Q1 Functions and Graphs
(a) ! dv
_ 12 _ n_x _ _ n &V x
(3m] In_jo(l 2x)"e" dx u=(1-2x) ¢
1 1 du
=[(=2x)"e" | +2n joz (1-2x)""e" dx == 2%y v=e
=—1+2nl
(b)(®) > .
Bm] | o= joz (1-2x)’e" dx
1
[ w
1
=L ]
1
=e? -1
I, =-1+61,
=-1+6(-1+41)
=-T7+24],
=-7+24(-1+21,)
= -31+48I,
1
= —31+48[e2 —1}
1
=79+ 48>
(b)(ii) | .
[zm] J.Oz (1 — 2X)4€ dx

=1,
=—1+8I,

1
:—1+8[—79+48e2]

1

= —633+384¢2
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1
g)m] I = IOE (1-2x)"e" dx
Forx e (0,%), 0<1-2x<I1.
Asn— oo, (1-2x)" —0.
Since e is continuous and bounded for x € [0,%} ,
Asn—oo,(1-2x)"e" >0,
o= Ioé(l—2x)"ex dx — 0.
(d) Given/, =—-1+2nl ,,
[3m]

1
[ =—( +1
n-1 2]1(’1 )

1
ly=7+D)

1|1
—E[Z(IZH)H}

= D= =
nl— Bl—= B—

N | —

I(H TN
WEERENTN

Asn— o, —>O,L—>O
2n

LR~
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Q2 Numbers and Proofs
@) T a(2m
[3m] (I+x)" = z i x"
k=0
Let x=1
2m 2m
22m —
27
o[ 2m 2m 2m 2m 2m
27" = + +...+ + +...+
0 1 m m+1 2m
. 2m) | . 2m 5
since each term is positive, <2™
k m
(g)(ii) (2mJ ~Cm)2m-1)...(m+D(m)(m—1)...(2)(1)
[3m] m )~ [m)m=1)...QDO][mm-1)... 2]
(2m] _Cm)(2m=1)...(m+1)
m (m)(m—T1)...(2)(1)
This is an integer which implies all factors of m! cancel with the factors in the
numerator.
We note that P, is part of the numerator.
. 2m
Therefore P, ., , ~divides [ j
’ m
(b)(i) By the Cauchy-Schwarz Inequality,
[3m]

(\/bajc)ﬁ(\/cb:a)ﬁ(\/%)z [(\/b+c)2+(\/c+a)2+<\/a+b)2}2(a+b+c)2

2 2 2
@ b e J(b+c+c+a+a+b)2(a+b+c)2
b+c c+a a+b

2 2 2
4 4 b +-£ J-z(aer+c)2(a+b+c)2
b+c c+a a+b

2 2 2
2 a + b + ¢ >a+b+c
b+c c+a a+b
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(b)(ii)
[Sm]

vz zx xy
2 + 2 + 2
x(y+z) y(z+x) z°(x+y)

1 1 1

2 2 2
__x L, Y L,z
+z) (z+x) (x+y)
vz zx Xy
1 b 1
2 2 2
__X z
T 1T 11 1
y z z X X Yy
Ifr 1 1 . .
>—| —+—+— using result from (b)(i)
2\x y =z
11
>—-3 |— using AM-GM Inequality
2 xXyz
3
=— since xyz =8
4 .

.. .3
Therefore the minimum value is Z .

1

Itoccurswhenlz =—= or x=y=z=2

r_r_1
x y z 2
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Q3 Sequences and Series
EZ) | Let P, be the statement f,f,., — [/, :(—1)"+1 for n>1, neZ.
m

Base case: n=1
LHS.= fifi— 2 = h(L+£)- L= hfa+ 17— 12 =) 1)+ (1) (1)
_ (_1)1+1

=R.H.S.

. B 1is true.

Inductive Step
Assume that P, is true for some k=1, i.e., f;fi,, =/ =(-1)"".

To prove that P, is true, i.c., fi.fis = /7 =(-1)"".

LHS = f;wl.f/,w.’a - f}(2+2
= fin(frn+ /1) = fih,  [by definition of Fibonacci numbers]
= feSer ¥ fk2+1 - fk2+2
= fk2+1 — Jia (fk+2 — Jin )

=2 = finr ( fk) [by definition of Fibonacci numbers]
=—(fifo = 121)

= (—1)(—1)1{+1 [by inductive hypothesis]

~(1)

=R.H.S.

- B true = F_, true

By the Principle of Mathematical Induction, P, is true for n>1, n€Z.
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(b)
[4m]

f;ﬁ—l i

n

Given that r, =

As the terms in the Fibonacci numbers f,, are positive, r, >1

Jor _Jort Lo _Jua o
VA A

Since 1<r, <2, it is a bounded sequence. Hence subsequences r,, r,, 7, r, ... and

As the Fibonacci sequence f, is increasing,

%, 1y, Iy 15, ... Would naturally be bounded as well

Consider

_ _ f2n+l _ J[2n+3
n Thnea =
J(Zn f.2n+2
— f‘2n+l.f2m+2 — j‘an‘2n+3

f.ZnJFZrH—Z
ot T o) = + . . .
= S S + Jor) = S (Sawea + foner) [by definition of Fibonacci numbers]
f‘an‘2n+2
— -f‘22n+1 _f‘Zn-f2n+2
f‘an‘ZnJrZ

_(_1)211+1

=———— [using the identity from part (a)]
f‘an‘2n+2

_ 1

f‘2n-f‘2n+2
>0

=1 2y

The sequence r, r,, 7, %, ... 1s decreasing.

Consider

7 —r _ -f‘2n+2 _ f‘2n
2n+1 2n-1
! ! ﬂl1+] ‘onfl

— .f:l/1-2f2n—1 — ﬂnﬂrz+l

f‘2n+1f‘2n71
.7 + ’) n-1"__ n n + n— Tt 1 1
= (‘f‘”” Jon )fz = /a (f2 /2 l) [by definition of Fibonacci numbers]
f‘2n+1f‘2n71
— .f‘anl.f‘ZHJrl B f‘Zzn
f;n+lf;n—1
(_1>2r1 ' ' .
=———— [using the identity from part (a)]
f‘2n+1f‘2n—1
-
f‘2n+1f‘2n—1
>0

= Vi1 = 1oy

The sequence 7, r, 7, 7, ... 1s increasing.
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(c)
[6m]

Since n, r,, 7, i, ...and 5, n, 1, 1, ... are bounded and monotone,

By the Monotone Convergence Theorem,
Ty, Fys Ty Ty oand 7, 1, 1, 1, . are convergent.

Consider

r2n _}/'271—1 = j;‘”‘*'l - ffz"’
2n 2n-1
Y
ﬁnﬁn—l
_ (_1)211
f‘an‘Zn—l
1

S

Since f, is an unbounded and increasing sequence, when the denominator of the

[using the identity from part (a)]

preceding fraction is arbitrarily large and consequently r,, —r,, , is arbitrarily small.

Proof by contradiction:

Let lim(r, )=L, and lim(r,_,)=L,, where L, #L, and & =

n—0

Le _LO

o : £
Since lim(r,)=L,, there exists an N, € N such that |r,, — L | < " Vn>N,.

n—>0

o . &
Likewise, lim(r, ,)=L,, there exists an N, € N such that |r,, , —L |< 2 VnxN,.

There exists an N, € N such that

g
"y, — oy <Z VnzN,.

Let N =max{N,,N,,N,} and pick any n> N .
Then by the triangle inequality,

3¢

7 L —
4

-1~ o

L—-L<

+

+

&= Le - r2n an - r2n—1 <

& & &
— 4 —4—=
4 4 4

But this implies ¢ < Tg , which is a clear contradiction. Therefore, L, =L .

Since L, = L, , we conclude that sequence 7, converges to the same limit

Now rn:f”“:f’ﬁf”*l:H@:H—
./;1 .fn f;z rn—l
Asn—o,r,—>Landr,_ > L,
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L=1+ l
L
'-L-1=0
L= 1+2\/§ or L= 1_2\/3 (rejected . f, >0V neN)
Q4 Counting / Inequalities
(@) 500
[1m] Number of 2-element subsets of S = ) |7 124750
(b) Case 1: Both x and y are multiples of 3
[4m] . 500
Number of multiples of 3 = Y =166
166
Thus, the number of 2-element subsets {x, y} of §= 5 ]
Case 2: Exactly one of x and y is a multiple of 3
Number of ways of choosing a multiple of 3 = 166
Number of ways of choosing a non-multiple of 3 = 500-166 = 334
Thus, the number of 2-element subsets {x, y} of S = 166x334 =55444
By addition principle, the number of 2-element subsets {x, y} of S
166
=, +166x334 = 69139
(c) Case 1: Both x and y are multiples of 3.
[Sm]

. .
From (ii), the number of 2-element subsets {x, y} of § :[ 26}

Case 2: One of x and y leaves a remainder of 1 when divided by 3 and the
other leaves a remainder of 2 when divided by 3.

Number of ways of choosing a number which leaves a remainder of 1 when

divided by 3 = L%J +1=167. (the numbersare 1,4, 7, ..., 499)

Number of ways of choosing a number which leaves a remainder of 2 when
divided by 3 =500 — 166 — 167 =167  (the numbers are 2, 5, 8, ..., 500)

Thus, the number of ways give 167x167

Thus, the total number of ways are (126] + 167 = 41584
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Q5

Complex Numbers

()
[3m]

|z+w|2 =(z+w)(z+w)
=(z+w)(z*+w*)
2 % % 2
=z +z2w" + wz" +|n]
2 * £\ 2
=z +zw +(zw) +|w]
=|z|2 +2Re(zw*)+|w|2 |a|2 —a-a
< |z|2 + Z‘ZW*‘ -|-|W|2
< |z|2 +2|z”w*‘ +|w|2
< |z|2 +2|2||w] +|w|2

< (|2 )

24w
.'.‘Z+W‘S‘Z‘+‘W‘ W
LA

-

Equality holds when ‘Z + W‘ = ‘Z‘ + ‘w‘ , \,/
Hence arg(z) = arg(w) 2
/ 14w

(b)
[3m]

(a=b)(c—d)+(b—-c)a—d)=ac—ad —bc+bd+ab—bd —ac+cd
=—ad —bc+ab+cd
=b(a—c)—d(a—c)
=(a—c)(b-d)

|a—c||b—d|=|(a—c)(b—d)|
=|(a—b)(c—d)+(b-c)a—d)|
<|(@-b)(c—d)|+|(B—c)a-d)| by (i)
S|a—b||c—d|+|b—c||a—d| (shown)
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10

(c) For equality to happen, by (a),
[Sm]

arg[(a—b)(c—d)]|=arg[(b—c)(a—d)]

(a-b)(c-d)
| (b—c)a—d)

b—a d—cj
arg . =7
d—a b-c

arg

arg b_aj+arg(d_cj=n'+2k7z for integer k
d—a b-c

arg(b—a)—arg(d —a)+arg(d —c)—arg(b—c)=n+2k'nw  for integer k'
arg(b—a)—arg(d —a) = LDAB +2mr
arg(d —c)—arg(b—c)=4BCD+2nx  for integer m and n

ZDAB+ ZBCD = arg(b—a)—arg(d —a) +arg(d —c)—arg(b—c)—-2(m+n)x
=m+2k'mt-2(m+n)x

S ZLDAB+ /BCD=7x  since ABCD is a quadrilateral

Q6 Mathematical Text and Investigation

(2) RHS =F F, ,+FF,
[Sm] 1 k+1 k-1 k k
=L o Lo o]

+ I:(Dk _ (_(0)71( J [(pn—k—l _ (_(0)—11+k+1:| }

1 n+ + —n+ n— —k— —n—
Zg[co = ()" =" () T+ ()
+ wn—l _ (Dk (_¢)—n+k+1 _ (Dn—k—l (_q))—k + (_¢)—n+1 ]
1 n+ n— —n— —n+
=§[<0 "+ ()T + (—)

n+k

—0' (—0) " o-pt 0" () -0} ]

=%[¢"(¢+¢“)—(—¢>)‘"(¢+¢‘1)]

- %[((M o) o' -0y )]

1 1+J§+ 2 _1+J§_1—\/§:\/§’

S' + = =
ince @+ SRRETNG 5 5
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11

RHS = %[(co +o) (0" -0 )]

J5
5

[¢" = ()" ]

_9' (9"
5

=F  (shown)

(b)
[2m]

RHSZ(n—ljJ{n—lj

k k-1
_ (n=1)! N (n—=1)!
kK\(n—1-k)!  (k=1)!(n—k)!
(n=DNn—k)+(n-D(k)
- k\(n—k)!
_ (=D (n=k)+k]
K=k

n!

Tkl (n—k)!

zwdf[s

(©)
[4m]

W 0\-7

2 Wory 5 2 Woys

2 wWavs Ly
v | wa? (2%

N DT T

ey

~$ T —

1
ik

~ o8 =
~r&8 -
oY —

5
(3] = number of ways to tile
F

= (3x3x1)+(2x2x )+ (IxIxIx1)+(Ix1x1x1)
=15
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12

(d) For a row of  squares,
[3m] | Case 1: Start with a square, then the remaining »—1 squares can be
tiled in 7., number of ways.
Case 2: Start with a domino, then the remaining » —2 squares can be
tiled in 7., number of ways.
.. Total number of ways, 7=T7_,+T ,.
Hence T follows the Fibonacci sequence with 7, =1 (A row of 1
square has 1 way of tiling), 7, =2 ( A row of 2 squares has 2 ways of
tiling ) and 7, =3 ( A row of 3 squares has 3 ways of tiling ).
~IL=F,
(e) Case 1: The lattice path ends in a vertical step
[3m] (k,™m )
(k, m-=1)
| Ktm-)
\ K /e W) 04{ s
(0,9

Number of ways
= no of ways to tile a row with & squares x no of ways to tile a m—1 by & grid

k+m-1
:E€+1 k
F

Case 2: The lattice path ends in a horizontal step

(k-l, ™) (ko
Fa-{ 1
(l<:-{-m-|) walys
\| KFU/|F
(8 0y [ Wors

Number of ways
= no of ways to tile a column with m squares x no of ways to tile a m by k-1
grid

k+m—1
k-1 -
k+m k+m—1 k+m—1
:Em +Fm—]
k - k - k-1 -
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