2025 H2MA Prelim Paper 1

1 Solution [4] Complex Number
(a) Method 1
£(~1)=0
a(=1) +b(=1) +c(-1)+d =0
—a+b—c+d=0
b—c+d—-a=0 (D)
f(4+i)=0

a(4+i) +b(4+i) +c(4+i)+d =0
a(52+47i)+b(15+8i)+c(4+i)+d =0

Comparing real parts,
15b+4c+d+52a =0 -—memmmmmmmmem- (2)

Comparing imaginary parts,
8 +c+47a=0 3)

Solving (1), (2) and (3) using the GC,
b=-7a,c=9a and d =17a

Method 2
Since all the coefficients of f (x) are real,

4+i and 4—i are conjugate roots of f(x)=0.

f(x)zax3 +bxX* +ex+d
=alx—(4+i)|[x-(4-i) |[x+1]
:a[x2 —8x+17}[x+1]
:a[x3 —7x2+9x+17]

=ax’ —Tax* +9ax+17a

b=-7a,c=9a and d =17a

River Valley High School




2 Solution [6] Inequality

9 x+5
1-x° A x+1
9—(x+5)(1—x) <0
(x+1)(1—x)
9—(—x2—4x+5)
(x+1)(1-x)
x> +4x+4
(x+1)(1-x)
(x+2)2

(x+1)(1-x)

<0

<0

<0

® d &
-3 =1 \

x<—=lorx>1, x#-2

(Alternatively, x<—-2 or -2<x<-1 or x>1)

9 e +5
2x < X .
e +1

l-¢

Replace x with e"in the previous inequalitry,

e <—-1 or ¢ >1
(no solution since ¢* >0 for xeR) x>0
(Note e* = —2 is always true)

Thus x>0.

Alternative presentation:

e'<-2or 2<e" <-1 or e >1
(no solution since e* >0 for xeR) x>0
Thus x>0.
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3 Solution [6] Complex Numbers

22 —(142i)z+1+7i=0
In the above equation, a=1, b=—-1-2i, c=1+7i
Z:—bi\/b2—4ac
2a
1421 % (~1-2i) - 4(1) (1+7i)
i 2(1)
1+2i+/4i—3-4-28i
- 2
_1+2ixV-7-24i

2

We want to find -7 —-24i.

Let /-7—-24i =x+iy, x,yeR
~7-24i=(x+1iy) (%)
~7-24i=(x" =" )+(21)i
Comparing real and imaginary parts,
x* =y’ =-7 —(1)

2xy=-24
X= -2 --(2)
y
Substitute (2) into (1):
2

(__lzj - y2 =_7

y
144
—- V' ==7
144 - y* = -7y?

yt=7y"-144=0

2 2 _
(»*-16)(»*+9)=0
y*=16=0 or »*+9=0
¥ =16 y*=-9
y=14 (rejectas y € R)

When y=4, x=-3.
When y=—4, x=3
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The square roots of —7—241 are 3—41 and -3 +4i.

1+2i+(3-4i)

Hence, z =
2
1+21+3—-4i 1+21-3+4
Z=——— Of zZ=————
2 2
z=2—-1 or z=-1+3i
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Solution [6] Summation

(a)

I
—_

| |
_UV+D+IJ_OXL+D
11

T N+2 2
11

"2 N+2

(b)

Srr+l) S+

R £ A
8[;”(”+l)_r—1 F(i’+1)j_Zr(r+1)

r=1
gy ! oy !

Sr(r+l) S+l

0 k
g 1 1

ASn—)oo,L—>0.HenC€ ! =1.
n+l S r(r+1)

k 1

8(1)=9
o r(r+l1)

k 1 _§

—r(r+1) 9

L

k+1 9

k8

k+1 9

k =
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5 Solution [7] Integration by parts
(a) J- X oo 1 2x dx
16 —x* 2 (4)2 ( 2)2
1. [xzj
=—sin | — [+c
4
(b)

_Ix_z.de

2 Jl6—x*

1 x°

e L B
2'[\/16—x4

11 —4x°
| = || —=—dx
2( 4JJ.\/16—x4

Alternative 1
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2
Let u=sin"' X , sz
4 dx 2

1
—Xx 2
du__ 2 X
dx l—i 4
16
x2
I—sml{—jdx
4
1x
2 2 2 ~
=X gin'| —Ix— 2 dx
4 4) e T8
16

2 x*
16
X4
X 1 _R
="_sin'| = |+ +C
4 2 1
2
x2 x2 4
= —sin”'| — |+,[I-—+C
4 4

Alternative #2
Consider J.sin*1 (x)dx
Let u=sin"! (x),

d_u_ 1
dx 1-x?
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=xsin” (x)+V1-x" +¢

Then [sin”' (f)-f'dx=fsin™ (f)++/1-f? +c where

f isafunctionin x.

2 2 2 22
J-fsin_l T olde=Zsin"| 2 |+, J1-| 2| +e
2 4 4 4 4
2 2

Solution [6] Abstract Vectors

mxn is a vector perpendicular to both m and n.
Thus, m-(mxn)=0.

(2)

O—M = l(a+c)
2
MR 1s perpendicular to p, so MR is parallel to axb.
MR =A(axb), for AeR
OR—-OM = A(axb)
OR =%(a+c)+/i(axb)
Thus, R is a set of points on the line ( given by the equation

r=%(a+c)+/1(axb),/1€R

(b)

pr=ca+pfb,a fecR.

At point of intersection,
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%(a+c)+/1(axb) =aa+fb (%)
Scalar product (*) with a,

%|a|2 +%a'c+ﬂa~(axb): oz|a|2 +fa-b
1 1

—+=(2)=a
> 2( )

1
a=——=

2

Scalar product (*) with b,

%b-a+%b-c+/1b-(axb):ab-a+ﬁ|b|2

1

S@=p

B=2

.. . . U |
Position vector of the point of intersection is — 5 a+2b.

Alternative

Since a, b are perpendicular unit vectors parallel to plane p,
axb would be perpendicular to a and b (and thus to p).

Thus, OM = aa+ fb+yaxb forsome «,f,y R
Since X is the foot of perpendicular from M to p,

afzaa+%
where
a=0M-.a
=l(a+c)-a
2
1 1
=_—_aea+—Cea
2 2
1 1
=—(D+=(-2
50 2( )
_ 1
2
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10

B=0M:b

= %(a+c)-b

1
= —a-b+lc-b
2 2

1 1
ZE(O)+5(4)

=2

.. . : .1
Position vector of the point of intersection is — Y a+2b.

7 Solution [7] Differentiation and Applications

(a) X' +y -4y =xy

2x+2yd—y—4d—y:y+xd—y
dx  dx dx

(2y—x—4)%+2x—y=0

(2y—x—4)%=y—2x

(b) Area of triangle OMN, A

—2(3)() =15

© A=15y
4 _dddy

dv  dy dx

=1.5d—y
dx

_qs5| ¥
2y—-x-4

(d) At stationary point,
d4

—=0
dx
1,5(%_2)6}:0
2y—x—-4
y=2x===()
x* +(2x)2 —4(2x) =x(2x)
3x*—8x=0
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Solving,

X = % or x =0 (Rejected since x =0 = y =0, using (*))

Note:
GC skills to check your answer.

X4y =4y =2y
YV =(x+4)y+x* =0
(x+4)tJ(x+4) —4x7
y:
2
y_(x+4)i\/(—x+4)(3x+4)

2
This implies that the maximal set of values of x for

(x+4)£/(=x+4)(3x+4)
I 2

to be valid is —%st4.

To find the max value of 4=1.5y is equivalent to
finding the maximum value of y .

(x+4)+(~x+49)(3x+4)
2 3
the coordinates of the maximum point.

Use GC to graph y = to find
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Solution [8] Maclaurin’s Series

(a)

(1+9x2)d—y:3
dx

2
(149x)9Y 118, ¥ 3 ¥
2
dx dx dx

d’y dy
1+9 +(18x-3)—=0
( X)dxz ( * )dx

(b)

dy

dZ
(1+9x) 2 4 (18x=3) 2 =0
* dx? ( * )dx

d’y

(1+9x 2)—+18 d—+(18 SR
di? A d

3
Whensz,y:eZ,%2362 3;2} 9¢?, %=—27e2

2 2
2
y:€+3&x+%;xk—7ex?+

9¢? 9¢*
=e’ +3e’x+—x" ——x +-
2 2

(©)

Iny=2+tan"'3x

2+tan”'3 2 _tan"!3
y=e f=ee™
tan~' 3x _ Y
© =7
€

=1+3x+2x2—2x +ee
2 2
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9 Solution [8] Graphing techniques
(a) dy g b—2a
A (x+2)
. . dy
At stationary point, — =0
Iy p or
_b-2a _
(x+ 2)2
b—-2a
a= >
(x+2)
(x n 2)2 _ b - 2a
a
Note that (x+ 2)2 >0 forall x.
Hence, b-2a >0
a
Since a > 0 (given in question), b—2a >0
Since a # %b (given in question), b—2a >0 (or b>2a)
b
®) y=x+3+
x+2

y(x+2)=(x+3)(x+2)+1
xy+2y=x"+5x+7

X +5x—xy+7-2y=0
x2+x(5—y)+7—2y=0

Find values of y where b° —4ac<0:

b —dac=(5-y) —4(1)(7-2y)
=25-10y+y> —28+8y
=y’ -2y-3
=(r+1)(r-3)

(y+l)(y—3)<0

-1<y<3

Hence y cannot lie between —1 and 3 (shown).
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(©)
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10 Solution [9] [Functions|

@ |a=-2

(b) 1

—=x+2 sincex>-2
N

(©)

(d) | R, =(0,»), D, =[-1,»)

Since R, < D,, gf exists.

D, =(-2,00)—L—(0,00)—£—[a,b) =R,
Therefore R, = [a,b)
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Solution [10] Integration (Area)

(a)

J

1)

I\ Ea \f 7(
Hp) © 2,9

(b)

dy
When x=1, —=—-+/2
dx

y=2==2(x-1)
y=—ﬁx+2\/§

(©)

Jlﬁ\/4—2x2 dx

=f2\/4—2(\/55in0)2\/§cos6’ do

T

4

:J’”E\Mcos2 02 cos 6 d6
3

:1220059\/50056’ do
3

= 2\/5_'-2 cos’ 0 d6
n

:2@[2# do
4

x=+/2sind

ﬂ= 2cosd
do
When x =1, o9=%

Whenxzx/i, 6:%
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=x/§j,?l+cos26’ do
%

:ﬁ{9+%sin20}2
4

() Ny

Area of region

-2(2)0-a(5-3)
RN

2 4 2

= 2——27r units’
4
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12 Solution [11] Normal to parametric curve
(a) 5 y
gid
LQJ R/ 1
N >F7(
b
®) x=6¢-5 y=2t"+1 wheretZ%
N Yy
dt dt
b _4_2
dx 6 3

When =1, d—y=2:>gradient ofnormal at 1 =1 is 3
dx 3 2

When =1, x=1 and y=3

Alternatively

x=6t-5 y=2t+1 wheretZ%

Thenyzﬁ(x+5)2 +1, %:é()H_S) where x >0

When ¢ =1, then x=1,y=3,d—y=l(1+5)=z
dx 9 3

Eqn of Normal: y—3=—%(x—l) :y=—%x+%
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(©)

Tangent to C at point M, gradient is

2 2
Z1=2(3)=2

Tangent at M Note :

8, =tn™(2) s -E tan ' xg L
Oa=—tom'(-X) ton~ 3) gwes a negutive value.
Normal at P

0, +0,

=2.089942 or 119.7°

Required acute angle
=71 —2.089942 or 180" -119.7

=1.05 or 60.3

(d)

D has parametric form x—5=6¢—5 and y+3=2¢ +1.

Consider
x—5=6r-5

X =6t

Consider
y+3=2+1
y=2t-2

D has parametric form: x=6¢, y=2¢"-2.

(e)

Curve C: x=6¢—5 and y=2¢"+1, tz%

9
Curve E: x=Tu and y=—, u#0
u

Since curves C and E intersect, we equate the x- and y-
coordinates respectively.

Equating x=6¢—5 and x="Tu:
6t—5="Tu
6t-5
u=—— (1
- (1)
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Equating y =2¢>+1 and y = 2 :
u

2w 122 )
u

Substitute (1) into (2):

9
2 1=
Erl= s

7
3

2w 1=
6t -5

(262 +1)(6t-5)=63

1268 —10£° + 6t —5=63

126 —10¢> +6t—68=0

61 —5t> +3t—-34=0 (Shown)
(t-2)(6£ +bt+17)=0

Compare ¢ term:

17-2b=3

b=17

(t=2)(6£ +7t+17)=0

t—2=0 or 6 +7t+17=0
t=2 (Not Applicable., justification below)

EITHER (discriminant)
For 6 +7t+17,
discriminant = »* —4ac

~(7) ~4(6)(17)
=-359<0

and coefficient of #* is positive
. t=2 1s the only real root and this implies there is no
other point of intersection.
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OR (completing the square)
6> +7t+17=6 t2+zl+l_7j
6 6
(7Y (7Y 17
=6||t+— | | —| +—
12 12 6
2
=6 t+l +@>0
12 24
When t=2,
x=6(2)—5 and y:2(2)2+1
x=17 and y=9
The point of intersection is A(7,9).
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Solution [12] Differential equations

(a)

Let % and %be the rate of roasting of coffee beans

and rate of coffee beans sold respectively.

%=10 d—Bocx2 = d—B=
ds dt dr

dr_d_BB 1
de  dr dt

When x =35, %20:
dr

]OCZ

b

0=10-k(5)’
25k =10

= ——(x2 —25)

1 2
Jags b=l
1

——1In
205

x-=95

x+5

2
=——t+c

5

(b)

Let (ii_(tj and % be the new rate of roasting of coffee

beans and rate of coffee beans sold respectively.

dc B, dB

—=3x, —ouxx’ => —=k’
dr dt dr
g:d_c_d_B:h_k,f

de dr dr

When x =6, g=6:
dt

River Valley High School




23

6=3(6)—k(6)
6=18-36k
36k =12

k=1
3

dx —3x—lx2

'dt 3

(©)

%:3x—lx2
3

dr

= %x(9—x)

de.dt

-[ (9 x
jé@ ﬂ)cbc j dr
J;+dezj3dt

1n|x|—1n|9—x|:3t+c

In =3t+c

9—x

X

9—x
x
9—-x

x=A4e¥(9-x)
=94e” —xA4e”
x+xA4e’ =94¢e™
x(1+ 4e™)=94¢™
94¢e™
T 1t A"

_ 3t+c

= Ae”, where 4 = t¢°
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When 1=0, x=13.5:

94e*
X=—
1+ Ae™
135-24
1+ 4

13.5(1+4)=94
13.5+13.54=94

4.54=-13.5
A=-3
9 _3 3t
_9(=3)e
1-3e*
—27¢*
X=—
1-3e*
27¢* 27
X:T or x = =y
3e”" -1 3—-¢
27¢* 27

Ast—>oo, x= -9

3¢ -1 3-e

In the long term, the amount of roasted coffee beans
remaining in the cafe will stabilise at 9 kg/approaches 9 kg.

x kg
N\

13.5

t days

(d)

There is always roasted coffee beans left in the inventory
for selling.

OR

The amount of roasted coffee beans stabilizing at a
particular value allows the owner to plan for storage of
adequate capacity.
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