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Answer all questions in the answer booklet provided. Please start each question on a new page. Full
marks are not necessarily awarded for a correct answer with no working. Answers must be supported
by working and/or explanations. Solutions found from a graphic display calculator should be
supported by suitable working. For example, if graphs are used to find a solution, you should sketch
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 26]

In this question you will explore the graph of hyperbolas and investigate how complex
numbers are linked to hyperbolas.

Let z be a complex number such that
[z—l‘—]z+ l| =z

where zeC and O<c<?2.

(a) By expressing z in the form x+iy, where x,yeR ,

(i)  showthat [z—1|=4/(x~1)"+)*, 2]
(i)  write down a similar expression for |z +1|. [1]

(b) (i)  Show that equation |z—1|—|z+1|=%c can be expressed as
dx+c” =+2c (x+l)2+y2 i [3]

(i1)  Show that the equation in (b)(i) can be further simplified to

4(4-c*)x’ -4’y =c*(4-c?) [2]
(c) (1) Express your equation in (b)(ii) in the form,
¥
hl kz N
leaving 7 and k in terms of c. [2]

(i) Lete= 2 . Show that the equation reduces to

2

X =y = [1]

L
=

(This question continues on the following page)



Year 6 Mathematics: Analysis and Approaches HL Preliminary Examination 2023/P3

(Question 1 continued)

2 2

A curve with the equation in the form %— i; =1, where h ke R, is called

a hyperbola.

Now consider the equation of the hyperbola, x° —y” = %

(d)

(e)

. . |
(1) Show that the equation can be expressed as y =+x, ’l 5 [2]
X

(ii)  Sketch the graph of x* —y* = % , stating clearly the coordinates of

any axial intercepts and the equation of each oblique asymptote.  [4]

Let F and F, represent the points (1,0) and (—1,0) respectively, and

P(x,y) represent any point on the hyperbola, x> —y* = %

If P, is the positive x -intercept of x* —y* = %

(1) find the length of EP,; [1]
(i)  find FP, —FP,. [1]
The point P represents the complex number z on the Argand diagram.

(iii)  Deduce the geometrical meaning of |z —1|. [1]

(iv)  Hence write down the values of |z— 1|—|z+1|_ [1]

The hyperbola with equation x* — =% can be rotated about the origin to coincide

with the curve defined by y = 2, peR.
x

(0]

Find the possible values of p . [5]
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[Maximum mark: 29]

In this question you will investigate how binomial expansion and limits are used
to determine Euler’s number and its upper bound.

Let f,(x)= (I +£J ,where neZ" andx e [0,00] i
n

(a) (1) Explain that for a given x and when 7 is large, %( f,(x))= f,(x). [3]

dy

(i1)  Given that y =1 when x =0, solve the equation re y. [5]

(111))  Determine the value of f, (0) and hence deduce, for large values
of n, a relationship between y in (a)(i1) and f, (x). [2]

By considering the binomial expansion of (I +£J , it can be shown that [1+£j
- n n

can be written in the form

2 3 r n
a, x a, X a X a. x
l+x+—2—+2—+.. - e

,28r<n
2! 3! r! n!

(b) (1) Show that a, =l—l and a, = [I——I-J[l——%} (4]

n n n
(11)  Find an expression for @, where 2<r<n. [1]

(c) Show that for 2<r<n,
(1) O<a, <1, [2]
. 1

(11) o < = [2]

n 2 3 n
(d) Hence show that [ 1+X | <1+x+X+X 4+ &+ x_ . [2]

n 32 ar

2+x

()  For 0<x<2,show that [1 +£] < [5]

n 2—-x

§3) Using results from (a) and (), show that 2 < e <3 where ¢ is

Euler’s number. [3]
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