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TECHNIQUES

SYLLABUS

. Integration of
o f'(x)(f(x))" (including n=—1)
o f'(x)e"™
o sin’x,cos’ x, tan® x

1 1 1 1
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. Integration by a given substitution

. Integration by parts
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10 Integration Techniques

LECTURE 1

Lesson Outline

Integration as a Reverse Operation to Differentiation

Integration of Standard Functions

- (W)
- Exponential Functions

- Trigonometric Functions

INTEGRATION AS A REVERSE OPERATION TO
DIFFERENTIATION

Integration reverses the process of differentiation, i.e., for any constant C,

%(f(x)) = '(x) & [£'(x) dr = (x)+C .

d, . | | |
For eXample’ a(esm)c) = cosx e <> .[COSX &S dx = e 4 O .

Notes

2

%(f (x)) means ‘differentiating the function f(x) with respect to

(w.r.t)x’.

If (x) dx means ‘integrating the function f(x) w.r.t o x’.

Integration is distributive with respect to addition, subtraction and
scalar multiplication, i.e.,

j (af(x)tbg(x))dx=a j f(x)dx+h j o(x)dx .

INTEGRATION OF STANDARD FUNCTIONS

Recap integration of x" and (ax+b)", a#0 from ‘O’ level:

_[x”dx:leJrC,n;t—l jx_ldx=Jldx:1n|x|+C
n+1 X
[arsby de= @O Ly f(ax+b)‘1dx=f L
a(n+1) ax+b
ln|ax+b|
e e
a
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Example 1
Integrate the following with respect to x.

4 7 (1-x)(2x-1)
(a) 5x*——+ (b)
¥ (2x+1) e
(c);
\/x+2—\/;
Solution
5
(a) J5x4—i+ ! 3dx=5x —4ln|x|+7( il )
X (2x+1) 5 @) "
=xs—4ln|x|——7 >+C
4(2x+1)
(1=0Qx=1) 1 (=1+3x-2¢
b = dx
(b) 2«/_ 5 «/_
1 3
== | ——=+3Jx —2x7 dx
J - E
\/_ 3 3
1 x 3x* 2x?
IR A
2 2 2

© J 1 i@ ZJ 1 '\/x+2+\/§dx
Jx+2-x Jx+2-+x Jx+2+4/x
B Jx+2++/x 1 Y
_J(x+2>—(x> de=y 2 a
:% (x+32)2+§ +C==(x+2)2+—-x2
2 2
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2.1 Integration of f'(x)(f(x))"

=(n+1)(f(x))" f'(x),n=-1 and %ln(f(x)) I

n+l

From % (f (x))

integrate both sides with respect to x to get

fx)

For n#-1 For n=-1

n+l , . f,
[Py a=TD el [re(fe) dr= f%))dx ~In[f(0|+ C

n+l1

n+1
Examples of If’(x)(f(x))" dx = % +C where n#-1
n

(a) 2x)(x* +1)’ dx = @ +

v f(x)

C

[Fe]

.
(b) 2x)(x*+1)  dx =
N

f'(x)

(.

[t

.
(c) cosx sin’x dx=
J £'(x) [f(x)]u

(sin x)’
3

+ C

R
(d) sec’ x tan’ x dx =
5,_/ ——
J f'(x) [f(x)]rz

Examples of jf’(x)(f(x))‘1 dx = J ff'((x))

X

dx =In|f(x)|+C

2x )
(a) fx2+1 dx=In(x*+1)+C

2
(b) JM dx=1n‘x3+x2+1‘+C

X +xt+1
() Icotxdx= =ln|sinx|+C
@)  [tanxdr=

=—1n|cosx|+C=ln +C

COS X

=In|secx|+C

sin* x =(sinx)’

tan® x =(tanx)’
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Example 2
Find

(a)J k3
x +1

dx (b)J L

xInx

Solution
7x -
(a) dx=7sz x*+1) 2dx
N
7 1
Use [f(a(f(x)" dx = sz (x3 +l) 2 dx
n+l D —
_(ft) ey
n+1 1
¥’ +1)?
=z-u+(1=E ¥ +1+C
3 1 3
2

(b) J ! dx:fl.de
xInx x Inx

f'(x)
f'(x)
Use [0 = | — dx=In|lnx/+C
=Inlf(x)|+C In x

£(x)

! £'(x)
Use Imdx
f(x) Y
=In|f(x)|+C = o _4 dx=Inle —4‘+C
——

© |

1
1-4e™*

dx
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2.2 Integration of Exponential Functions

Based on the differentiation of ¢* and a*, a #0, we have the following

results:
1
Ie“‘*bdx:le“‘+b+C and  [a*dv=—-ua"+C,a=0,1.
a Ina
Differentiate '™ and a'™ respectively , we have the following results:
Je" dx=e"+C If’(x)ef(") dx=e""+C
x _ 1 X i f(x) _ 1 f(x)
Ia dx=—2a"+C If(x)a dx=—a"+C
Ina Ina

Examples of If’(x)ef("’ dx=e™+cC
r f(x)

(a) 2 e¥ dx= e¥+C
J f'(x)

(b) 2x e dx=¢e* + C

) @
f(x)
(c) cosx e dy =" 4 C
) '
( f(x)
(d) SCCZX etzmx dx :etanx+c
)
Example 3
Integrate the following with respect to x.
(a) 47 (b) (sinx+ xcosx)e™"*
etanx

(1+sinx)(1—sin x)



Use If’(x)af‘” dx

=a™+c

~ Ina

Use jf’(x)e“*’ dx

=e™+C

Use jf’(x)e“*’ dx

=e™+C
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Solution

5-3x _L _ 5-3x
@ [4 dx—_3J(3)4 dx

f'(x)

f(x)

(b) (sinx+xcosx) ™™ dx =

f'(x)

(c) J‘ | etanx . &
(14 sin x)(1—sin x)

2.3 Integration of Trigonometric Functions

2.3.1 Integration of Standard Trigonometric Functions

Recap integration of trigonometric functions from O-level:

Icosxdx=sinx+C

Icos(ax+b)dx=lsin(ax+b)+c,a;tO
a

Isinxdx:—cosx+C

Isin(ax+b)dx =—lcos(ax+b)+C, a#0

a

Iseczxdx:tanx+C

Isecz (ax+b)dx:ltan(ax+b)+C, a#0
a

Note that the angle x is measured in radians.

Also recap differentiation of trigonometric functions from Chapter 5:

Icoseczx dx=—-cotx+C

J‘cosec2 (ax+b)dx :—lcot(ax+b)+C

a

Isecxtanx dx=secx+C

Isec(ax+b)tan(ax+b) dx :lsec(ax—i-b)—i-C
a

Icosec xcotx dx =—cosec x+C

Icosec(ax+b)cot(ax+b) dx = —lcosec(ax+b)+ C
a
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Note

Other integration formulae of trigonometric functions which can be found
in MF 27, are given as follows without the modulus, you should add in the
modulus sign where it is necessary:

[tan x dx = In(secx)+C (| <im)
ICOtxdx=h’l(Sil’lx)+C (0<x<m)
_[cosecxdx=—ln(cosecx+cotx)+C (0<x<m)
[secx dr=In(secx+tan x)+C (Jx| < m)

Example 4
Integrate the following with respect to x.

(a) cos (% — 2xj (b) tanxsec* x
2 +sinx cosec’x
() > d ——
cos’ x (2+cotx)
Solution

(a) Jcos(%—bcj dx =

Itanxsec“ xdx=

4

_sec'x LC
© f2+smxdx J sin x dr
cos” x cos’ x cos X
=2tanx+secx+C
cosec’x
@ | dv=
(2+cotx)
1
= 4 n
(2+cotx)

Extra Practice

Annex B: Practice Question 1 — 4

f(x)=secx and
f'(x) =secxtanx

f(x)=2+cotx and

f'(x) =—cosec® x
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LECTURE 2

Lesson Outline

J Integration of Trigonometric Functions using Trigonometric
Identities

P(x) or P(x)
O(x) O

1
and

1
2 2 ’
a +x «/az—xz

o Integration of

. Integration of x| <a

2.3.2 Integration using Trigonometric Identities

The following trigonometric identities can be used to modify the
integrands, making them easier to integrate.

Double Angle Formula
sin2A4=2sin Acos A

cos2A=cos’ A—sin®* A=2cos* A—1=1-2sin’ 4

Pythagorean Identity
sin® x+cos*x=1
tan® x+1=sec’ x

1+ cot® x = cosec’x

Example 5
1 2
(a) Icoszxdx=J$dx

1( sin2xj 1 sin2x
=—| x+ + X+ +

2 2

b  [sin’x dxzj—l_cgszx d

=l(x_s1n2xj+czlx_sm2x+c

2 2 2 4

(c) jtanzxdxzjseczx—ldx:tanx—x+C n

10



Example 6

Find (a) jsinz xcos” x dx
Solution

(a) Isinz xcos® x dx

= I(sin X oS x)2 dx

10 Integration Techniques

(b) [sin® x dx

Alternatively
j'sin2 xcos® x dx

=l[x— sm4xj+c

8 4
:£_51n4x+c
8 32

()  [sin*x dv=[(sin’ x) dr

X
412 2

3 sin2x sin4x

1(3 2sin2x
==|=x- +

+
8 4 32

Jc

11



ACJC 2025/26 H2 Mathematics (9758)

Example 7
Find (a) j cos® x dx (b) j cos’x sin® x dx
Solution

(a) jcos3 x dx :Jcosxcoszx dx

For the second integral, let
f(x)=sinx and f'(x)=cosx

2 -3
f(x)=cosx and f/(x)=—sinx ‘(b) jcos x sin” x dx =
2 . 4 .
=Icos xsinx —cos xsin x dx

COS3.X' COSSX

=— + +C
3 5
Example 8
Find (a) Itan3x dx (b) J.sec“x dx
Solution

jtanxdx isin MF27. |(3) Itan3x dx = Itanxtanz xdx

For the first integral, let —
f(x)=tanx and f'(x)=sec’ x

2
:@—lnbecxHC

:%tanzx—ln|secx|+C

12
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(b) Jsec“x dx = jsecz xsec” x dx

For the second integral, let

(tan x)3 f(x)=tanx and f'(x)=sec’ x
= 3 +tanx+C

1
:gtan3x+tanx+C

P(x) or P(x)
Q(x) alx)

2.4 Integration of

AND

1 1
a’+x° Ja? — x?

Using the derivatives of tan™' x and sin™' x, we get the following, where

a is a constant:
1 1 o x
J ——dv=—tan"'| = |+C
a +x a a

Jrc

2.4.1 Integration of , |X|<a

Q| =

j; dx =sin™’ (
Na' —x°
Replacing x by x+ /4, we get:

J%dx:ltan‘l(ﬁh}rc
a +(x+h) a a

1
— dx=sin"'
J\/az—(x+h)2 o ( a

To apply the two
formulae, the coefficient

of x*> must be 1.

Note

From MF 27, we have i(sin1 fj = ! !
dx a

1 .
Hence, | ————=dx=sin"" Xlic.
a’ —x* a

13



ACJC 2025/26 H2 Mathematics (9758)

Example 9
Find

1 3
dx b) | —— dx
@) fl+3x2 ( )J«/6—2x2
3x* —2x+1 V6 +4x—2x

Solution

1
@) Jl+3x2dx -

Coefficient of x* is not
1, hence we factorise 3
out of the denominator.

= X2 tan ' SBx+C

Coefficient of x* is not

(b) J;dx: IERNSSTE IS
1. Take note of \/—

Joor VoA

Factorise out the
coefficient of x> and =
complete square

1
d —_dx =
@ j\/6+4x—2x2

Factorise out the coefficient
of x> and complete square.
Note that you cannot
factorise out —2.

14
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LECTURE 3

Lesson Outline

. 1
o Integration of —— and —
X —a a —x
. +
. Integration of fjx—q,a;to and Lﬂ[,p¢0,a<0
ax”+bx+c Nax* +bx+c
. 1
2.4.2 Integration of —— AND ———;
X —a a” —x
For a>0,
1 1 +
J =LY J —_dr=—Mm24C
X —a 2a |x+a a —x 2a |la—x

Note
In MF 27, the above formulae are given as follows, without the modulus:

f ! dx:iln(x_“}rc (x> a)

X2 —a? 2a x+a
f 1 dszln(a+x]+c (x| <a)
a —x 2a a—x
Proof
1 1
dx=] ——dx
sz—az J(x—a)(x+a)

~ 1 1

_JZa(x—a)_2a(x+a)

=Lln|x—a|—iln|x+a|+C
2a 2a
1

=—1In
2a

dx

X—a
+C

xX+a

15
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Example 10
Find (a)J > dx (b) J;
9—x? 2x*=2x-10
Solution
(@) f S dv =
9—x?
_s| 2 |4 ¢
2(3) 3—x
mP e
3—x
® [
2x* —2x—-10
- ln(x_%)_%| ‘C
2 2(5) (=) + 7
2x—1)—+/21
= ! ln(x )J_

px+q

2.4.3 Integration of ————, a#0
ax“ +bx+c
: : f'(x) :
Consider whether this formula o) dx = lr1|f (x)| +C can be applied. If
X
the integrand doesn’t fit the formula, evaluate the following cases:

Case 1 If ax’ +bx+c can be factorised, resolve into partial fractions
and continue integration using standard form.

Case 2 If ax* +bx+c cannot be factorised, the numerator is to be
expressed in the form Af'(x)+m , where m and k are constants

to be determined.
Let px+q =kf'(x)+m where f(x)=ax’ +bx+c

i_e_ffxidxz H@)+m
ax” +bx+c f(x)

:kJ' PO v m Jde
£(x) f(x)

Complete square

then use dx

112+)C2

16
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Example 11
Integrate the following with respect to x.
1- x+2
@) — b) 5———
(l+x)(1+x ) X" +2x+3
Solution
(a) x4 (by partial fractions)
—dx = artial fractions
L+t 2°) P
1 1( 2
= | —dx- —f T _d
I+x 2) 1+x

=1n|1+x|—%1n\1+x2\+c

(b) jx—”dx =

X +2x+3

1

:lln‘xz +2x+3‘+C'+J—2
2 (x+1) +2

:%ln‘xz +2x+3‘+itan‘1 x+1+C

NN

+
2.4.4 Integration of L,
Jax* + bx+c

Let px+q = kf'(x)+m where f(x)=ax’ +bx+c

p#0,a<0

_ pxt+tq kf'(x)+m
dx= | ———
Jax® +bx+c JE(x)

) o

1
dx
,/f(x JE(x)

Complete square

then use dx
a*—x*

17

For the second integral,
let f(x)=1+x and
f'(x)=2x

For the first integral,
let f(x)=x+2x+3
and f'(x)=2x+2
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Example 12
X .
Integrate —————= with respect to x.
2x—x°
Solution

Jde:
N2x—x?

1 2-2x 1
L e SN DEN SN
2J) N2x-x? J(x1)2+1
1

2x—x")?
:—lwvtsin_l(x—l)JrC
2 5

=—\2x—x* +sin”’ (x—1)+C

Example 13 (Miscellaneous)

Find
1 X 1

—dx b dx dx
(@ 4+9x ( )f4+9x2 (© J4+9x2
@ [——d&  © Jde 0 J%dx

V4-9x V4-9x° V4-9x°
Solution
(a) : dx=11n|4+9x|+c

J 4+9x 9

F x
b dx =
®) J 4+9x?

:iln\4+9x2\+c
18

:%ln(4+9x2)+C

18



1
d
@ V4 -9x
_(4-9x)
(3)(-9)
=_§m+c
(e) = dr=
4-9x2
14494
18
1 ;
_54/7_
(0 J L -
4-9x*
_1J !
)G ¥

Extra Practice

Annex B: Practice Question 6

19
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LECTURE 4

Lesson Outline
. Integration by Substitution

o Integration by Parts

3 INTEGRATION BY SUBSTITUTION

If the given integrand is not in one of the standard forms, we can transform
it into one of the standard forms by changing the variable involved in the
integration with a given substitution.

For example, I 2x(l + 2x)5 dx using the given substitution u =1+2x.

u:1+2x:d—u:2
dx

.
[2x(1+2x) de = | 2x(1+2x) ;ﬂ du
J u

After integration, replace =_
back the substitution. The 2
final expression should be

in terms of x again. — 1 (1+2x)7 _E(l+ 2x)6 +C

7 6

20
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Example 14
By means of suitable substitutions, find

! (et x+1=1)

dx
® J(x+1)\/x2+2x _ _ u
(b) j J1-4x7dx (let x=%sin6’)

Solution

1 dx 1
a tHl=—o —=——
@ x u du u’

1 3 1 dx .
J(x+l)\/x2+2x dx_J(Hl)\/(erl)z_l dud

2
J - (—%J du
1-u*\ u

:J— ! du
NI

=—sinu+C

(b) x:lsinﬁzﬁzlcose
2 de 2
[1-4x* dx=
o, 1
:J\/l—sm H-ECOSQde

:ljcoszﬁdg
2

do

ljcos2¢9+l
2 2

=l(sm226?+9j+c

4

=i(sin0cos€+9)+€

_ i(2x\/l — 4% +sin”! 2x) +C

Alternatively,

J &=

1
Thus cos ' ——+C is also
x+1

du =cos'u+C.

an alternative answer.

Note that the final
expression must be
in terms of x. Why

B | cosO@=+1-4x*7?

21
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4 INTEGRATION BY PARTS

From the product rule for differentiation,

where u and v are functions of x.

Integrate both sides with respect to x,

o[

Rearranging the equation, we get

(e )

Notes

o This method is used when any of the previous methods fail. The
integrand is a product of two functions, where one is to be
integrated, while the other is to be differentiated.

. A useful guide for the choice of u is provided by LIATE in this order
of priority

The following will serve as a guide (not a rule) in choosing the function to
be differentiated.

L — Logarithmic functions e.g. ln(x — 2)
I —Inverse trigo functions e.g. sin”'(3x)

A — Algebraic functions e.g. V1-5x*, x> +3

T — Trigonometric functions e.g. tan4x

—3x+1

E — Exponential functions e.g. e

PIIBDUIIYJIP 9q 0} UOTOUNJ
o) J10j Qouarojard Furseardd(

P
N |

22
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(a) jxlnxdx (b) jlnxdx
Solution
(a) xInx dx =
J‘dv u Z/lzlnx
dx
:%lenx—%jxdx du 1
) ) dx x
=—x*lnx——=x*+C
2 4
(b) jlnxdx:
u=Inx
1 du
=(Inx)(x)—| (x)| = |dx — =
(n2)()- [ ([ 2] o
:xlnx—Jldx
=xlnx—-x+C
Example 15
Find

(a) jxtan“ x dx (b) j cos” x dx

Solution

zlx2 tanlx—ljl— !
2 2

(©) j e sin x dx

dx

1+ x°

1 1
=—x’tan™" x——(x—tam_1 x)+C
2 2

1 _ _
:—(xztan 'x—x+tan 1x)+C

23

dv
—=x
dx
x2
Uu=—
2
ar_,
dx
u:
dv
— =X
dx
u=



u= cos_1

&|&
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(b)
b,
dx
u=
©
dv .
— =SInx
dx
u=
dv
— =COSX
dx
u=

24

J.cos’lx dx:J. 1-cos' x dx
—
dv u
dx
_ 1 1
= XCOS 1)C—EJ.(—zx) (l—xz) dx
1— 2 3
:xcosflx—l( x) +C
2 1
=xcos ' x—l1-x*+C
J.ezxsinxdx =
"
=™ cosx+2Je“ cosx dx
u dv
dr

J‘e“ sinx dx =—e** cos x +2e** sin x — 4I e**sin x dx

:SJ.eZ" sinx dx =—e* cosx +2e** sinx+C

:Ie“ sin x dxzéezx (2sinx—cosx)+k wherek:g
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ANNEX A: SUMMARY OF FORMULAE

Formulae Found in MF27

(
(! dx:sm*(fj+c (x| < a)

JANa —x a

(1 dxziln(x_aj+c (x>a)
J x*-d* 2a x+a

1 1 a+x

) 7 dx=gln(a_x)+c (|x|<a)

Itanxdx=ln(secx)+C |x|<%n)

jcotx dx=In(sinx)+C 0<x<m)

jcosecx dx =—In(cosecx+cotx)+C 0<x<m)

e~~~

Isecx dx =In(secx +tanx)+C |x|<%n)

Formulae not in MF27

n+l

X

[ea=2"sc we ot
n+l
n+l
I(ax+b)”dx:M+C, n+-1
a(n+1)
n+l
jf@ﬂfunﬂhz(ﬂ”) +C,  nz-l
n+l1
(1
—dx=ln|x|+C
J x

ro1 In |ax +b|
dx = +C

J ax+b a
(‘fl(x)
J f(x)

dx = In|f(x)[+C

25
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26

Ie"dx=e’”+C J-a"dx— +C

ax+b

Ie”‘”” dx = +C

a
[ dr=e"+C

cosxdx=sinx+C
sinxdx=—-cosx+C
sec’ xdx=tanx+C
secxtanx dx=secx+C

cosecxcotx dx =—cosecx+C

Integration by parts: J(u gj dx=uv- J (v d_uj dx
dx dx

LSS S S— S— —
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ANNEX B

Practice Questions on Integration Techniques

Find the following integrals.

1 @ [ a () [(2-5x) dx (c)f 2 i
1-3x
4
d dx
( )fl—?;x
2 (@ [(e+e”) (b) [5dx (© [xe>dv
(d) [e*** sin2xdx
(" 2
3 (a) jsinx Jeosx dx (b) %dx (c) x—ldx
(3x2—4) J X} =3x
2 r
4 (a) J T dx (b) [tan2x dx (©) cot(fj dx
x +1 J 3
e’ e [ T
d dx e dx sin| 4x—— | dx
( )JZex+3 ()J1—4e" ® J ( 4)
5 (@ [cos’ 2x dx (b) [cos x dx (¢) [tan”5x dx
6 Use the formulae in MF27 for this question.
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Answers
5 1
1 (a) ;xS +c (b) —51—0(2—5x)10+c (©) —§1n|1—3x|+c
L, 2 5 2
(d) Zx +§x +Xx +2x+ln|x|+c
2 (a) lez"—L%rchrc (b) L52"+c (c) le“2 +c (d) —le°052x+c
2 2e*" 2In5 6 2
3
3 (a) —z(cosx)E +c (b) —;2+c (©) 2\/x3 —3x+c
3 12(3x" - 4) 3
1 1 1 X
4 (a) gln‘x +1‘+c (b) —Eln|c052x|+c=§1n|sec2x|+c (¢) 3In s1n§ +c
(d) l1n(2e”+3)+c (e) lln‘1—4e_" +c () —lcos(4x—fj+c
2 4 4 4
1 1. 1 . 1 . 3 1
5 (@) —x+—sm4x+c (b) —sindx+—sin2x+—x+c (¢) —tanSx—x+c
2 8 32 4 8 5
1 2x L. 2x 1 [2x—5 1[5 +24]
6 (a) tan” —=+c (b) —sin”' ==+c(c) In +c (d) In e
5 5 27 5 45 |2x++5] a5 |5 -2x|
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