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1 It is given that z, =2ie " and z, = cos(g}risin(—gj. Let w=z(z,) .

(a) Find the modulus and argument of w. [3]

(b) Find the set of integers n in the range of 1 <# <20 such that the point representing w"

lies strictly in the second quadrant of the Argand diagram. [3]

2 The surface S has equation z =1-x” — y*. Using calculus, show that the point on S that is nearest
to the point (O, O,L), for some L >1,1s (0, 0,1). [7]

3 The sequence of numbers x,, X, x,,... is such that x,,, = F(x, ), where F(x)=x+A[f(x)-x]

with A4 being a non-zero constant.

(a) Show that, if the sequence converges, its limit is a root of the equation x =f (x) [2]

The first derivatives of the functions f(x) and F(x) are denoted by f'(x) and F'(x)

respectively. It is known that the speed and likelihood of convergence of the sequence depends

on the value of F'(x) near the root. Ideally, F'(x) should be as close to zero as possible.
(b)  Itis given that the first term X, of the sequence is near a root of the equation x =f (x),
and f'(x)=#1 forallx. Find A in terms of f'(x,) such that F'(x,)=0. [2]

(©) Given that the root @ of the equation x =cos™' x is near 0.7, use x, =0.7 as an initial

approximation to find an appropriate value of A such that the iteration

X =X, + /?p(cos’1 X, — xk) is expected to converge to & . [2]
(d)  Use the iterative formula to calculate the value of « correct to 3 decimal places. [2]
4 (a)  Solve the equation z'"' —1=0. [2]

Let z,,z,,.....,z,, and 1 be the roots found in part (a) where z, is the root with the smallest
positive argument.

(b) Find the modulus of 1-z,, leaving your answer in a single trigonometric ratio. [3]

(¢) Show that z is a root to the equation 1+z+z>+..+z'°=0. Hence show

(1-z)(1-2z,)..(1-z,) =11. [3]

. . 2n . 3 .10
(d) Deduce the value of sin % sin 1—’; sin 2% .__sin l_ln

- 2]
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5 The planes =, and =, are given by the equations w, :ax+y+z=>b and m,: x+y+z=c.
(a)  Determine the necessary and sufficient conditions on b and ¢ for which ©m, "z, is a

subspace of R*. [3]

(b)  Assume these necessary and sufficient conditions on b and c¢ hold. Find the necessary
and sufficient condition on a for which ©, N7, is a subspace of dimension 1. [2]
The conditions found in part (b) are to be used for parts (c) and (d).

A third plane =, is given by the equation m, :x+y+z=2.

(¢) Is (m, Nm,)Nm, asubspace of R’? Justify your answer. [2]
(d) Is (m, Nm,)Um, asubspace of R’ ? Justify your answer. [2]
6 For a cubic equation ax’ +bx” +cx+d =0 with real coefficients, the discriminant D is given by

D=b’c*—4ac’ —4b’d —27a’d* +18abcd .
If D>0,then ax’ +bx* +cx+d =0 has three distinct real roots.
If D=0, then ax’ +bx* +cx+d =0 has a repeated root and all its roots are real.
If D<0,then ax’ +bx’ +cx+d =0 has a real root and a pair of complex roots.

Let A be a square matrix in R>® with a characteristic equation f (l) =0, where
f(A)=2"-2*(k+5)+A(5k+6)—6k and keR.

(a) By considering the discriminant of f (/1)20 or otherwise, determine whether A is

always diagonalizable when ke R,k #2,3. [3]
(b) By considering the eigenvalues of A, determine the range of values of k£ such that A is
invertible. [2]
-1 -13 19
For the remaining part of the question, let k=4and A=|{-2 0 6
-2 -4 10
(c) Evaluate ZOOZ(A_1 )r , leaving your answer as a single matrix in exact form. [6]

r=1
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4

The equation x’ —2x—2=0 has a root & in the interval [1, 2]. To find the root, three

rearrangements are suggested for an iteration of the form x,,, =g(x,):

(@)

(b)

(©)

© HCI 2026

B 2x° +2
3x2-2°

Identify one of the above rearrangements that will fail to converge to « with the initial
approximation close to « . Justify your answer with the aid of diagram(s). [3]
Use the other two rearrangements, with initial approximation x, =1.5, to find the value
of a correct to 4 decimal places. For each iterative method, state the least value of n

such that x, =« correct to 4 decimal places. (4]
Suppose an iterative method using x,,, =g(x,) produces a sequence {xn} that

converges to the root « .

The error term for each round of iteration e, is defined as x, —o .

. &, .
If there exists a constant p >0 and a number A >0 such that 11m—+; =/, then p is
n—>o0 en

called the order of convergence for the iterative method.
(i)  Showthat e, =g(x,)—g(a). [1]
(i)  Itis given that

r

"(a) X " (@)
gz_!(x ~a) +...+gr—!(xn—a) +o

n

g(x,)-g(a)=g'(a)(x,~a)+

Show that, for the iterative methods used in part (b), exactly one of them has first

order of convergence. (4]



8 Let

2xy
f(x y)= x2+y2 (x,y);t(0,0)

0 (x,y) = (0,0)

be a function of two variables.

(a) Find the directional derivative in the direction of the unit vector u=ai+5bj at

(xo,yo) #* (0, 0) . Express your answer in terms of x,,y,,a and b. [3]
(b)  Find the vector equation of the tangent line at (xo, Yoo £ (%, yo)) in the direction of u,
where (x,,,)#(0,0). Express your answer in terms of x,,y,,a and b. [2]

A plane m is defined by m:z—z, =1, (x), 3, ) (x—2x,)+f, (x5, ) (¥ = ¥5)-
) 4 )
() Let P(xo, yo,zo) be the point (1,2,;] on the surface of f. Show that n at P contains

tangent lines at P in all directions. [3]

It is defined that

and f, (x,y):limf(x’erk)_f(x’y) .

k—0 k

fx(x,y)=limf(x+h’y2_f(x’y)

h—0

(d)  Find the equation of the plane = at (0, 0,0) using the above definition. By considering

a particular straight path along the xy-plane, is this plane a tangent plane to f at (0, 0, 0) ?

Justify your answer. [3]
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9 The curve C, known as the Folium of Descartes, has the cartesian equation x’ +° =3axy, where

a>0.The line L is the asymptote of C.

[You may use the identity x* + 3’ =(x+ y)(x2 —xy+ yz) for this question. ]

X
L
(a) Evaluate lim 2 . [You may assume that lim Y exists].
X—>00 x X—>0 x

Hence, or otherwise, show that the cartesian equation of L is x+ y+a=0. [4]

(b)  Find the polar equations of C and L. [2]
2 2 t 2 2

© ) Prove that — fsin” @ _ tan Osec” 0 . (1]

(cos3 0 +sin’ 6?)2 (1 +tan’ 49)2
(ii)  The region R lies in the first quadrant and is bounded by the curve C. Find the
exact area of R, giving your answer in terms of a. [3]

(d) A straight line through O cuts C at 4 and L at B in the second quadrant.
Let ¢ be the angle between OB and the positive x-axis.

Let 4, be the area of the region bounded by the negative x-axis, curve C, asymptote L

and line 4B.

Find 4, when ¢:5Zn and a=1. [3]
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10 A drug-eluting stent (DES) is a small mesh tube that doctors place inside blocked heart arteries
to keep them open and improve blood flow. The stent is coated with a medical drug that slowly
releases into the artery wall to prevent the artery from becoming blocked again. The drug
concentration in the stent coating, y mg/cm?, and the drug concentration in the arterial wall
tissue, z mg/cm?, can be modelled by the following differential equations.

dy 1
& 2
where ¢ is time measured in months.

For a patient undergoing such treatment, it is known that y =7 and z =0 initially.

2
(a) Show %+%%+%y:0. [2]
(b) Hence find y and z in terms of / and ¢. [5]
(c) For the safety of the patient, the drug concentration in arterial wall tissue must not exceed
0.1 mg/cm?. Determine the maximum value of /. [3]

(d) It is known that the drug concentration in the arterial wall tissue must be kept at a level
of at least 0.03 mg/cm? over a continuous period of 2 months for the treatment to be
considered effective. Is the treatment considered safe and effective if a patient is

undergoing the treatment where / =0.27? [3]

~END OF PAPER ~
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1 It is given that z, =2ie * andz, = cos(gj + isin(—gj Let w=2z(z,) .

(a) Find the modulus and argument of w. [3]

(b) Find the set of integers 7 in the range of 1<n <20 such that the point representing w"

lies strictly in the second quadrant of the Argand diagram. [3]
Suggested Solution
(a) .iJE i iZE
z,=2ie'? =2e%e? =2e "
T .. T
z, =cos| — |+isin| ——
(5)s0(5)
T .. T
=cos| —— |+isin| ——
(5l 5)
Wi :‘lez*‘ =|zl=[=2
arg(w):7—n+ m)_ L=
12 \8 24
(b)

Since §+2kn<arg(w")<n+2kn,

l+2k<17—n<1+2k
2 24

12+48k <17n <24 +48k

Using Remainder Function in GC,
NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS # TO EDIT FUNCTION

Plotl Plot2 Plot3 X Y1

EIN\Y1Bremainder(17X,48)
NYz2=1
E\Y3=
E\Y4=
E\Ys=
\Ys=
E\Y7?=
E\Ys=
E\Y9=

rooNANIWN RO

=3

Set of integers n ={1,4,7,15,18}.
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2 The surface S has equation z =1-x" —)”. Using calculus, show that the point on S that is nearest

to the point (O, O,L), for some L >1,1is (0,0,1) [7]

Suggested Solution

Let d be the distance from (0,0,L) to the surface of S. Then,
d=(x=0) +(y-0) +(1-x~y*~LY

sd’ :)cz+yz+(1—x2—y2 —L)2

2

Let g(x,y):x2 +y° +(l—x2 —y’ —L)

Now,

g, (x,y)=0andg, (x,y)=0

& 2x+2(1-x" —y* = L)(-2x) =0 and
2y+2(1-x" ="~ L)(-2y)=0

& x-2x(1-x* -y’ ~L)=0and
y=2y(l-x"=y*-L)=0

& (x=00r1-2(1-x-)*~1)=0) and
(y=0or1-2(1-x*-»*~L)=0)
@(x=0 orx’ +y’ =0.5—L) and
(y=0orx*+y*=05-1)

< (x,y)=(0,0) since (x2 +y° = O.S—L)
has no real solutions because L > 1.

Next,

g. (%)
=2+2(1-x" -y’ - L)(-2)+2(-2x)",
g, ()
=2+2(1-x" -y’ - L)(-2)+2(-2y)’,
g, (x,y)=2(-2x)(-2y) =8xy

Let D(x,y)=g, (x,)g, (x.7)~[&, (x.»)] .
Then,

D(0,0)=g, (0.0)g, (0.0)~[g, (0,0)]
=(2+4(L-1))(2+4(L-1))-0°

>0
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and g (0,0)=2+4(L-1)>0.

Hence the distance between f and (0, O,L) is the minimum at (X, y) = (0,0), which verifies
the point on S that is nearest to the point (0, O,L), for some L>1,is (0, 0,1) .

3 The sequence of numbers X, X,, X;,... is such that x,,, = F(x, ), where F(x)=x+ /I[f(x) —x]

with A being a non-zero constant.

(@

Show that, if the sequence converges, its limit is a root of the equation x ={ (x) . [2]

The first derivatives of the functions f(x) and F(x) are denoted by f'(x) and F'(x)

respectively. It is known that the speed and likelihood of convergence of the sequence depends

on the value of F'(x ) near the root. Ideally, F'(X ) should be as close to zero as possible.

(b)

(©)

(d)

It is given that the first term X, of the sequence is near a root of the equation x =1 (x),
and f'(x)=1 forall x. Find A in terms of £'(x,) such that F'(x,)=0. [2]

Given that the root @ of the equation x=cos™' x is near 0.7, use x, =0.7 as an initial
approximation to find an appropriate value of A such that the iteration
X, =X, Jrﬂu(cos_1 X, —xk) is expected to converge to « . [2]

Use the iterative formula to calculate the value of « correct to 3 decimal places. [2]

Suggested Solution

(a) ka:F(xk):xk+ﬁ[f(xk)—xk]

If the sequence converges to / as k — o0, we have
I=1+A[f(1)-1]

ALt(1)-1]=0

f(l)=1

Hence [ is a root for the equation X =1f (x)

(b) F'(x):1+/1[f'(x)—1]
F'(x,)=0
=1+ A[f'(x)-1]=0

=1

B 1
C1-f'(x)

(©) | Let x,=0.7, since f(x)=cos ™' x, F(x)=x+A[f(x)-x]
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A= = =0.416618

Choose A =0.417. For the chosen value of A4, F'(xl) will be very small and it is likely

that the sequence {xk} produced by x,,, = F(xk) will converge.

(d) By G.C., x, =0.7,x, =0.7398,x, =0.7391,x, =0.7391
Hence, a =0.739

Let g(x)=x—cos™ x,
since g is continuous in [0.7385, 0.7395] and
2(0.7385)g(0.7395) = (~0.00145)(0.00103) <0 ,

~.0.7385<a <0.7395
Sa=0.739

4 (a) Solve the equation z'' —1=0. [2]
Let z,z,,....,z,, and 1 be the roots found in part (a) where z, is the root with the smallest
positive argument.

(b)  Find the modulus of 1-z,, leaving your answer in a single trigonometric ratio. [3]

(¢) Show that z is a root to the equation l14+z4+2°+..4+2°=0. Hence show

(1-z)(1-2,)..(1-z,) =11. [3]
: . 2n . 3 .10
(d)  Deduce the value of sin— sin == sin ~—...sin —. 2]
11 11 11 11
Suggested Solution
(a) zZ''=1=0
Z”=1
i ei(0+2kn)
2
z=e ! k=0,1,2...,10
b 2T
ORIG
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(©) Z“—lz(z—l)(z—zl)(z—zz)...(z—zlo)
(Z—l)(1+z+z2 +...+Zlo)=(Z—1)(Z—Zl)(Z—ZZ)...(Z—ZIO)

Consider z, is a root to RHS =0.

= z, isaroot to LHS=0

Since z, #1 ,z,-1#0

=z isaroot to 1+ z+z" +..+z'° =0 (shown)
(z-z) isafactorof 1+z+z" +.. 42"
Similarly, (z -z, ) is a factor of 1+z+2" +..+2"
fork=1,2,..10

. coefficient of z' =1 and we have 10 factors.

cltz+2b 4+ 20 z(z—zl)(z—z2)...(z—zw)

Let z=1, 11=(1-z)(1-z,)..(1-z,) (Shown)

@ | (1-z)(1-2z,)...(1-z,) =11
(1-2)(1-2,).(1=2,)| =11

1=z |[1-z,|...J1-z,|=11

Using (b),
=zl z,|.. J1= 2| =11

wsin@>0for0<O0<r

2sin£ ZSinz—n 2sin10—n =11
11 11 11

. . 2n . 3n . 10m 11 11
sm—Sm—Sm—...SMm—=—=—
11 11 11 11 2" 1024
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5 The planes m, and =, are given by the equations =, :ax+y+z=5b and n,:x+y+z=c.
(a)  Determine the necessary and sufficient conditions on b and ¢ for which n, ", is a
subspace of R”. [3]

(b)  Assume these necessary and sufficient conditions on b and c¢ hold. Find the necessary

and sufficient condition on a for which ©, ", is a subspace of dimension 1. [2]

The conditions found in part (b) are to be used for parts (c) and (d).

A third plane m, is given by the equation m, : x+y+z=2.

(c) Is (nl N, ) N, asubspace of R*? Justify your answer. [2]
(@ Is (m,Nm,) U, asubspace of R*? Justify your answer. [2]
Suggested Solution

(@) | If m, ", is a subspace of R* , then 0 em, N, .

Hence 0 em, and 0 e n,.
b=0,c=0.

Ifb=0and c=0, &, :ax+y+z=0 and m, : x+y+z=0 are subspaces in R*.

Therefore m, M, is a subspace of R’ since the intersection of subspaces is a subspace.

(b) | In the (governing) environment provided by part (a), i.e., b =0 and ¢ =0, we examine the
values of a.

If a#1, then

T, N,
<ax+y+z=0andx+y+z=0
Sax+y+z=0andy+z=—x
<ax—-x=0andy+z=—x
<:>x(a—1)=Oandy+z=—x
Sx=0andy+z=—x

< x=0andy+z=0
<x=0andy=-z

X 0 0
S|ly|=|-z|=4-1|, 4eR
z z 1
If a=1, then
T,NT,

< (ax+y+z=0andx+y+z=0)

Sx+y+z=0
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Hence =, :ax+y+z=0 intersects with @, : x+y+2z =0 in a subspace of dimension 1 if
and only if a #1.

Hence the required values are a#1and b=0and c=0.

(c)

0 1
We note that n, N, :rz/{—l} and m, :r~[1j=2. Since 0 e, "7, and 0 ¢ 7, , we have
1 1

0¢ (n1 N, ) Nx,. Hence (n1 N, ) M, 1S not a vector space.

(d) | We note that (1,1,0) € (n, " m,) U, since (1,1,0) € ;. But 2x(1,1,0)=(2,2,0) ¢ m, and

2x(1,1,0)=(2,2,0) ¢ m, N, . Since scalar multiplication is not closed in (7, "&, ) U, ,

(n1 NT, ) U, 1S not a vector space.

6 For a cubic equation ax’ +bx* +cx +d =0 with real coefficients, the discriminant D is given by
D=b’c*—4ac’ —4b’d —27a’d* +18abcd .
For a cubic equation ax’ +bx’ +cx +d =0 with real coefficients, the discriminant D is given by
D=b’c’—4ac’ —4b’d —27a’d* +18abcd .
If D>0,then ax’ +bx* +cx+d =0 has three distinct real roots.
If D=0, then ax’ +bx’ +cx+d =0 has a repeated root and all its roots are real.
If D<0,then ax’ +bx’ +cx+d =0 has a real root and a pair of complex roots.

Let A be a square matrix in R> with a characteristic equation f (/1) =0, where
f(ﬂ,):/13 -1 (k+5)+A(5k+6)—6k and keR .

(a) By considering the discriminant of f (/1)20 or otherwise, determine whether A is

always diagonalizable when ke R,k =2,3. [3]
(b) By considering the eigenvalues of A, determine the range of values of & such that A is
invertible. (2]
-1 —-13 19
For the remaining part of the question, letk=4and A={-2 0 6
-2 -4 10
() Evaluate Z:(Af1 )r , leaving your answer as a single matrix in exact form. [6]

r=1

Suggested Solution

@) | D=(-k-5)(5k+6)" —4(5k+6)’
—4(~k=5)’ (~=6k)—27(~6k)*+18(~k —5) (5k + 6)(~6k)
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Using G.C,
D
A
>k
o 2 3
Observe that the curve is a quartic curve such that D >0when k€R,k#2,3, s0 f(1)=0
always has three distinct real roots, hence A has three distinct real eigenvalues and is always
diagonalizable.
() | 2° =27 (k+5)+A(5k+6)—6k =(1—k)(A’ -54+6)
~(2-k)(2-2)(2-3)
Note that & is an eigenvalue. The other eigenvalues are A =2 and 4 =3.
A is not invertible < 0 is an eigenvalue.
Therefore, for A to be invertible, £k #0.
(c) Since the eigenvalues of A are 2, 3 and 4, using G.C,
Solving
-3 —13 19)(x -4 -13 19)(x
2 2 6| yl=0,|-2 -3 6| y|=0and
-2 -4 8 )z -2 -4 T )Nz
-5 —-13 19
-2 -4 6 =0
-2 -4 6)\z
2 3 1
The corresponding eigenvectors are | 1 |, | 2 | and | 4 |.
1 2 3
1 0 0
2 3 1) 2 1 2 3 1Y
A'1=1240§0124
1 23 1 1 23
0 0 —
4
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ir 0 0
2 3 1 2 2 3 1Y
Z(A*)’=124Zo3—,0124
= 1 2 3)" Ll 203
0 0 —
>3 )Y 05 gy
=1240%0 1 2 4
1 2 3 23
0 0 -
3
S 4l 59
2 6 6
|, o 13
303
1 3 -4
7 The equation x’—2x—2=0 has a root & in the interval [1, 2]. To find the root, three

rearrangements are suggested for an iteration of the form x, ,, = g(xn) :

(@

(b)

(©)

© HCI 2026

e g(x)=(2x12);

2x° +2
)=

Identify one of the above rearrangements that will fail to converge to & with the initial
approximation close to & . Justify your answer with the aid of diagram(s). [3]

Use the other two rearrangements, with initial approximation x, =1.5, to find the value
of « correct to 4 decimal places. For each iterative method, state the least value of n such
that X, = & correct to 4 decimal places. (4]
Suppose an iterative method using x,,, =g(x,) produces a sequence {x,} that

converges to the root « .

The error term for each round of iteration e, is defined as x, —« .




11

If there exists a constant p >0 and a number A >0 such that lim e"*; =A, then p is
n—0 en

called the order of convergence for the iterative method.

(i)  Showthat e, =g(x,)—g(a). [1]
(ii)  Itis given that

" (r)
| g\ g \a r
g(x,)-g(a)=g'(a)(x,—a)+ ( )(xn —a) +.t ( )(xn —a) +..

2! r!

Show that, for the iterative methods used in part (b), exactly one of them has first

order of convergence. [4]
Suggested Solution
(a)
| T T/ |
! l
| |
5 (. T
[ (
' |
X [
‘ l
7 |
1 ! !
y ! |
in |
L (
_/ X% 1, 5 . 10
/—
Or
5
A | :
\ yﬂno( 5 10
T
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3
x —
We can see from the sketches that the rearrangement of g(x) =

will not give

convergence to « for the iterative method.

(b)

For x = (2x+2)§ ,

By G.C., a=1.7693.
the least value of n is 6.

3
For x=2x2—+2,
3x° -2

By GC, o =1.7693.
the least value of » is 3.

Let f(x)zx3 -2x-2

f(1.76925)=-3.13x10™

f(1.76935) =4.26x10™*

Since f is continuous in [1.76925, 1.76935] and f(1.76925)f(1.76935) <0, x=1.7693

(©)@®)

e

n+l

= xn+1 -

=g(x,)-a

Since « is a root of the equation, we have a = g(a) . Hence, we have ¢, = g(x,1 ) - g(a).

(24

(c)(ii)

e, =g(x,)-g(a)
g"(a)

=g'(a)(x,—a)+ 5 (xn—a)2+...
o "(a) , g"(a) ;
=g (a)en+g N 8 T

2
3-

For g(x)=(2x+2)1, 2'(¥)=2(2x+2)

z(20{+2)_§e +M62+M63+...
fim S22 = Jim -2 ' 3

o | o e ‘

2 " m
= lim 2(2a+2)7§+g (a)en+g (a)e2+...
n—>|3 2 3!

2
:§(2a+2)_3 >0 forae[l,2] (e, >0asn—w)

1
Hence, g(x)=(2x+2)3 has first order of convergence.

© HCI 2026
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2x° +2
For g(x)=3xxz—i2,
) (3x* =2)(6x7) - (2x* +2)(6x)
X)=
s (35> -2)
_ 6x* —12x* —12x
(3)62—2)2
B 6x(x’ —2x—2)
- (3x2—2)2
g'(a)=0
2"a),., e"@) .,
lim C2tl = fjm |2 © 3L
n—»0 en| n—»0 en

=lim g (a)+g (a)en+
n—w 3!
= # >0 forael,2] (e, —>0asn—>x)
u 2x°+2 :
ence, g(x)= o has an order of convergence higher than 1.
-
8 Let

2xy
f(x y): x2+y2 (x,y)i(0,0)

0 (x,y) = (0,0)

be a function of two variables.

(a) Find the directional derivative in the direction of the unit vector u=ai+5bj at
(xo, yo) #* (0, 0) . Express your answer in terms of X;, },,aand b. [3]
(b)  Find the vector equation of the tangent line at (xo, yo,f(xo, yo)) in the direction of u,
where (xo, yo) * (0, O). Express your answer in terms of X, ¥, ,aand b . [2]
Aplane n is defined by m:z—z, =1, (x5, 5, )(x=x,)+1, (%5, ) (¥ =25)-
: 4 :
(o) Let P(xo, yO,ZO) be the point (1, 2,§j on the surface of f. Show that = at P contains

tangent lines at P in all directions. [3]

© HCI 2026 [Turn over



It is defined that

and f (x,y)=1lim fxy+k)=f(xy) .

k—0 k

f.(x,y)=lim

h—0

f(x+hy)—f(x,)
h

(d)  Find the equation of the plane = at (O, 0,0) using the above definition. By considering

a particular straight path along the xy-plane, is this plane a tangent plane to f at (0, 0, O) ?

Justify your answer. [3]

Suggested Solution

(@)

For (x,,,)#(0,0), we have
(Xo2 +y02)2y0 —2x,¥, (2xo)
(x02 + 9, )2
_ 2y, (y02 _xoz)
(xo2 + 2y )2
(xo2 + y02)2x0 =2x, (25,)
(x02 + ¥y )2
_ 2x, (x02 _yoz)
(x02 + 3y )2
D, (XO’yO) =1, (XOsJ/o)a +fy (xoaJ’o)b
_ 2y, (y02 _xoj)a N 2x, (x02 _yo:)b
(x02 +y02> (x02 +y02)

f, (xmyo) =

f, (xo,yo) =

(b)

We note that u = ai+bj is a unit vector, which means the length of u is 1. Hence over vector
u (length and direction included), the height of the surface will rise/fall exactly in accordance
to the value of D, (x,, yo) . This means that the tangent line at (xo, Vo, f (xo, Yo )) in the

X X, a
direction ofuis | y |= Yo + A4 b , AeR.
z f(xoayo) Du(xoayo)

(©)

We express T in scalar product form:
z—%:fx(l,Z)(x—1)+fy(1,2)(y—2)
4 12 12 6 6

=—X +—(2
5 25 25 25)/ 25( )
< 25z-20=12x-12-6y+12

e

© HCI 2026
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By (b), the tangent line at (1,2,45l

a
+A b , AeR
12 6

_a__
25 25

1) 4 25a |(12

2 |+—| 25b -6
0.8) 25\12a-6b =25
1+ Aa 12

= 2+ b of —6
0.8+£/1a—£}tb 25

25 25

TN
N =
~

Il
[ NN

=12+124a-12-64b-20-12Aa+ 64D

—j in the direction of wu s

=-20
(d) 2h-0
£ (0,0)=tim OHO=FO0.0) w0 7,
h—>0 h h—>0 h
2:0-k 0
£ (0,0)=lim [LOHHZFO0) o vt
k—0 k—0 k
Hence z—-0=1{, (0,0)(x—0)+fy (0,0)(y—0)<:>z:0.
) 2xy 2x’ D
As (x,y) - (0,0) along the line y =x, —— =——— —1, which is not well-
X +y X +x
approximated by z =0, i.e., z=1 is far from z=0.
Hence z =0 is not the tangent plane to f at (O, 0,0) .
© HCI 2026 [Turn over




9 The curve C, known as the Folium of Descartes, has the cartesian equation X+ y3 =3axy,
where a > 0. The line L is the asymptote of C.

[You may use the identity x* +y° =(x+ y)(x2 —Xxy+ yz) for this question.]

A
y
B A
A
# J > >
X
L
(a) Evaluate lim 2 . [You may assume that lim B4 exists].
X—0 x X—>00 x
Hence, or otherwise, show that the cartesian equation of L is x+y+a=0. [4]
(b)  Find the polar equations of C and L. [2]
2 s 2 2 2
© ) Prove that —° Osin” 0 _fan Osec” 0 . [1]

(cos3 6 +sin’ 0)2 (1 +tan’ 6’)2
(i)  The region R lies in the first quadrant and is bounded by the curve C. Find the

exact area of R, giving your answer in terms of a. [3]
(d) A straight line through O cuts C at 4 and L at B in the second quadrant.

Let ¢ be the angle between OB and the positive x-axis.

Let A¢ be the area of the region bounded by the negative x-axis, curve C, asymptote L

and line AB.

Find 4; when ¢:5?7t and a=1. [3]

Suggested Solution

(@) X+’ =3axy

(2] =(4)2)

© HCI 2026
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Let lim ps m

X—>0 x
As x — oo, we have

1+m’ =3(O)(m)

m=-1
Since
X+ y3 =3axy
3 3a (yj
xty= axy _ X

As x — oo, we have

3a(-1)

1-(=1)+(-1)

x+y+a=0 (Shown)

X+y=

(b) Let x=rcos@, y=rsin@
3, .3
For curve C: X"+ =3axy
7 cos® @+’ sin’® @ =3ar* sin@cos O
3asin@cos @
r=——_ =
cos’ @+sin” 0
For Asymptote L: x+y+a=0
rcos@+rsin@+a=0
—a
r=—
cos@ +sind
(c)(i) cos’@sin’@  cos’Osin’ O y 1/cos® @
(cos3 6 +sin’ 6’)2 (cos3 6 +sin’ 9)2 1/cos® @
sin’ @ 1
_cos"@ cos 6
2
(1+tan3 6?)
tan> @sec’ O
= ﬁ
(1+tan 9)
© HCI 2026
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(c)(ii)

Area of R = ~ j"/zrz 4o
2 0

1 J-n/z 94% sin” @ cos’ 6 40

27 (cos39+sin39)2

2 2 2
=9a J-/2 tan” @sec ?dé’
27 (1+tan3 6’)

do

3a* J-n/2 3tan’ Osec’ @
20 (1+‘[an3 6?)2

3a’ [ 1 }“/2

2 __1+tan3¢9 0

-
_3a® _0_(_LJ
2 | 1+0

(d)

I = 2 2
A¢:EL rl—r?do
- 3sin@cosl
where i =————and ,=—5——-—
cos@+sind cos’ @+sin” @
Therefore
¢~ 5 J5n . 2 2 do
27 (sin@+cosd) (cos’@+sin’0)
=0.32554
=0.326 (to 3 sf)

=2 2
4 1 .L 1 9sin“ @cos” 0

10

© HCI

A drug-eluting stent (DES) is a small mesh tube that doctors place inside blocked heart arteries
to keep them open and improve blood flow. The stent is coated with a medical drug that slowly
releases into the artery wall to prevent the artery from becoming blocked again. The drug
concentration in the stent coating, y mg/cm?, and the drug concentration in the arterial wall
tissue, z mg/cm?, can be modelled by the following differential equations.

d—y:—l(y—z) and %:—d—y—gz,
dt 2 dt de 4

where  is time measured in months.

2026
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For a patient undergoing such treatment, it is known that y =7 and z =0 initially.

d’y 7dy 3
a Show +——+Zy=0.
@) de* 4 dr 8y

(b)  Hence find y and z in terms of / and ¢.

(2]
[3]

(c) For the safety of the patient, the drug concentration in arterial wall tissue must not exceed

0.1 mg/cm?. Determine the maximum value of /.

(3]

(d) It is known that the drug concentration in the arterial wall tissue must be kept at a level

of at least 0.03 mg/cm? over a continuous period of 2 months for the treatment to be

considered effective. Is the treatment considered safe and effective if a patient is

undergoing the treatment where / =0.2?

[3]

Suggested Solution
(a) dy 1
LA — —Zz
P 2(y )
&y __1dy 1d
d®  2dr 2de
2
@y 1 3
dr 2dr 2\ dt 4
dz_y__d_y_étd_ul J
dr’ dt 4\dr 2
dy__dv 3dv 3
dr’ dt 4dt 8
2
d~ 4dr 8
(b) Characteristic equation:
, 7 3 1 3
r+—r+—=0=>r=——, ——
4 8 4 2
1 3
Therefore y = Ae Y+ Be 2t, where A4 and B are arbitrary constants
dy
z=y+2—=
YT
_1, _3, 1 o3 _3,
=Ae *+Be?>+2|——Ae * ——Be ?
4 2
1 _1, _3,
=—Ae *—-2Be ?
2
When ¢t =0, y=7 and z=0:
A+B=1
lA—ZB:O
2
© HCI 2026 [Turn over



Solving,

1
—(I-B)-2B=0
L(1-5)

—1-B-4B=0

1
=B=-1

(©) 1

3
Consider the graph of ¢ = %e“d _2 e 2’

HORHAL FLOAT AUTO REAL RADIAN HP n
CALC MAXIMUH

Yiz2/Ee (1 YM)-2/Ee ("3 2K)

=1.433485Y ¥=0.232942Y4

Maximum of z is 0.2329424]
= 0.2329424] <0.1

= 1<0.42929

Hence maximum value of 7 is 0.429 mg per cm? (to 3sf)

. . dz
Alternatively, at maximumz, — =0

dr

1 3
ie. 2?](_%64’+%ez’j=0

1 - 3 -2
Since />0, _Ze 4 +§e 2 =0

el

6
t=ﬂ1n6
5

© HCI 2026
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0.23294247 <0.1

1<0.42929
Hence maximum value of / is 0.429 mg per cm? (to 3sf)

d L3
@ Since I:O.2,z=0.08(e4—e 2}

z

(043283, 0.0)
[ \(3.89236,0.03)

t,—t, =3.89236-0.43283 =3.46 (to 3 sf) > 2

Since the time interval where z =0.03 is more than 2, then z would be > 0.03 when the time
interval is 2 months. Thus, the treatment is considered safe and effective.
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