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Qn
1 k> +2k+3=0
—4+.,/4-4(1)(3
AE: k= 1)
2
= 2+2i
CF:

y=e" (A cos~/2x + Bsin \/Ex)

PI: Let y=asinx+bcosx

d )
Y acosx—bsinx
dx

d? )
)2; =—qasinx—bcosx

Sub into DE,

—asinx—bcosx +2(acosx—bsinx)+3(asinx+bcosx) = cosx

2a-2b=0
2a+2b=1

1
Solving, a=b=—
ving 2

.. General solution is y =" (A cos~/2x + Bsin \/Ex) + %(sin X +C0sx)
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2023/TJC/IC2 MYE/1/Q1
(1)
[cos@ —sin GJ(r Ccos aJ ~ [r cos @ cos a — rsin @sin 0{]

rsin@cosa +rcosfdsina

:[rcos((9+a)J

rsin(0+a)

sin@ cosf )\ rsina

The transformation T rotates every vector in R anti-clockwise about the origin through the angle 6.
(i)
det (A - /11) =0
cosd—A —sind ‘ 0
sin @ cos@—A
(cos@—A) +sin’@=0
cos’@—21cos@+A* +sin*@=0

AP =2AcosO+1=0
For real eigenvalues, discriminant > 0

4cos’H-4>0

(cos@—1)(cosf+1)>0

cos@<-1 or cos@>1

Since —1<cos@ <1, cosd@=-1 or cosf =1
O=0ornx

1 0
When =0, A= (0 J which is the identity matrix. Eigenvalue = 1

-1 0
When 6 =r, A:( 0 J. Eigenvalue = —1
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3(i) Note that T'(e, +e,) =2(e, +e,). Thus v=e¢ +e,.
e, +e, 1s an eigenvector of the matrix representation of 7" with corresponding eigenvalue 2.
(Geometrically, the line r =« (e1 +e, ), a € R, is invariant under the transformation, and each point is
transformed onto a different point on the line)
3(ii) T(e;)=e,—T(e +e,)=-2e —2e, +e,
0 2 2
Thus A=|1 1 -2
0 0 1
3(iii) 1 Note that we are solving
Since 2 is an eigenvalue of A, we have ker(A)=1| 1 (A - 21) v=0.
0
-2 2 2 2) (2
Since A-2I=| 1 -1 -2/, abasis for R, is ker(A)=<| —1|,| 2 Since dim of nullspace is
0 0 -1 0 1, dim of range space(i.e.
column space) is 2. We
can just take the 2 linearly
independent columns
(since 1% 2 columns are
multiples of each other)
4(i) Let x e ker(A). Thus Ax=0.
Accordingly, BA(x)=B(Ax)=0. Thus x eker(BA)
Thus ker(A) < ker(BA)
4(ii) Since BA is invertible, thus |[BA |20 =|B||A =0 ,both |B}#0 and |A|#0 , thus A and B are both
invertible.
4(i) | A(A+B) ' B=A(A+B) (B+A-A)

=A-A(A+B) A
=A-(-B+A+B)(A+B) A
=A+B(A+B) A-A
=B(A+B) A
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2023/TIC/IC2 MYE/N/Q7

6b +8c. =a,, 0 8\(a, .
(1) 0.5a, —br+1:> 05 0 0y b |=|b,
0.5, =c,, 0 05 0)\c c.
0 6 8
M={05 0 O
05 0
Given x, = 1201
0 6 8)120 1680
x, =05 0 0]/120|=| 60
0 0.5 0)\120 60
0 8)( 1680 840
X, =|0.5 0| 60 [=|840
0 05 0){ 60 30

The number of rabbits in first age class, second age class and third age class after 2 years are 840, 30 and
30 respectively.

(ii) To find Mx = Ax

(M-AI)x=0

The characteristic equation is det (M — AL ) =0
-4 6 8

det| 0.5 -4 0 |=0 =-1(2")-05(-64-4)=-1"+31+2=0
0 05 -4

A =-1 (repeated) or A =2
Taking A =2, (rejected the negative eigenvalue as population cannot be negative)
Augmented matrix:
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-2 6 80 1 0 -160
0.5 -2 0 0| —%EtwiesC 510 1 —4 0
0 05 20 00 00
16¢
eigenvector, x = | 4¢
t
16
Smallest initial population=| 4 | whenz=1
1
6(i) If nis odd, then x,,, =2x,,+1 and x,,, =2x, ,

Combining, we have x , =x , +x,,, +1=x_, +2x +1

n+l

If nis even, then x ,, =2x ,, and x ,, =2x, +1

Combining, we have x , =x,,+x,,, =x,,, +2x, +1

n+l

6(ii) From GC,
x, =1365 <2021

x, =2730>2021
Thus max number of rings = 11.

6(iii) Since x, =1, x, =2x, =2, x;, =2x, +1=5

x, =A=1)"+B2)" +C

x, =1, 1= A(-1)'+BQ2)' +C=-A4+2B+C =1

x,=2, 2=A(-1’+B(2)’+C= A+4B+C=2

x,=5, 5=A(-1’ +B(2)’+C=-4+8B+C=5
: 2 o1 1

Using GC, x, =§(2 )—g(—l) Y

Alternatively,

m' —m—-2=0

m=2 or m=-1
Complementary solution: x, = A(-1)" + B(2)"

Particular solution: x, = C
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C=C+2C+1
1

C=-——
2

Since x, =1, x, =2x, =2
Also,

x, = A(-1)" + B(2)" —%

¥ =1, 1= A(=1) + B(2) —%3_“23:%

¥, =2, 2= A(-1) + BQ) —%:A+4B=%

PRI
6 3

2 1 1
X, ==(2")—=(-1)'-=
y 3( ) 6( ) 5

Source: NJC Promo 2025 Qn 3

z=e U cos(x_g} {(x,y)|—n£x£n,yeR}.

¢ _ e sin(x—ﬁj, = —2()’—1)6_(y_1)2 cos(x—E )
3) oy 3

ox
At stationary points, % =0 and % _ 0.
Ox oy

eV -y sin (x — E) =0
3

sin(x —gj =0 (- e <o Vy eR)

0
3 3

X =

and
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—2()’ —l)e_(y_l)2 cos(x—gj =0
(y—l)cos(x—gj =0 (v <0 vy e R)
y=lor cos[x—ﬁjzo.
3
When x:—z—n,cos(—z—n—EJ:—lio.
3 3 3
T

When le,cos T r =1=0.
3 3 3

Therefore, the stationary points in D are (—%,1,—1) and (%,1,1).

2 2
0z _ —e U cos(x —gj =—z,

ox’
622 “(y=1? . T 0z
=2(y-1)e "V sin| x—= |==2(y-1)=,
Oyox (y ) (x 3) (y )Gx
0’z 2007 a1y’ T
—2:(4(y—1) e —2e )cos x——
oy 3

(4(y - 1)2 - 2) e cos(x —gj
(4(r-1)-2)=

At (—%",1,—1), D=(-1--1)(-2-=1)=(0)" =2 > 0.

2

2
Also, % =1>0. .. (—?n,l,—l) is a local minimum point.
X

At Gllj D=(~1-1)(=2:1)=(0)’ =2>0.

2
Also, a—j =-1<0. .. (%,1,1) is a local maximum point.
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8(i) 2 2 2 4 2 2 4 2
— x +1 x +1
AB = 1+(d—y) dx = #dx: de
| dx | 4x ] 4x
=lj2x4j1dx
2), «x
1 [1)(3_1}2
2|13 x
_
12
8(ii)

2 2 2 4 4
Surface area= 2n | y 1+(d—yj dx=2mn x A3 tl dx
. dx L 6x 2x
2
:EJ‘ (x5+4x+i3jdx
6J, X

T, by4

x'—6xy+3=0 — x4—6x(y—4)+3=0:x4—6xy+24x+3=0.

So 73 is a translation of /7 by 4 units in the positive direction of the y-axis.

Ya
B y=1fx)+4
A’
B y =f(x)
A
o 1 2 X
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8(ii)

Perimeter = 2( AB + 44 )

8(iv)

e f(x). By the ‘shell’ method, volume
x

2nJ‘12x[f(x)+4—f(x)] dx = 8n-[2x dx

o]

=12n

9(i)

2 n-1
p(x)=a,+ax +ax" +-+a, x"" =y

2 n—1
p(x)=a,+ax,+a,x,” +--+a, \x,"" =y,

2 n—1
p(xn):a0+al‘xn+a2xn +.“+an—1xn :yn
We can rewrite the above n equations in matrix form as follows:

2 n—1
I x x - X a, Y

2 n—1
I x, x5 - Xxj a, V>

2 n—1 —
I ox; x5 - x5 a, |=| Y,

2 n—1
l X X e xn an—l yn

n n

9(ii)

For the case of n =3, (refer to Section 1 Linear Algebra Notes last page on properties of determinant in
relation to row operations)
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2 2
I x x| |1 X, X

1 x, x3|=0 x,-x, x;—x| (multipleof 1 row added to another row does not change determinant)
1 x, x| [0 x,—x, x-x
1 X, x;
=(x,—x,)[0 1 X, +x,| (we can factor out a multiple of one row out of determinant)

2 2
0 x,—x x5—ux

I x X,

=06 —x)(x—x)0 1 x+x
0 I x+x
I x x;

=(x-x)(—-x)0 1 x,+x

1 x x;
=(x, —x)(x; —x)(x;—x,)|0 1 x,+x
0 0 1

= (o, = x)(%; — X)) (%3 — ;)

Remark: It can be proven that the determinant of Q is H (x; —x;).

I<i<j<n
9(iii) If the x,’s are distinct, then H (x; —x,) #0. Thus Q is invertible. Hence the system has unique solution
1<i<j<n
and the values of the values of q,, a,, ..., a, | are unique. That is, the polynomial the passes through these
points is uniquely determined by the distinct points.
9(iv) The system is

1 0 0 0})fa, -1

11 1 1]|gq 0

1 3 9 27| a, 2

1 4 16 64)\ a, 5
Thus
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a, 1 0 0 O -1 -1
a, :1 1 1 1 0 _ 2
a, 1 3 9 27 2 -
a, 1 4 16 64 5 <
. 302, 1,
Thus the polynomial is p(x) =-1 +§x——x +gx .
10@) g=3y—2x
dt
1(dx
=—| —+2x
eIt ]

Differentiating with respect to ¢,
dy _1fdx dx)

—_— + —_—
dr 3\ df dt

Sub into second equation,

2
1dx & 43 l(ﬁﬂxj
3l de? dt 3\ de
2
d—f+2£=12x—3(ﬁ+2x)
dt dt dt
2
d—f+5%—6x=o
dr dt
Auxiliary equation:
k> +5k—-6=0
(k=1)(k+6)=0
k=lork=-6

s x=Ae + Be™

- dr _ Ae' —6Be™
dr
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1( dx
=—| —+2
g (dr xj

=—(Ae‘—6Be*f+2Ae’+2Be*j

:Ad-i&ﬂ
3

10(ii)

1=4+B

1—4-2p
3

Using GC, 4=1,B=0

x=¢

y=¢

10(iii)

As t—>o,both x and y > © .

Therefore, it will escalate towards conflict/war.

10(iv)

Using (1),
x=Ade +Be® +C
dx

— = Ae' —6Be™
de

y:l(%+2x+10j
3\ dr
=§(Aa—63e“+2Aa+2Be“+2C+1®

= Ae' —iBe’“ +EC+2
3 3 3
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10(v) 1=4A+B+C
_Z=A_iB+zC
3 3 3

Using GC,
NNAREZ
B |= 1% +2 —%
C

0 1

A possible solutionis 4 =-9,B=0,C =10
x=10-9¢',y =10-9¢'

In the long run, x > 0,y > 0.

1G) | z—1=x—1+i.
Case 1: (x—1,y) is in the 1* or 4" quadrant

arg(z—1) = tan” (Ll]

D

tan[ arg (z~1) ] = tan {tanl (Llﬂ = ﬁ .

xX—

Case 2: (x—1,y) is in the 2" or 3" quadrant

arg(z—1)=tan" (Lj t7.

x—1

where ‘+” is used when (x—1, ) is in the 2" quadrant and ‘~* is used when (x—1,y) is in the 3"

tan [tan1 (yﬂ +tanm
x—1

tan  arg(z-1) | = t"‘n{tan_l (ﬁjﬂ} ) 1F tau{tam-1 (yﬂtan“

x—1

= tan tan"( yj 4
x—1 x—1

quadrant.
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11 (ii) l—i—l— 4 _1_4()c—yi)_x2+y2—4x+ 4y .
z X+ yi X+’ X’ +y’ x4yt
.. . ) 4 4y
In a similar manner as (i), we infer that tan| arg| 1—— | |=—5—5——.
z X +y —4x

11(Gii) | Let /= (1,0) . Since PIQ is a straight line, Pl and /Q make the same angle with the positive direction of the

real axis. This implies P

A
arg(z—1)= arg(l—ij r
z
= tan [arg(z—l)] = tan| arg -4
z >
1
- y = 4y /< .........................
x—1 x*+y —4x 0
4 1
=V 2 2 - =0
X +y —4x x-1
_4(x—1)—(x2 +y° —4x)
=Y 2, .2 =0
(x +y —4x)(x—1)

= y=0orx’ +y2—8x+4:0:>(x—4)2+y2 =12

11Gv) | x—1#0andx’ +)* —4x20=>x=0,1,4

A

mx—4)2+y2=12
19) C(4,0) y=0, x#0,1,4

remove (0,0), (1,0), (4,0) and the points on circle where x = 1
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11(v)

Given that P lies on (x—4)2+y2 =12, y#0, 4—J12 <x<4+:/12.
(x—4)2+y2:12:>x2+y2:8x—4 —————— (*)

s

z

2

Z—l2

z

B |(x - 1) + yi|2

- |x+y$
_ (x—l)2 +y°
X'+

_x2+y2—2x+1

X+
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