SUMMARY: Vectors

A. Basic Results

-

Equal vectors: a=b < [a|=|b| and a, b are in the same direction
Parallel vectors: a//b<a=Ab forsome L eR, 1 =0

Ratio Theorem: If P divides AB in the ratio A:p (AP:PB=A4:u or
then OP = #OA+40B i MmF27)
A+u

If P is the midpoint of AB, then oP :%(a@r(ﬁ)) .

.

Collinear points: A, B and C are collinear < AB = 1AC for some AeR, 10

Ezi)
PB u”
U
i P B

E. Some Applications

/

Position vector of point P (relative to O) is OoP.

B. 3-D Vectors

. a
If OP isgiven by r=ai+bj+ck =[bJ, then
C

Modulus of OP, |r| =|O_P'| =+a?+b? +c?

Unit vector // to OP, # =

oP_ 1 a
Iﬁl Jaz+b?+c?lc

/

C. Scalar Product (Dot Product)
Definition: a.b =|a|bjcos@ where @is the angle between a and b.

0 0
b b ,/’(/6’ b
2, by 2, (b
Ifa=|a, |, b=|b,|,thenab=|a, || b, |=ab +ab, +a,b,
a3 b3 a3 b3

aa=la’
albesab=0

Q) (i) ab=ba
NG

/

-

<

D. Vector Product (Cross Product)

axb

1. Angle between a and b: cosH:ﬂ
lallbl
Eg: cos ZABC = %
|BAl[BC] .
a 1
2. Projection/Perpendicular: : ‘axél|
Length of projection of aon d =|a.6I| 0 .
Length of component of a L d —laxdl| " d
a.d
Vector component of a in the direction of d =(a.d)d
3. Areas: D C
Area of parallelogram ABCD =|AB x AD|
Area of AABD =l|ﬁ « AD|
2 A B
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Definition: axb=(|a||b|sin¢9)ﬁ and |axb|=|a]|b|sing

where fi is a unit vector perpendicular to aand b

@is the angle measured from a to b.

—

i.e. axbis a vector perpendicular to both a and b.

Ifa=|a, |, b=|b, |,thenaxb=|a, x| b, |=| &b, —ab, | (in MF27)
8 b3 & bs aibz_azbl

@axb:—bxa (i) a//lb & axb=0 saxa=0

/
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- P : Equations of Lines
@ Reflection of Point in (a) Line (b) Plane \ e To show: A Point lies on a (a) Line (b) Plane
ane

(a) Reflection of point in Line (b) Reflection of point in Pl Vector form: r=a+Ab, 1eR A b P . ] .
Given: L: r=a+1b Given: /T rm=d Parametric form: x =a, + Ah, — (a) Point lies 0? a Llnle (b) Point lies oln a Plane
.v.of point P i .v. of point P is )= . .
p-. OTpoINt Fis P Py OTPOItFIS P y=a,+ab, a ; r Given: L: r=| 0 [+4] 2 Given: /T r.| 0 |=3
IP P Z=d, +)vb3 [e) 1 3 2
A c — ) — — .
. IN A Cartesian form: > b% =2 baz =14 To show (2, 2,4) lieson L, | To show (1, 1, 1) lies on /7,
1 2 3 2
1
B P o _ Sub. r{i] and show that | gp. r_{lJ
Step 1: Find ON where N is foot of perpendicular from P to L or /7 Equations of Planes 1
Step 2: M1: Since ON =%((Tp+ﬁ) , Parametric form: r=a+Ab+uc, LucR % ? Is ‘|3|025'5tent_ (same value) | ;4 show that LHS = RHS.
T Scalar Product form: r.n =a.n orall 3 equations.
OP'=20N - 0P or r.i=an
— — s . ~—
\ M2: PN =NP' = Find OP / 1 distance from O to plane
Cartesian form: ax+by+cz=d (fromr.n=d . .
Y ( ) Angle @between (a) 2 Lines (b) Line & Plane (c) 2 Planes
Perpendicular Distance from Point to (a) Line (b) Plane (a? £ between 2 Lines (b.)L{ bet. Line & Plane (c?i between 2 Planes
Given: L :r=a+Ab Given: L:r=a+1b Given: If, :r.n, =d,
(a) L Distance from Point to Line | (b) L Distance from Point to Plane L :r=c+ud IT:ron=d I, :rn, =d,
Given: L: r=a+4b Given: IT rn=d Let ¢ be the angle bet. L
p.v. of point P is p p.v. of point P is p VECTORS b.d &nof 7T oo
M1: Find p.v. of N, foot of L from | M1: Find p.v. of N, foot of L from (LINES & PLANES) cosd = Tbl[d] cosd = b.n cosf = | ——2
point P to line L. point P to plane /7. bl[n] n,||m,
.. L distance = Wl . 1 distance = |ﬁ| 5 0=90°—¢
M2: 1 distance = |E5 X fll M2: 1 distance = ‘ﬁlﬂ or sin@ = |b.ll|
(See diagram below) (See diagram below) [bl[n|
Relationship between
Line & Plane - : :
F ) Eoot of Perpendicular from Point to (a) Line (b) Plarh . () Intersection between (a) 2 Lines (b) Line & Plane (c) 2 Planes
‘r=a+Ab --
(a) Foot of L from Point to Line | (b) Foot of L from Point to Plane . .
Given: L: r—a+ ib Given: /7 rm=d IT:rm=d --(2) (a) Between 2 Lines |[(b) Between Line & Plane | (c) Between 2 Planes
p.v. of point P is p p.v. of point P is p (a) Parallel L:r=a+Aib—(1) L:r=a+ib—(1) 11, :rn, =d,
P P Lo:r=c+ud -2 ‘r.n = - I7, :rn, =d
A I by n b.n=0 and an = d ? #d —~2) firn=d -(Q) 2-rn7 _2
. ¢ L A Put (1) = (2) & solve | Sub. (1) into (2) to find | M1: Equation of line of
- N e _17 . (b) Line on plane 2 eqns for 1 & u. i intersection is
ML - M1: N is point of intersection of /,, & 1. b.n=0 and an =d Check that A & Then put 4 into (1) r=a+A(n, xn,)
(i) NliesonlineL = ON =a+ b Ly ir=p+An --(1) satisfy the 3rd eqn. to obtain p.v. of point. [ais p.v. of any pointon 77, & I7, (e.g.
for some real value of 4 IT:rm=d —(2) (c) Line intersect plane Sub. A into (1) set z=0 and solve eqns of /7, & /1,)]
(i) PN.b =0 = Solve for 2 Sub. (1) into (2) to find 4. at 1 point [or x into (2)] M2: Convert eqns of 77, & 17,
M2: AN =(4P.b)b M2: PN =(PA.i)i where A s any pt. on 77 b.n =0 to obtain p.v. of point. thCartesmn form. Solve using
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(a) Point lies on a Line

e To show: A Point lies on a (a) Line (b) Plane
(b) Point lies on a Plane

1 1
Given: L: r={0}+){2}
1 3

To show (2, 2, 4) lieson L, sub.

2
r=[2} and show that A is consistent

4
w value) for all 3 egns.

1
Given: IT. r.[OJ =3
To show (1, 1, 1) lies on 77,

1
sub. r_[l] and show that

2

|

LHS = RHS.

A

Equations of Lines
Egn of line passing through A(2, —1, 3) and B(5, 3, 3) :
Vector form: r=0A+ AAB

2 3
i.e. r=-1 |+A|4]|, AR
3 0

Parametric form: x=2+34
v=-1+44

x:Z_yH

Cartesian form: —— 1

,z=3

Equations of Planes

Egn of plane passing through A(3,-2,0), B(2,0,3) and C(1,—1,1):

Parametric form: r =04+ AAB+uAC, A, ucR

(i

Scalar Product form:
-1

-2 -1
A vector normal to plane is n —[ 2 Jx( 1 J = (—5 }
3 1 3

Equation of plane is

T -
i

Cartesian form: [

N

bt =

], ApueR

]—7 ie. —x-5y+3z=

/
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EXAMPLES
(LINES & PLANES)

)

C

Angle @between (a) 2 Lines (b) Line & Plane (c) 2 Planes

(a) Angle between 2 Lines

R
efip
L

V2 414222 412 412
d=114.1°

(b) Angle between Line & Plane
3 -1
L:r=|-2 [+4] 2
1 2

=
iy

1
17, :r{—z

(c) Angle between 2

)

sin@ =
2 A2 A2 [ A2 A2 cosf =
VI +22 422422 442 43 T
6 = 48.0° 0= 60°

CBetween 2 Lines
1 1
L :r—[—l }-ﬂ{—l ]
3 1
)
Ly:r={4|+pu|l
6 3

I+ 4 2+2u
Put | -1-A|=| 4+u
3+ 4 6+3u

1+A=2+2u,
—-1-A=4+pu,
A=-3, u==-2

Sub. A=-3, u=-21in

eqn:
LHS=3+1=3-3=0

Solving {

Since LHS = RHS,
L, and L, intersect.

p.v. of point of intersect

(\MN :

RHS=64+3u=6-6=0a

@ Intersection between (a) 2 Lines (b) Line & Plane (c) 2 Planes

(b) Between Line & Plane

1 1

L: r—(l]+2{2} --(1)
1 1
0

H:r.[O]—O -(2)
1

Sub. (1) into (2),

1+A 0
1+24 1.0 |=0=> A =1
1+4 1

Then put 2 =-1 into (1)
p.v. of point of intersection

i

to 3

ion is

(c) Between 2 Planes

el 3)-

2 (1)

1
7, :r.[S} =14 --(2) -7
1 ,:r|-2 |=-4 =(2)
M1: A vector parallel to line 3
of intersection is Sub. (1) into (2):
3 (1 4 2-2u -7
n=|-1 |x|5|=|-4 _
0 1 16 l+4u J2|=—4
p.v. of point that lies on both “13A43u) 3
3 =A=1-u
planes is a = (i} -. Egn of line of intersection is
0

[set z=0 and solve Cartesian
eqns of /7, & /1, forx &y.]

2 0
r=| 1 |+(1-2)|0[+u
-1 5
2 -2
r=|1|+ul 4|, uek
4 -2

.. Eqn of line of intersection

3 1
isr=|3l+A/-1], 2eR
0 4

M2: Convert egns of
11, & 11, to Cartesian form.

Solve using GC.

A3

-2
4
3

/
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@ Relationship between Line and Plane

7 -1
Given L:r=| 1 |+A| 3
-5 1

(b) Line on Plane: 77, :r {ﬂ — 28 \ Perpendicular Distance from Point to (a) Line (b) Plane
e 1=
(a) L Distance from Point to Line (b) L Distance from Point to Plane

1Y (6 7Y (6 ; o |
f : ; =0 and 7; ; =28=RHS| | Given: L:r=[ 1}/{ 3} Given: H:r.[l]=1
-5 1 2

6
(&) Parallel: 77, r{l J =4 (c) Line intersects Plane at 1 point
inei int: . .
3 P Point P(3,-6,1) Point P(7,0,3)
] 5#0

(o fgmee |l (3

M1: LetN be foot of L from point P to line | M1: Let N be foot of L frompoint P to plane 77.

L. . 5
. 8 From (F), ..ON = [2 ]
. . . From (F), ON =| =2 -1
Foot of Perpendicular from Point to (a) Line (b) Plane ") - J
. -2
(@) Foot of L from Point to Line (b) Foot of L from Point to Plane . 5 -, Ldistance =[PN] = [2] =26
7 . ) - Ldistance =|PN|=|| 4 | =50 -4
Given: L:r=[ 1}4[ 3] Given: H:r{]}ﬂ -7 o
=5 1 2 L M2: 1 distance =|AP.5n| where A(1,0,0) lies on /7
Point P(3,-6,1) Point P(7,0,3) M2: L distance=|4PxB| 6) | (1
P(7,0,3) 1 _ L
- 4 -1 =l 0].—=[ 1 |=2V6
PGS az| i |7 x4 3 |=v50 (3} @{2]
A(7,1,-5) I b=| 3 2 6) 1| 1
po] 2
@ N L
M1: M1: N is point of intersection of /,, & /7.
- 7 - . _— .
(i) N lies on line L = ON:{ ]}h{ 3] L 8 » % " @ Reflection of Point in (a) Line (b) Plane \
=3 ! ” 3 2 (a) Reflection of a point in Line (b) Reflection of a point in Plane
for some real value of 1 - .
1 Given: Given:
. 7-4) ( 3Y](-1 T:relll=1 =2 ; B P(3,-6.1) | ?P(7.0.3)
(i) PNb=0=|| 1+32 |-[ =6 ||, 3 |=0 2 L r_[ 1}{ 3] A I njri[l]ﬂ
—S+4) UL Sub. (1) into (2): A=-2 -5 1)—* N 2
A=-1 (s Point P(3,-6.1) o Point P(7,0,3) pr
8 “ON = {—2 ]
ON = :é -1 Let N be foot of L from point P to line L. Let N be foot of L from point P to plane /7
M2: A(1,0,0) lies on plane. . 8 . 5
I -1 o 1 From (F), ON =| -2 From (F), ON =| -2
M2: AN =(4P.b)b where b=| 3 PN =(PA.7)i where n=| 1 -6 -1
1 2
<Y | (-1Y] | (- =6 4 (1] (1 M1: Since ON =~ (E’-HW) M1: Since ON77(0P+0P)
={|-7 |\—| 3 |[|—=| 3 = Ol—1]||—=|1
6 ) Nl 1)Vl 3 )V6l2) (V6|2 8 (13 5 . (3
-2 +OP |= 0P =| 2 -2 +OP = 0P =|-4
1 -2 -6 -13 -1 =5
=3 = -2
-1 -4 . . (13 3
] 5 M2: PN =NP' = OF' = 2 M2: PN=NP = OP =| -4
Wﬁﬂv’—[z] _-_oTvam:[_zJ \ 13 E /
-6 -1
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