in part (a).

a=land =71,

1 0 O
M=0 1 -1
1 1 0




-4 -1
1-2 =0
( )‘ | _ﬂ‘

(1-2)[-A(1-2)+1]=0
(1-4)(2* -4+1)=0
Discrminant of(/l2 -A+ 1) <0

= no real roots
Consider

(42—z+1)=0

A real matrix is diagonalizable over the real numbers if and only if all of its
eigenvalues are real and there are enough linearly independent eigenvectors to

form a basis.

Because two of our eigenvalues are complex conjugate pairs the matrix is not
diagonalizable is over R .

8 A public health researcher studies the spread of an infectious disease in a closed population. Individuals

are classified into three groups:

. Healthy: individuals who are not infected but remain susceptible to the disease.
. Infected: individuals who carry the disease but do not require medical treatment.
. Hospitalised: individuals whose symptoms are severe enough to require hospital care.

Individuals who recover from hospital treatment become healthy again but may later become infected.

The movement between the three groups is illustrated below:

Healthy

Hospitalised Infected

The model assumes that each week:

e 10% of the healthy individuals become infected.
e  20% of the infected individuals become hospitalised.
e 60% of the hospitalised individuals recover and become healthy.

Let x, y and z (in millions) be the number of healthy, infected and hospitalised individuals at time ¢ weeks
respectively. Assume that the total number of individuals in the population is 1 million throughout the



period of research. Initially, x=0.7 and y=0.3. Assume that x, y and z can be treated as continuous

variables.

(a) Ttis given that % =—0.1x+0.6z .

. . . . . d
Write down, in a similar form in terms of x, y and z where appropriate, 1
t

(b) Show that
d’x
dr’

(c¢) Hence, or otherwise, find x in terms of ¢.

(d) Determine what happens to the number of healthy, infected and hospitalised individuals in the

long term.

—+0.9%+0.2x:0.12 .

dz

and —.

dt

[2]

[3]

[5]

@ | A 12+ 0.62 (Given)
dy
Y 02y+0.1x
d d
& =—0.6z+0.2y
dt
(b)

%:—0.1x+0.6z ----- (D
dt

d—y =-02y+0.1x ----- ()
dr

% =-0.6z+02y ----- 3)
dr

x+y+z=1-—-- (@)
Substitute eqn (4) into eqn (1):

%=—0.1x+0.6(1—x—y)

=—0.7x-0.6y+0.6 - (5)

Differentiate w.r.t £

2
d—f _ 7% e
dr dr dr
Substitute eqn (2):
d*x dx
072 0.6(-02y+0.1
ds? de (-0.2y )
2
d—f —207% 1012y -0.06x
dr dr
Substitute eqn (5):
2
d—f = 07Y 006x+02[ - _07x106
dr dr dr
d*x dx

e = —0.95—0.2x+0.12

)




2
4 00 02x=0.12
dr dr
Characteristic equation:
A*+094+0.2=0
A=-04, 0.5

Complementary solution: x = 4e”** + Be

Particular integral: x = 00—122 =0.6

General solution: x = Ae™** + Be™ +0.6
Whent=0,x=0.7,y=0.3andz=0
0.7=A+B+0.6= A+ B=0.1 - (I)

% =-0.1(0.7) +0.6(0) = 0.07

& 044 —0.5B
dt

-0.44-0.5B=-0.07 ----- )
Solving (I) and (II):

A=-02and B=0.3
Hence x=-0.2¢"* +0.3¢ " +0.6

x=-0.2e"" +0.3e " +0.6
limx=0+0+0.6=0.6

t—>0

A _ 0.08604 _ 0,156
dr

imEE—0-0=0

t—0 dt

5(dx
Fromegn(1l): z==| —+0.1x
an (1) 3(dz j

limz :%(0+0.1(0.6) =0.1

t—x©
Since y=1-x—2z, limy=1-0.6-0.1=0.3.
t—0

Over a long period of time, the number of healthy, infected and
hospitalised individuals approached 0.6, 0.3 and 0.1 millions

respectively.

A horizontal plane can be modelled by the cartesian xy-plane with origin O at the point (0, 0) . A transparent

structure S is built with its base on the horizontal plane such that the height, 4, of a point on S vertically
above the point (x,y) on its horizontal base is given by

h=36-3x" -’

where x and y are independent variables satisfying 3x” + 3> <36.

Points 4 and B on the horizontal base of S have coordinates (1,0) and (2,2) respectively. Three tiny light
bulbs are placed at the points O, 4 and B.




A tiny Al-enabled robot equipped with a light sensor starts at a point on .S and moves continuously on its
surface in the direction of increasing x and y in such a way that the vertical projection of its path onto the
horizontal base of S is the line L with equation of the form y = ax+5b such that the quantity

3
Z(axi +b-y, )2

i=l1

where (x;,,), i=1,2,3 represent the points O, 4 and B, is minimised.

(a) Use partial differentiation to show that the equation of L is
=X—— .
4 3
justifying your conclusion. [6]

At the instant when the robot is at the point on S vertically above the point P on the horizontal base of S

with coordinates (5 , lj , it shoots out a beam of laser in the direction of its velocity and strikes the horizontal
xy-plane at the point Q.

(b) By calculating an appropriate directional derivative, find a vector equation of the line
represented by the beam of laser. [6]

(¢) Find the length of PQ. (2]

(@) y
We wish to minimise M = Z(axi +h-y,) .

i=1
M=(a-0+b-0) +(a-1+b—0) +(a-2+b-2)
=b*+(a+b) +(2a+b-2)

aaﬂ=2(a+b)+2(2a+b—2)(2)=10a+6b—8
a
aa—AZ=2b+2(a+b)+2(2a+b—2)=6a+6b—4
%ﬂ=0:>10a+6b—8=0:5a+3b=4
a
aﬁ=0:>6a+6b—4=0:>3a+3b=2
ob
. . 1
Solving gives azl,bz—g.
2 2 2
0 Af =10>0,a—]‘24=6,a M =6
Oa ob oboa
2 2 2 2
p=2 Af-a Af— OM Y _10.6-6*=24>0.
Oa” 0Ob 0boa

o |
By the second derivative test, a =1,b = -3 minimises M

. . . 1.
and therefore the line L with equation y =x— 3 is the

required least-squares line.




(b) | Since the vertical projection of the path of the robot is
along the line y=x —% , we calculate the directional
derivative of h= h(x, y) =36-3x" — " in the direction of
the unit vector u = L(1 +j) which is parallel to L.

2
D.h| 4 = Vheu| 4
b 73,}’—
oh + o)1 (i+i)
ox Oy ] \/5 ] o
p
= (—6xi—2yj) : (i+]))
2 4
X:E,yzl
1 4
=—| -6/ - |-2(1
A5)20]
0
2
=52
Therefore the gradient of T, the tangent to S at P in the
direction of the unit vector u = L(1 +§) is =5v2.
2
Along the direction of u, the
robot is descending vertically
at a rate of 5v/2 as shown in T
the diagram to the right. 52k ¥
A direction vector of T'is
—5\2k +u u
1
=—(i+j)-5V2k
\/E( )
2
h i,l =36-3 4 -1’ = 89
3 3 3
Therefore a vector equation of 7 is
4 89
r=—i+j+— k+/1( j— Sij
3 5%
() In the diagram to the right,
89 Jpo = tan0 =542
89
89 3 q
PO=—"—
¢ 15V2 0
P 0

Alternative Method:
When T strikes the xy-plane at 0, its z-coordinate is 0.

89 89
?+/1(—5\/§)=0:>/1:m.




®—ii+j+ 89 (inljj

3 1522 27)

—— | 89 (1 1 89
PO=\PO|=——| —i+—j | = as before.
0=|rd 15&(& ﬁ’j

152

10 (a)

(b)

(©)

. 1
Given that 0 <@ < 5 T, eXpress

1+itan@
1-itan@

in the form re'’ where »>0 and ¢ is a function of @ which is to be stated.

Hence find the three complex roots of the equation
N 1+iv3
1-iV3’

.. - i0
giving your answers in the form re'” where »>0 and —-t<@<m.

Deduce the roots of the equation
s 103
1+iV3

giving your answers in exponential form.

The three complex roots in (b) are denoted by a,b and ¢ and are such that arga <argb <argc.

(@)

(e)

Mark the complex numbers a,b and ¢ as points on an Argand diagram, indicating clearly their

modulus and arguments.

With the aid of your diagram in (d), or otherwise, evaluate

(a=1)(E-1)(c=1),

giving your answer in the form
. pm . qm . IT
kesin 22 sin I- sin %
9 9

where £, p, ¢ and r are positive integers to be determined.

(2]

[2]

[3]

(3]

10 | (a) +i(5i“9]
l+itan6 cosd) cosf@+isind
l—itanﬁ_l_i[sinﬁj_cosﬁ—isinﬁ
cosé
eiﬁ
e—iH
=ei26
Thatis, =1 and ¢ =26.
b .. T
(b) Z3:1+i\/§:1+1tan§
l_i\/g l—itan ™
3




2n

3 by (a).

ELIpy
3

=¢C

a

l[iz—n+2k7ti)
3

2n .
a3 ?(3k+1)1
z=¢

=e ,k=-1,0,1.

2n

. 41[)
i 4
9

Therefore the 3 complex roots are e[

1— 1—
,e? ande ° .

8m

9

(©)

(©)

Taking conjugate on both sides of the equation z* =

(zs)*: l_i\/5 '
1+i3
(Z*)3_l+i\/§
C1-iV3
.[_ﬂ) 2% 8
=z =e' ’/,e? ande ? from (b)

(3),43) a3

,€

=z=e and e

Alternative Method:

Taking reciprocal on both sides of the equation z* =

izl/l—i\/g
z3 1+i\/§
lj3:1+i\/§
z l—i\ﬁ.
1 2w .8

4n
:>—=e( °],el? ande ° from (b)
z

(5 )
=>z=e¢"",e" "’

1-i3
1+i\/§

1-i3
1+iV3

gives

gives

@

Let the points 4, B and C represent a, b and c.

~
~~o
~
~

~
~~o
=

\\‘--.—®’/
-1

(e

Let / represent the complex number 1.




(a=1)(b=1)(e=1)|=|a=1[p=1]]c~1
= Al-BI-CI

= ZSinE ZSinE 23in4—7r
9 9 9

.. 2n . 4n
=8sin —sin —sin —
9 9 9

Thatis, k=8, p=1,9=2,r=4.

Alternative Method 1:
Let I represent the complex number 1. Using cosine rule,

(a=1)(b-1)(c-1)
=|a—1]|p-1]|c -1
= Al -BI-CI

= (12 +1° —200s4—nJ(12 +1° —2cosﬁj(l2 +17 —2cosg—nj
9 9 9
= 8(1—cosz—nj(l—cosﬂj(l—cosg—nj
9 9 9
:Zﬁ\/{l—(l—Zsinzgﬂ{l—[l—%inz %)Ml—(l—zsinz %"H

.M. 2n . 4n
=8sin—sin—sin —

9

Alternative Method 2:

(a=1)(p=1)(c-1)

=la—1||p-1||c-1|
2n

i(_%n) “lle™ -1

2n 2n 21 . T T J4n J4n 4
—i— —i— i— i— i— —i— i— i— —i—
=le 9[6 9_69\]69(69_6 9}69(69_6 9}
21 T A
-i= o2\ (A . | (A . 4m
=le °| —=2isin— ||le | 2isin— |||e ° | 2isin—
9 9 9

= (2 sin Z—EJ(Z sin EJ(Z sinﬂj
9 9 9

.M. 21 . 4m
=&8sin—sin —sin—
9 9 9

8
=le e? -1




