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2 2
X
The diagram above shows the curve C with equation ( " p) _(ygq) =1, where p, g and r are
r

constants. The vertices are (-5,3) and (-1,3) and the asymptotes are y=§x+% and

y — _EX_E
2 2
(a) Find the values of p,gandr. [3]
(b) The curve D has equation (x+3)2 + m(y—3)2 =m, where m is a positive constant. Find the
range of values of m for which curves C and D do not intersect. [2]
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Solution:
Q1
(a) | Method @: Method @:
Centre of hyperbola is the Centre of hyperbola is the
mid-point of (-5, 3) and point of intersection of the
. asymptotes.
(-1,3), i.e. —§x+§___(1)
(ﬁ Ejz(_gg) Y=2%%
2 2 ’ ——Ex—g———(Z)
V=730
2 2 Solving (1) & (2),
(x+p)” (y+q) ., x=—3g() (2
r 9
2 2 y=3
(0] -]
(r) 9 (crp) (y+a) _,
Centre is (—p,—q) ? o ,
Comparing p=3 and q=-3 [x—(—g)] _ Ly—(-a)] _
G

Centre is (—p,—q)
Comparing p=3 and q=-3

x-distance from vertex to centre of hyperbola is 2, therefore Jr=2=r=4

(b)

(x+3)2+m(y—3)2 =m

(X+3)2 + 2

——rt(y-3) =t

(Ym)
Ellipse, centre (-3, 3)

[Notice that the centre of the ellipse is also the centre of the
hyperbola]

\/E<2

m<4

Since m is a positive constant, 0<m<4.
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4

The nth term of a sequence is given by u_=an’+bn+c

numbers are 2, 6 and 12.
(a) Find the values of a, b and c.

() Giventhaty L -1- 1 fing 3L
N+1’ '

n=1 un n=8 un

9758/01/J2PRELIM/2025
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Solution:

Q2

(@)

When n=1, u, =a(1)’ +b(1)+c=2
a+b+c=2 — (1)

When n=2, u, =a(2)2+b(2) +c=6
4a+2b+c=6 - (2)

When n=3, u,=a(3)" +b(3)+c=12
9a+3b+c=12 - (3)

Using G.C.,
a=1 b=1landc=0

(b)

Method ®:

AsS N - oo, —0
N +1

.f}i_

n:l n
yloyi oyt
n=8 un n=1 un n=1 un

:1_(1__£_j
7+1
_1
8
Method @:

$1_$1 $1

n=8 un n=1 n n=1 un

1 1
"8 N+1
AsS N - o ! -0
+1
. S 1 _
"éI_g
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3 A curve C has parametric equations

x =sin’t, y=1+2sint, —gstsg.
(a) Sketch C, stating clearly the coordinates of the endpoints and the coordinates of the
y-intercept(s). [2]
(b) Find the exact cartesian equation of I, the normal to C at the point (% 2} . [4]
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Solution:

Q3

(@) V4
(1,3)

(0,2)
\' ?(

(1-1)

(b)

o)

Since y=1+2sint,
1+2sint=2

sint =

t:

ola o

OR

Since X =sin’t

sin2t=l

4
sintzJ_rl
2

t =% ort= —% (rejected since y > 0)

X =sin’t y=1+2sint
dx . dy
— =2sintcost — = 2cost
dt dt

dy

dy gt _ 2cost _ 1
dx dx 2sintcost sint
dt

Whentzz, =i
6 dx 1
2

Q_|%

9758/01/J2PRELIM/2025
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Gradient of normal = —%

Equation of normal:

1 1
_2=__ X ——
y 2( 4j

y= - X +§ or 8y =—4x+17 (or any other equivalent form)

OR

Substitute (%2} and gradient of normal = —% into y=mx+c,

2= —l(lj-‘rc
2\ 4
_u
8
Equation of normal:
ot
2 8

c
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It is given that

Z—EX for 0<x<m
f(X)= T
Xsin X for w<x<2n

and that f (x)=f(x+2n) for all real values of x.
(a) Sketch the graph of y=f(x) for —n <x<4n. You do not need to label the coordinates of any

stationary point(s). [3]
(b) Find the exact area bounded by the curve y =f (x), the x-axis and the lines x=0 and x = 3?7:
[4]
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Solution:
Q4
(@) y
y=1(x)
(0, 2) (27'[, 2)
(m 0) (2, O)L (4m, 0) .
\\/F (m, O)\/ (3m, O)\/ > X
(b) J's%xsinxdx v .
™ u=x \—Xzsmx
SV 3%
=|-XCOoSX| 72— — oS X ) dx
[ ] I ( ) j—zzk—v:—cosx
=K—g—ncos”%—nj—(—ncosn)}+J.3%c0sxdx
2 2 -
=—m+[sinXx] i%
.3t .
=—TT+SIN—-—SINT
=-n—1
3n -
J.OZf(X)dX=%(n)(2)—J.:AXSinXdX
=n—(-n—1)
= (27t + 1) units?
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A sequence of negative real numbers u,,u,,Us,... is given by

-2
u=-1 and uMzﬂ, for n>1.
u,-1
(@) Giventhat u, —I| as n — «, find the value of I.

—2X+6
coordinates of the points where it crosses the axes.
(c) Hence show that u,,, >u, if u, <I.

n+1

(b) Sketch the graph of y=

9758/01/J2PRELIM/2025
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—x , stating the equations of the asymptotes and the

[3]
[2]

[Turn Over



12

Solution:

Q5

@ |Asn—ow,u -1, u,,—>I.
_—21+6
-1

Method @: Algebraic

I(1-1)=—-21+6
12-1=-21+6
12+1-6=0

(1+3)(1-2)=0
I =-3 or 1 =2 (reject "~ 1<0)
S 1==-3

Method @: Graphical

NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n
CALC INTERSECT CALC INTERSECT
Y2=("2X+6)/(X~-1)

Y2=("2X+6)r(X~-1)

Intersection Intersection

X="3 Y=-3 X=2 =2
I =-3 or | =2 (reject - 1<0)
S ==-3

9758/01/J2PRELIM/2025
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(b)

>

7

7
[

/7

=

(©)

—2u,+6
——-u
u, -1

n

—2X+6

From the graph of y =

Ifu,<-3,u,,-u, >0

Uy, >U, (shown)

n+l

—x,when x<-3, y>0.
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Relative to the origin O, the position vectors of points A, B and C are a, b and c respectively. It is
given that a is a unit vector and b is perpendicular to b-a.

(a) Show that 0<|b|<1. [3]
It is given further that |b| =% and C lies on AB such that AC:CB =2:1.

(b) Find the value of |a-c| and state the geometrical interpretation of |a-c]. [4]

[2]

|a><b|

(c) Find the value of .
laxc|
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Solution:

Q6
(a) | Let 0 be the angle between a and b .

Since b and b—a are perpendicular,
b-(b-a)=0

b-b-b-a=0

f —alllcos0 =0

Since a is a unit vector,
b’ ~|b|cos6 =0

(1) (o~ cos0) =0

|b| —cos6 =0, since |o| >0
|b| = cos6

If cosd =1, 6=0". This implies that a and b are parallel
which contradicts the fact that b and b—a are perpendicular.

Furthermore, cos6 =|b|>0. O

Since 0 <cos@ <1, 0<|b|<1 (shown)

OR

Since OAB is a right-angled triangle,

2" =of" +[o~af u

Since |a| is the hypotenuse and |a| =1, B A
|b| <1

Since |b|>0

0<|b|<1 (shown)

(b) | By Ratio Theorem, O
1 2
c=-a+-b
¢=38+3%
g1 c 2 A

9758/01/J2PRELIM/2025 [Turn Over
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|a«c|=a(la+gbj
a-g=ar32+32
:Ea.a+ga.b
3~ 7 377
1 2 :
:§g~g+§p~p,S|nce§~p=p«pfrom (a)
- [glaf +5lof
3 3"
1,2 2(1Y
=) +=| =
3() 3(2)
_1
2
OR
2
BA= 12—(lj =£
\ 2 2
pc_BA_Y3
3 6
V3
/BOC =tant| & [=Z
1 6

|a-c|=|c-a| is the length of projection of ¢ on a.
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(©)

Method @: Cross Product

laxb| _ [axb]
[axd ax(1a+2b)‘
ax| 28+
=.|2§Xp| , Where axa=0
g@xb
_ [axb)
Jaxt
_3
2

Method @: Area of triangle
Since b and b—a are perpendicular, and C lies on AB,

|§Xb| —|a><b|
|§x9| Angg
A
_ Area of AOAB 2
~ Area of AOAC
1 Cl
@08 g 5
=t
~(2)(08)
_3
2
Method 3:
sty s
jaxd] |§||9|Sin”‘
6

9758/01/J2PRELIM/2025
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It is given that the curve y =f(x) satisfies the equation Iny = %— tan ™ (eX )

(@ Show that (1+ e“)j—i+ ye*=0. [2]
(b) Find the Maclaurin series for y, up to and including the term in x°. [5]
%—tan’l(ex)
(c) Deduce the series expansion for y = T up to and including the term in x?. [4]
-X
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Solution:
o7
(@ Iny==—tan"*(e)
ldy___ ¢
y dx 1+(ex)2
(1+ ezx);}l—i——yeX
(1+ ezx)%-i- ye* =0 (shown)
(b)

(1+ ezx)g—i-i‘ ye* =0

X d2y dy X X xd _
(1+e™) =5 +—>(2e" )+ ye* +e —X—O

dx®  dx d
(1+ ezx)%Jr%(Ze“ +e")+ye =0
When x=0,
Iny:%—tan‘l(eo)zﬁ—gzo
y=1
(1+e2x)%+yexzo
d
(1+e°)d—i+1=0
dy__1
dx 2
2
(1+e°)—¥+(—%)(2e°+e°)+1=0
23%—§+1=0
d’y 1
X2 4

9758/01/J2PRELIM/2025
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(©)

Iny = %—tan‘l(ex)
f—tan’l(ex)

y=e

y zl—%x+%x2 from part (b)

= 1—£x+£x2 1+£x+§x2 +...
2 8 2 8

st te e Sy
8 2 4 8

=1+£x2+...
4

9758/01/J2PRELIM/2025
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The plane p passes through the points A, B and C with coordinates (1,0,2), (2,-1,3) and (—4,-1,0)
respectively.

(@) Show that a cartesian equation of p is X—y—2z=-3. [3]
2 2

The line | has equation r= 0 |+4| -1|, AeR.
5 -1

(b) Find the acute angle between | and p. [2]

It is given that a variable point R lies on p and is at a distance of +/22 from the point Q with
coordinates (3,4,-2).

(c) Find the foot of perpendicular from Q to p. [4]
(d) Hence describe geometrically the path traced by R. [2]
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Solution:
Q8
(a) 1 2 —4
OA=[0|, OB=|-1|, OC=| -1
2 3 0
2 1 1
AB=|-1|-|0|=|-1
3 2 1
-4 1 -5
AC=|-1|-|0]|=| -1
0 2 -2
1 -5 3 1
ABxAC =| -1 |x| -1 |=| -3 |=3| -1
1 -2 -6 -2
1
Anormal of pis | -1|.
-2
1 1 1
p:r-{-1|=[0]|-1|=-3
-2 2)\-2

A cartesian equation of p is Xx—Yy—2z =-3. (shown)

(b)

Method @:

Let the acute angle between | and p be 6.
Let the acute angle between the normal of p and the direction
vector of | be «.

1) (2
“1|l-1

w=cos NNV o1 5 a3 557300760

1| 2 J6/6

1] -2
2l -1

0 =90° - 33.55730976

— 56.44269024°

~56.4° (to1d.p.) or 0.985(to 3s.f.)
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Method @:
Let the acute angle between | and p be 6.
1 2
-1]|-1
p—sint 22 \ 7L
2
-1 || -1
-2 (-1
=sin™* L
Jo 6
=56.44269024°

~56.4° (told.p.)

(©)

Let F be the foot of perpendicular from Q to p.

Method @:
3 1
lor :7=| 4 |+p|-1|, ueR
-2 -2
3 1
Since F lieson ., OF =| 4 |+u| 1|, forsome ueR.
-2 -2
1
Since F also lies on p, OF | -1 |=-3.
-2
3 1 1
4 |+pu|-1||-|-1|=-3
-2 -2 -2
1(3+y)—(4—y)—2(—2—2u)=—3
3+6u=-3
>u=-1
3 1 2
OF=| 4 |-|-1|=|5
-2 -2 0

The foot of perpendicular from Q to p is (2,5,0).

9758/01/J2PRELIM/2025
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Method @:
QF =(Q—A-ﬁ)ﬁ, where fi is a normal vector of p
1-3 1 1 1 1
= 0=4 | —=| -1]||-=| -1
242 Jo -2 Jo -2
-2 1 1
S BB N ()
6
4 (=2 -2
1
=-|1
-2
3 1 2
~OF=0Q+QF =| 4 |-| -1|=|5
-2 -2 0
The foot of perpendicular from Q to p is (2,5,0).
(d) 2) (3) (-1
QF=|5|-| 4 |=| 1
0 -2
‘Q—F‘ = 1/(—l)2 +12422 =6
RF =y22-6=4
The path traced by R is a circle that lies on p with centre (2,5, 0) and radius 4.
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A Koi pond farmer introduces a circular patch of duckweed at the center of his circular pond to
enhance water purification and provide supplemental nutrition for his Koi, as shown in the figure
below.

Circular pond

Circular patch

a- of duckweed

Centre of both
pond and
duckweed

The duckweed grows over time t days, forming a continuous circular patch on the pond's surface. It
is assumed that the duckweed forms a thin, floating layer with negligible thickness. The rate of
increase of the area covered by duckweed is directly proportional to the area of the pond that remains
uncovered by the duckweed.

(@)

(b)

(©)

Given that the radius of the pond is 10 m, show that the radius, r m of the circular patch of

2
duckweed satisfies the differential equation% = @ k>0. [2]
r

The initial radius of the circular patch of duckweed is 1 m. Solve the differential equation,

expressing r in the form r = /P —Qe™ , where P and Q are constants to be determined.  [6]
Sketch the graph of r against t. [3]
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Solution:

Q9

(@)

Area of pond = n(loz) =100m
Area of duckweed = nr?

Since the duckweed grows at a rate that is directly proportional to the uncovered area of the pond,

i—?zk[lOOn—nrz] k>0

But,

A=nr?

d—A = 2nr£
dt dt

So,

2nr£= k(100 —r?)
dt

_dr_ Kk(100-r?)

c shown
dt 2r ( )

(b)

dr _ k(00— r’)
dt 2r
Separating the variables and integrating wrt t,

k
I1oo|r—r2 dr=o Jrar

—lj —2r . dar=Kisc
27100-r 2

—lln\loo—rz\zhnc
2 2

|n\100—r2\ = —kt—2C
‘100 _ rz‘ _ e—kt—ZC

100-r? =+e e ™
100—r? =Qe™, where Q =+e*¢
r’=100-Qe™

r=+,/100-Qe™
Sincer >0, .. r=4/100—Qe™

Whent=0, r =1,

1=/100-Qe°
1=100-Q
Q=100-1=99
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Hence,

r =+/100—99e ™

Where P =100 and Q =99

(©)

Since k>0,

10 -

-
—

9758/01/J2PRELIM/2025
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Mr Huat is saving for a car that he plans to buy in the future. He needs to save a minimum of $150,000.
A savings plan allows him to deposit $6,000 into a savings account on the first day of every month.
At the end of each month, the total amount in the savings account (including interest) is increased by
3%. Mr Huat makes an initial deposit on 1 January 2026.

(a) Show that the total amount, correct to 2 decimal places, in the savings account at the end of

December 2026 is $87,706.74. [2]
(b) Find the month and year in which the total amount in the savings account will first exceed
$150,000. Explain whether this occurs on the first or last day of the month. [6]

Mr Huat can also choose to save regularly in a different savings account which offers no interest. He

makes an initial deposit on 1 January 2026 of $6,000. On the first day of each subsequent month, he

deposits $d more than he deposited in the previous month.

(c) Find, in terms of d, the total amount in the savings account at the end of December 2026. [2]

(d) Hence, find the minimum value of d such that Mr Huat can buy the car by end of December
2026. Give your answer correct to the nearest integer. [2]
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Solution:
Q10
(@)
Month n Start of month End of month
1 6000 6000(1.03)
6000(1.03) +6000](1.03
2 6000(L.03) +6000 Leoo( )t Je02)
=6000(1.03)” +6000(1.03)
[ 6000(1.03)" +6000(1.03) + 6000 |(1.03)
3 6000(L.03)° +6000(L.03) +6000
=6000(L.03)" +6000(1.03)° +6000(L.03)
12 6000(1.03)"" +6000(1.03)"" +...+6000(1.03)+6000 | 6000(L.03)" +6000(1.03)" +...+6000(1.03)
n 6000(1.03)"" +6000(1.03)"* +...+6000(L.03) + 6000 | 6000(L.03)" +6000(1.03)"" +...+6000(1.03)

Total amount in the savings account at the end of December 2026
=6000(1.03)"* +6000(1.03)" +...+6000(1.03)

Sum of GP: First term=6000(1.03), Common Ratio=1.03, No. of terms=12
6000(1.03)(1.03% -1)

1.03-1
=87706.74269

~87706.74 (to2d.p.)
(b) | Total amount in the savings account at the end of the nth month
= 6000(1.03)" +6000(1.03)" " +...+6000(1.03)

Sum of GP: First term:6000(1.03), Common Ratio=1.03, No. of terms=n
_ 6000(L.03)(L.03"-1)
1.03-1
=206000(1.03" -1}

206000(1.03” —1) >150000

150000
206000
1.03" >1.7282

1.03"-1>

9758/01/J2PRELIM/2025 [Turn Over



30

Method @ to find least n: Algebraic
nin1l.03>1n1.7282
n>18.507

Least n =19
Total amount in the savings account will first exceed $150,000 on July 2027.

Method @ to find least n: Graphical

NORMAL FLOAT DEC REAL RADIAN MP n
CALC INTERSECT
Y¥2:1.7282

—

Intersection
X=18.508206 Y=1.7282

From the graph,

n>18.507

Least n =19

Total amount in the savings account will first exceed $150,000 on July 2027.

When n=18,
Total amount in the savings account at the end of the 18th month (i.e. June 2027)

- 206000(1.0318 —1)
—144701.2106

Total amount in the savings account at start of the 19th month (i.e. July 2027)
=144701.2106 + 6000
=150701.2106 > 150000

Hence, this occurs on the first day of the month.

(©)

Total amount in the savings account at the end of December 2026
=6000+(6000+d)+...+(6000+11d )

= %[6000+(6000+11d )]
= 72000+ 66d
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(d)

Method @ to find minimum d: Algebraic

72000+ 66d >150000
66d > 78000

d >1181.818182

Hence, minimum value of d =1182 (to nearest integer).

Method @ to find minimum d: Graphical

INORMAL FLOAT AUTO REAL RADIAN MP
CALC INTERSECT
Y2=150000

/

Intersection
¥=1181.8182 Y=150000

1

Hence, minimum value of d =1182 (to nearest integer).

Method @) to find minimum d: GC Table

NORMAL FLOAT AUTO REAL RADIAN MP
PRESS + FOR aTbl
X Y

1

1177 | 149682
1178 | 149748
1179 | 149814
1180 | 149880
1181 | 149946
150012
1183 | 150078
1184 150144
1185 | 150210
1186 150276
1187 | 150342

X=1182

Hence, minimum value of d =1182 (to nearest integer).

9758/01/J2PRELIM/2025
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(a)

(b)

32

2
(1 Show that 3X2 can be expressed as
(x+1)(3x* +x+1)
A Bx+C
+ )
Xx+1 3x*+x+1
where A and B are constants to be determined. [2]
. : 3x?
ii) Hence, find dx. 4
(1) J(x+1)(3x2+x+l) 3
2
The region R is bounded by the curve y = 3 , the line x =4 and the x-axis.
(x+1)(3%* +x+1)
2
(i)  Sketch the graph of y= 3 for x>0, giving the coordinates of any
(x+1)(3%* +x+1)
intercepts with the axes and the equations of any asymptotes. Shade the region R on your
sketch. [3]
(if)  Find the exact area of R. [3]
(iii) Find the volume of the solid generated when R is rotated through 2z radians about the x-
axis. [2]
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Solution:
Q11
(@)(i) 3x? A Bx+C

Let = +

(1+ x)(3x2+x+1) 1+X 32 +x+1

By comparing numerators, 3x*> = A(3x* + X +1) + (Bx + C)(1+x)

Substitute x =-1,

3(-1)° = AIB(-D)* + (-D+1]

A=1

Substitute x =0,

3(0)2 = (1)[3(0)2 +(0)+1]+[B(0) +C](1+0)

C=-1

Substitute x=1,

3(1)2 = (1)[3(1)2 +@)+1]+[B(1D)-1](1+2)

B=0

3x? 1 1
Hence, = -
(1+ x)(3x2+x+1) 1+X 32 +x+1
(a)(ii) 3x2
dx
(x+1)(3x2 +x+1)
s
Xx+1 3x“+x+1
=In|x+1|—E ;dx
3| ,2,X 1
)X+ o4 =
3 3
=In|x+1|—E ! dx
3

L.
<
N
J’_
W x
J’_
I/
ol
~—
N
|
I/
|~
~—
N
Wl

1 1
%6 36
2 6x+1
=In|x+1]-——=tan™ +C
J11 ( J11 j

9758/01/J2PRELIM/2025
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(b)(i)

I

3x?

o)

\\\\\\\\\ S

y:

(b)(ii) | Exact area of R
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(b)(iii) | Volume required
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EJ.O [(x+1)(3x2 + x+1)} dx

=0.715 (3s.f)
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