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2

Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,
‘o —b++b*—4ac
2a

Binomial expansion

n n n
(a+b)"=a" +(1ja”lb+[2ja”2b2 +...+(r]a”rb' +.+b",

. e n n! n(n—r)..(n—r+1
where n is a positive integer and = = (n=n). )
r) ri(n-r)! r!

2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec’ A=1+tan’ A
cosec’A=1+cot* A

sin(A+B) =sin AcosB £+ cos Asin B
cos(A+B) =cos AcosBFsin Asin B
tan AttanB

tan(AxtB)=————
1Fxtan Atan B

sin 2A = 2sin Acos A
cos2A =cos®> A—sin® A=2cos®> A—1=1-2sin’ A

tan 2A=2ta—nf‘
1-tan“ A

Formulae for AABC
a b c

sinA: sinB :sinC
a®=b%*+c®-2bccos A

= 1absinC
2
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1 Show that x=-1 is a solution of the equation 4x®—7x—3=0 and hence solve the
equation completely. [5]
Let f(x)=4x>-7x-3
f(-)=-4+7-3=0 [M1 — apply factor thm]
Hence, by the factor Theorem, x =—1 is asolution of 4x>-7x—-3=0. [Al]
.:f(x)=(x+4)(ax2+bx+c)
Comparing coefficient of x*: a=4
Comparing constant term : €=-3
Comparing coefficient of x*: b=-4 [M1, Al]
Hence (X +1)(4X2 —4X—3) =0
(x+1)(2x+1)(2x-3)=0

X=-1 e or 3 [A1]
2 2
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2 Show that the equation e**' — 6e ™ = 2e — 3 has only one solution and find its exact value.

[S]
el — e *=2e-3
Let y=¢"

ey —Ez 2e -3 [M1, M1 — apply laws of indices]
y

ey’ —6=(2e -3)y
e.y’+(3-2e)y-6=0 [A1 — form correct quad eqn]
(ey+3)(y-2)=0 [A1 — correct factorization]

et =2 or eX:—§ (NA)
e

x=In2

Hence x = In 2 is the only solution. [ Al]
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3(a) Giventhat Y :%’ show that
3
3x+1.(2)—(2x).
Y =J_() ( )zm
dx (3x+1)
(3x+1)
o 3x+2
(3x+1)
3(b) Hence find the value of LS 6x+3
(3x+1)°
5 _6x+3 53x+2+3x+1
5 _3x+2

2X

{
(2

5
2= [A1]
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5
5 _=
3x+1) 2 dx

\/3x+1}1 ’ L( )
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dy

3X+2

— [3]
dx (3x +l)3

[M1, M1 — Quotient rule and chain rule]

[M1 — simplifying numerator]

[5]

5 3x+1 _ x4l (MI1]
,/ +1)°
1
[M1, M1]
5
1
(3x+1)2 M)

1
(zj(s’) 1
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F G

In the diagram, DFGE is a rectangle and triangle ABC is an isosceles with AB =AC =5 m.
ADB and AEC are straight lines. DE is parallel to BC and AB =44D. Angle ABC= 60 where

0°< @ < 90°.
(a) Show that the perimeter, P metres, of rectangle DFGE is given by P = 2(2 cosd+3sin 49).

[3]

By similar triangles, ZABC = ZADE = 6

BD:§AB=Em, DF:Esine m. [B1]
4 4 4

BC =2(5cos@)m, .. DE=%BC:gc050m. [B1]
P = 2(DE +DF)

= 2(§c050+Esin 9)
2 4

_> 2c0s6+3sind [Al]
2
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. 5 ) .
(b) Express P in the form > Rcos( @—a), where R > 0 and write down the largest possible

value of P. [3]
R=+/22+32 =413 [M1]
a( 3
a =tan (EJ =56.310° [M1]
P :g(\/l_l% cos(6 - 56.3°)) [-1 if final answer not given]
1

Largest possible P = # [A1]

() Find the value of & for which P = 6. [3]

2 (13 cos(6-56.310°)) = 6
: ( )

2.4

cos(@—-56.310°) = — MIl

( ) s [M1]

Basic angle = cos™ 2% = 48.269° [MI]
8 J13 '

6 —56.310° = —48.269°
0 =8.041° ~ 8.0° [Al]
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5(a) A student is asked to solve the quadratic inequality (2x-1)(x—3)<0.

The first step of her solutionis: 2x—1<0andx—3<0.

State whether this step is correct and support your answer with a clear explanation.

No. [Al]

(2]

Since (2x-1)(x-3)<0, (2x — 1) and (x — 3) cannot be negative at the same time, as

(—ve)(—ve)=(+ve). [A1]

(b) The equation of a curve is given by y =2x* —6x+7.

(@) Find the set of values of x for which the curve lies below the line y = x + 4.

2X* —6Xx+7<x+4 [M1]
2x* —7x+3<0
(2x-1)(x-3)<0 [M1]
- 3
2
1
Hence > <x<3 [A1]
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(ii) The line y = 2x + k is tangent to the curve at the point O, where k£ is a constant.

Find the value of the constant k. [3]

2x* —6Xx+7=2x+k [M1]
2x* —8x+(7-k)=0

Since line is tangent to curve, b*>—4ac=0.

(-8)" —4(2)(7-k)=0 [M1]

k=-1 [Al]

[Turn over
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et

— _onx [A1]

ertd)

=— —x [Al]

(b) Given that coefficient of the fourth term to the coefficient of the second term is 20 : 1, find
the value of n. [3]

3 _20 [M1]
-2n 1
n*—-3n+2=30
n*-3n-28=0
(n-7)(n+4)=0 [M1]
~.n=7 or n=-4 (rejected) [Al]
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2 n
(¢)  Using the value of n found in part (b) and without expanding (X3 - —2j , explain why there
X

is no constant term in the expansion. [3]
T ! ()" 2Y [M1]
1= -—
a r X2
— 7 (_2)f X2175r
r
For constant term  Xx*°" = x°
ie. 21-5r=0 [M1]
21
or r=—
5
Since 7 is not a positive integer, there is no constant term in the expansion. [Al]
[Turn over
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: : . : : : 1
7(a) The diagram shows part of a straight line obtained by plotting 1 against —
a

b?

Obtain an equation relating a and b, expressing a in terms of b. [4]

1

— A

a

(1,2)
\ K
3
(33 - 4)

Gradient = 2= (;4) =-3 [B1]

1 1
Hence N = _B(Fj +C, where c is the vertical intercept
ie 2=-3(1)+c= c=5 [B1]

1 1
Therefore, straight line equation is N = —3[ j+ 5

v

1 —3+5b?

a o .
b2

a:—5b2—3 [Al]
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(b) Itis given that variable x and y are related by an equation in the form y=m*"", where

m > 1 and m and ¢ are constants.

Q) Explain why plotting the graph of y against x would not result in a straight line

graph.

[1]

y =m""“is not of the form ¥ = mX + ¢, where m is the gradient, ¢ is the vertical

intercept and X and Y are variables.

[B1]

[except the explanation that the given equation is an exponential equation]

(i)  Express y=m*"*
clearly how the values of m and c can be obtained.

X+C

lgy=Igm*™ (accept In)
lgy =(x+c)lgm
lgy=xlgm+clgm

Ig m = gradient

m= logradient

clgm=Igy—intercept

co lg y — intercept
gradient
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in a form suitable for drawing a straight line graph and state

[4]

[M1]

[A1]

[A]

[A 1] Ig y —intercept is vertical intercept
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8 A particle moves in a straight line such that its velocity, v m/s is given by v=t*-10t+9,

where 7 is the time in seconds after passing a fixed point O.
(a) Calculate the values of  when the particle is instantaneously at rest. [2]

When particle is instantaneously at rest, velocity = 0.

ie. t°-10t+9=0 [M1]
(t-1)(t-9)=0
t=1 or t=9 [Al]

(b) Calculate the stationary value of the velocity and explain whether this velocity is a

maximum or a minimum. [4]
ﬂ =2t-10 [B1]

dt

d’v

prely 2>0 [B1]

) ) dv
For stationary velocity, p =0

re. 2t—-10=0 [M1]

t=5
Therefore, stationary value of velocity = 25 — 50 + 9 = —16 m/s and it is a minimum
value. [AT]
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(¢) Calculate the velocity of the particle when it first returns to O. [6]

s=jt2—10t+9 dt [M1]

t3
= 3 5t* + 9t +d , where d is an arbitrary constant

When t=0, s =0, hence d =0.
3

t
Hence, s= 3 5t% + 9t [A1, no mark awarded if there is no attempt to find d]

When particle returns to O, s = 0.

t2
ie. t(§—5t+9]=0 [M1]
t=00r2.0917 or 12.908 [A1]
Particle first returns to O at 2.0917 s. [A1]

Corresponding velocity = —7.5418 =~ —7.54 m/s (correct to 3sf) [Al]

(d) Find the total distance travelled in the first 3 seconds. [2]
1
When ¢ =1, s=4§ [M1]

Whent=3, s=-9

Total distance travelled =2x 4% +9=17 % m [A1]
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9 The diagram below, not drawn to scale, shows part of the graphs of Yy =3sin2x and

X
y =—tan’ 2 for 0<x< % and OP is a straight line.

y=3sin2x

=~

v

=—tan" = '
v an 5 :
!
(a) Find the area of shaded region A4, correct to 2 significant figures. [5]
. z , X
Area of region 4 = —J.O“ —tan > dx [M1]
Tean2 X
= j sec®—-1dx M1]
0 2
i 4
tan ()2()
= 1 —X [B1]
L 2 0
= 2tan(£j—£ -0 [M1]
8) 4
~0.043 sq units [A1]
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(b)
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Calculate the exact area of the shaded region B.

When x=7, y=33inZ=3
4 2

Hence gradient of OP= 3-0 _12
T o 7

Equation of OPis y= 12 X

T

- 12
Area of region B = ,[04 3sin2x ——x dx
T

_ _—30052x_g x_2
2 T\ 2

INE]
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[M1, Al]

[M1]

[B1, B1]

[Ml]

[Al]
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10
P y=+5-2

~

10) 0

R‘ y

*C

In the diagram, the line y=+/5-2 is tangent to the circle Ci with centre C at the point P.
The circle passes through the origin O and the point Q on the x-axis. The line OP makes an

angle # with the x-axis, where tan f#=+/5-2.

(a) Find the exact coordinates of points P, Q and C. [5]

Let the foot of the perpendicular from P to the x-axis be R.

Since tanﬁzﬂzﬁ, OR=1 [Al]
OR OR

Hence coordinates of P = (1, J5- 2) [A1]

Since OR = RO,

Coordinates of Q =(2, 0) [A1]

Let the coordinates of C be (1, y).
Since OC = PC,

2

J(1=0) +(y-0) =\/(1_1)2+(y_(£ -2)) [M1]
1+y?=y? —2(%—2)y+(\/§—2)2
2(V5-2)y=(5-45+4)-1

4(2-+5
y= ( ) __9 [A1]
2(v5-2)
Hence, coordinates of C = (1, —2) [-1 if not given]
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(b) Find the equation of circle Ci . [2]

Radius of circle C; = \/(1—0)2 +(—2—O)2 =5 [M1]
Therefore equation of circle Ci is :

(x=1)° +(y+2)" =5. [A1]

(©) Circle C» is the reflection of circle Ci about the line y =+/5—2. Find the equation of

circle Cz . (3]
Radius of circle C2 = /5 [M1]

Centre of circle C; = (1, \/§+(\/§—2) ) =(1, 25 -2 ) [M1]

Equation of circle C> is :

(x-1) +(y- 25+2) =5 [A1]

End of Paper
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