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1 Consider f(x) = (sin(nx)+0.1)7 for 0<x<2.

2
(a) Use your calculator to evaluate L f(X) dx to 6 decimal places. [1]

2
(b) Estimate L f(x)dx using Simpson’s Rule with four strips. Give your answer to 6
decimal places. [2]

2

A student estimates j f( x)dx using the trapezium rule with four strips, and finds that the

0

percentage error of the estimate is 58.5%.

(¢) Calculate the percentage error when Simpson’s Rule is used in part (b). [1]

(d) Sketch the graph of y=f (x) and explain why the percentage error is greater when

using Simpson’s Rule than the trapezium rule. [3]

2 A family of polar curves has equations

C,: r=ak""(1+cosf), for0<fH<m

where 7 is a positive integer, a >0 and 0 <k <1.

(a) Without using a calculator, find the arc length of C,, leaving your answer in terms

of a. [4]

The area of the region bounded by C, and the horizontal axis is denoted by 4, .

(b) Show that »_ 4, is finite. [4]

n=1
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3 Itis given that the complex number z =€ +€”, where —in<a<imand —in<p<im.

(a) Show that arg(z)=%(a+/) and write down |z| as a single trigonometric

expression in terms of & and f. [2]

. ca\2
(b) By considering (ew’ +e” ) , prove that the identity

sin2a+2sin(a+ﬂ)+sin2ﬂ

t = .
an(a+ ) cos2a +2cos(a+ f)+cos2f

holdsif a+f#+im. [2]

The complex numbers p, ¢ and » have modulus 1 and positive real part.

+ + +
(¢) Deduce that (p q)(q r)(r p) is a real number. [3]
pqr
4 Consider the differential equation

dy _sin(§m)
dr 2y

2

with y =1 when x=1.
(a) Find the value of y when x =2, giving your answer correct to 4 decimal places. [3]

(b) Use one step of both the Euler method and the improved Euler method to calculate
o 5 ..
approximations to the value of y when x:Z , giving each answer correct to 4

decimal places. [4]

(¢) Determine which method is better and explain why the method with the worse

approximation did not perform as well. [3]
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5 Let A be a 3x3 real matrix with eigenvalues 1, 2, 3 and corresponding eigenvectors

1 1 0
vi=|0|,v,=1[,v;=[1].
1 0 1
(a) Explain why A is diagonalisable. Hence find A. [3]
(b) Find all vectors y e R® satisfying A'"y = A"y . [3]
.1
(c) Find all vectors x € R* such that lim—A"x=0. [3]

n—w 3

6 In an Argand diagram, the point P represents the complex number z satisfying
|z—9+4i|=3]z-1-4i|.

Let the locus of P be the curve C.

(a) By letting z=x+1y and finding the Cartesian equation of C, show that C is a circle,

and state the centre and radius of C. [3]

(b) Find the exact minimum value of arg (z -9+ 4i) . [2]

A given complex number a with 0 <arg (a) <+ has the property that there is exactly one
complex number w that satisfies

*
w—a

|w—9+4i|=3|w—1—4i| and =1.

*
w+a

(¢) Find all possible value(s) of @ with this property, and state the corresponding value(s)

of w in each case. [5]
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7 Asurface Sis defined implicitly by the equation z° +12z = x” +3xy” —15x—12y—4 for all

real values of x, y and z.

(a) Show that the x-coordinates of the stationary points of the surface S satisfy the
equation
xt=5x"+4=0.

Hence, find the coordinates of all four stationary points of S. [5]

(b) Using the second partial derivative test, determine the nature of each of these four

stationary points. [5]

() Let (x,,y,,z,) be the coordinates of the stationary point where z has a minimum

value. Find the quadratic approximation of z in the region of (x,,),). [3]

Show that this quadratic approximation can be expressed in the form z ~ X"MX+ ¢ where
X—= xO p q T .

X ={ j, M =( j for real constants ¢, p, ¢ and r, and X' MX is a scalar and
Y=X q r

solve the matrix M. [2]
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8 (a) Suppose S, and S, are the column spaces of matrices A, and A, where
1 2 a 1 0 -1
A=/0 0 b| and A,=/0 2 0
0 0 ¢ 0 1 %

Determine the possible values of a, b, ¢ and & such that S, is a subspace of S,. [5]

(b) The matrix M is defined as

1 0
M=|0 1
I 1

N — =

The matrix M defines a linear transformation from T: R® — R*. Find a basis for

(i) the row space of M; [2]

[2]

(ii) the null space of M.
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9 A curve has equation
y=xsin"x for 0<x<14/3.

The length of the curve is denoted by L.

(a) Explain, with the aid of a diagram, why L must satisfy the inequality

2
L> 24 2]
4 12
(b) Write down the integral that represents L and find its numerical value. [2]

The region R is bounded by the curve y =xsin™' x, the y-axis and the line y = %n . The

region R is rotated completely about the y-axis to form a solid of revolution S.

(c) Show that the volume of S can be expressed as

2
B 2% )
24 3

where f (x) 1s to be determined. State the exact value of the constant %.

Hence, use the substitution ¢ =1—x" to find the exact volume of S. [8]
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10 A physicist is studying steady-state heat conduction on thin rectangular plates with non-

uniform heating. In one particular experiment, the physicist uses a thin rectangular plate

occupying the region 0 <x <1, 0< y <Im. The steady-state temperature u (x, y) ,in °C,
at any point (x, y) on the plate is governed by Poisson’s equation

o’u ou
¥+$=(3—2x2)cosy .

The physicist uses an ice-water bath to maintain the temperature of the top edge at 0°C,

and uses programmable heating strips to control the temperature profiles of the remaining

edges of the plate such that

. u(0,y)=cosy,

. u(l,y)=4cosy, and

. u(x,0)=v(x), where v is a function dependent only on x,

as shown in Figure 1 below.

Ice-water bath

Metal plate
Programmable —
heating \
strips

(0.0 (10
Figure 1

The physicist models the steady-state temperature of the plate using a separable solution

of the form u =vcosy.

(a) Show that Poisson’s equation can be reduced to

K—V=3—2X2. [2]
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(b) Find the values of v(0) and v(1). Hence, find u in terms of x and y exactly.  [8]

(c) Without the use of a calculator, use your answer from part (b) to determine, with
explanation, the coordinates of the point on the plate with the highest steady-state

temperature. [3]
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Prelim P1 Solutions

1@ 1 [%f (x)dv =0463960 (10 6 dp)
1(b 2 1
®) 1 e ()~ L[1(0)+41(0.5)+20(1) +4£(1.5) £ (2)]
=0.980280 (to 6 dp)
1(c) % Error — 0.980280—0.463960 < 100%
0.463960
=111%

1(d) | The graph of y =f(x) is sketched in blue.
For each pair of strips, Simpson’s Rule approximates the actual curve by
using a quadratic curve passing through the three points, as shown in red.
However, for the same strip, the trapezium rule uses a straight line
between two points to approximate the actual curve, as shown in black.
From the sketch, there is a greater error when approximating the actual
curve using Simpson’s Rule than the trapezium rule.

2a) | C;: r=a(l+cosh), for0<H<m

% =a(—sind)

Total arc length of C,
- jon\/az (1+cos 6’)2 +(—asin 6?)2 do

:ajon\/l+20059+cosz9+sin2¢9 deo

:a_[:\/2+200s6’ de

:aJ \/2+2£20052§—1j deo
0

=2af cosg do
2

0

= 2a[2sin Q}
2 0

=4q




2(b T
® ] 4 - 1] a*k**(1+cos6) do
2 Jo
272n-2
_ak J. (1+cos0)2 do
0
The integral J:(l +cos 6?)2 d@ is finite, positive and independent of .
Alternatively,
a2k2n—2 T
A, = j01+2cosé’+c0s29d6?
27 2n-2 T
:ak j 1+2c059+—1+00529 déo
2 0 2
27 2n-2 m
:ak f é+2cos<§?+lcos2t9 déo
2 0 2
27 2n-2 b
_OK 3 g 2sin0+ Lsin20
2 2 4 0
272n-2
_a k 3 -0
2 2
3a2k2n—2
= T
4
271.2n
a’k™ ¢n 2
4., .[0 (I+cosd)” do e
27202 -
4, ak I (1+cos9)2 do
2 Jo
So A4, is a geometric progression.
Since 0<k <1=0<k? <1, this geometric progression is convergent
and hence Z A, 1s finite.
n=1
3(a)

R KN
_ = ZRe[ei(“zﬂ)]
_ 2cos(a_ﬂjei[a;ﬂ]
“;ﬂ ZCos(a;’BJ‘.

Note: arg(z) can be found geometrically by considering the

\®)

Hence, arg(z)= and |z| =

appropriate thombus in an Argand diagram and using the fact that




3

diagonals bisect interior angles. Then,

z| can be found by applying the

cosine rule. Note that since —in<a <im and —in< S <in, wehave

o - a-p). ..
%n<Tﬂ<%n S0 cos(Tﬂj is positive.

3(b) | From (i), arg(zz) =2arg(z)=a+p

On the other hand,
. . 2
2= (e 1)
= 2% 42! *P) 4 12

= [cos2a+2cos(a +,B)+cos2ﬁ:|

(
t =
an(a+f) cos 2a +2 cos

3(¢) |Let p=€“,qg=¢”,r=€",where -in<a,f,y<im.
Applying (a) and properties of argument:
+ + +
arg{(p a)(g+r)( p)}
pqr

=arg(ei“ +eiﬂ)+arg(ew +e”)+arg(ei7 +ei“)
—arg(ei"‘)—arg(eiﬂ)—arg(eiy)
:a+,6+,8+;/+7/+a_
2 2 2
=0
Thus, P @ +7)(r+p)
pgr

a-p-y

is a real number.

Alternative Method:

(p+CI)(q+r)(r+p)_(p+qj(q+rj(r+p]

pqr r p q

(et lerd)

o429, 7,9, P

r-p r 4q p ¢4

M

Note that £ =@ and L = &A= (Ej so 2+4 s real.
q p q q p

- r r . .
Similarly, P17 and £+ are real so the entire sum is real.
rp r q




4(a)

Sub (1,1):

Thus,

y=0.913611 (6 d.p.)
=0.9136 (4 d.p.).

4(b)

Euler method:

2

=0.911612 (6 d.p.)
=0.9116 (4 d.p.).

y(1.25)z1+i(M}

Improved Euler method:

y(i)z1+l(lj sin(1) | _sin(%x3)
Yoal2) 2 2(0911612)

=0.969181 (6 d.p.)
=0.9692 (4 d.p.).

4(c)

Comparing absolute errors:
Euler: 10.9136-0.9116| = 0.002

Improved Euler: |0.9136-0.9692| = 0.0556 > 0.002
The Euler method provided the better approximation.

1 13
d _sin() - as36<0
el 2
1 B 5
dy _ sin(tx3) ~0.1070 >0
|5 gonen)  2(0911612)




5

which is a change in sign of the gradient values. Since the improved
Euler uses the average of these two gradient values (which partially
cancel each other out) in computing an approximation, it produced a
worse approximation compared to the Euler method.

OR

Stationary points occur when % =0:

) (1375 j
sin Tx
7T J_9

2y
13Tnx:kn where k € 7Z
4k
xX=—.
13
k X

3 ix 3=0.92308
13

4 i><4=1.2308
13

5 i><5 =1.5385
13

Since there is exactly one stationary point in the interval (1,1.25) at

x =1.2308 which is very close to 1.25, the two gradient values used in
the improved Euler method have different signs, partially cancelling
each other out. This led to the Euler method producing a better
approximation than the improved Euler method.

5(a) | The three given eigenvectors are linearly independent. Hence P is
invertible.
1 1 0 1 00
A=PDP "' where P=|{0 1 1|andD=[0 2 0
1 0 1 0 0 3
31 1
2 2 2
A=|-1+ 2 1| (fromGC)
-1 1 2
5(b) | Since v,,v,,v, are three linearly independent vectors in R*, they span

R’. Hence any vector y € R® can be expressed as a linear combination
of v,,v,,v,.




y=aVv,+o,v,+o,v,, a,0,,0, R
100, _ 100 100 100
ATy=0,A"V, +0o, ATV, +o, ATV,

100 100 100
v, +a,27 v, +a,37 v,

= al
Ay =01""v, +0,2""" v, +a,3""v,
AlOOy — AlOly
=0-0v,-2%a,v,-2-3%a,v, =0
Since vi, v2 and v;3 are linearly independent,
aeR, a,=0, a,=0

1
y=¢t|0|,teR

1

Alternative method:
Since A is invertible, A'% is invertible,

AlOOy — A]Oly

y = Ay

Ay=1l-y

Hence y is an eigenvector of A with eigenvalue of 1, so y is a scalar
multiple of v,.

1
~y=tl0][,teR
1

5(¢c)

Since v,,Vv,, v, are three linearly independent vectors in R*, they span

R’. Hence any vector x € R’ can be expressed as a linear combination
of v,,v,,v,.

Let Xx=¢, Vv, +c,V, +¢,V,

A'X=c A"V, +c,A"v, + A"V, = cl(l”)v1 +02(2n)V2 + 03(3”)V3

A”"X 1Y 2y
3 =( g V1+C2 g V2+C3V3

n

lim

nowo 3

=c,v;=0

= ¢, =0since v, =0

1 1
x=a|0|+8|1|, apfeR
1 0

Alternative method:




1iminA" = 1iminPD"P'l

n—w 3 n—wo 3

D= = o=

—_
(e}
—_

R= = =

I
jLTf
£ 8
O
—
—_ O
N = e
—_~
o o w|._;
—~
- o O
N——
|

o f— —

—_ (e

o N——

S O O

oS O O

- o O
|

= = =

|
= = =
|
= = =

o
o

D= =
D= =

To solve limi A'x=0:

n—w 3

(=)
o
()

0 1 -1 -1|0

0O/->/0 0 0|0

0 0 0 0]0
X, 1 1

If x=|x, | then x, —x,—x;, =0 so x=A| 1 |+ 0,4, uecR.
X, 0 1

D= =
N
= =

6(a)
AO3

Let z=x+1iy, wherex,yeR,
(x=9)+(y+4)i[=3|(x=1)+(y-4)i]

JOr=9) +(y+4) =3(x=1) +(y—4)

(x=9) +(y+4) =9(x—1)" +9(y—4)’

x> —18x+81+ 1> +8y+16=9x" —18x+9+9y> - 72y +144
8x* +8y* —80y+56=0

X+ =10y+7=0

x2+(y—5)2 =18

x’ +(y—5)2 2(3\/5)2

This is a circle centred at 5i with radius 32 .

6(b)
AO2

Let the centre of the circle be C, the point 9 —4i be A4, and the point for
which the required argument is minimised be P.
5i—(9—4i)=—9+9i




A
~
W2\
M ad

A9, —4)

Thus, AC = |—9+9i| = 9x/§ , and arg(—9+9i) = %t

W2

sin ZCAP = —==> ZCAP =sin™' Gj

92

Minimum arg(z -9+ 4i) = % _sin™ (%j

6(c)
AO2

If arg(a) =06, then arg(a*):—ﬁ and arg(—a*)zn—ﬁ.

*
w—a

=1= ‘w— a*‘ = ‘w+ a’|,i.e. w lies on the perpendicular bisector

w+a

of the line segment joining ¢ and —a".
This perpendicular bisector passes through the origin at an angle of
g— 6 with respect to the positive real axis.

The given property implies that the perpendicular bisector is tangent to
the locus of P, with w as the point of tangency.




_ . | 32
Therefore, a=re'? for all r>0 and @=sin 1[%} , and the

(e8], gl t?)

corresponding w = J7e

7(a)

2 +12z=x"+3xy" —15x 12y —4
Differentiate partially with respect to x,
2, 2
(32° +12)@=3x2 +3)? _15___(1):@:#
ox ox z +4

Differentiate partially with respect to y,
(322 +12)@ =6xy-12———(2)=> 0z _ 2()?’—2)
oy oy z'+4

. . 0
For stationary points of S, Z—Z =0 and Z_0

X oy
Since z2+4>0forallzeR, xy—2=0 and x*+y*-5=0

Substitute y = 2 into x> +3y*—=5=0,
X

x’ +iz—5:O
X

x* —5x* + 4 = 0(shown)

(x> =4 (x*-1)=0

(x+2)(x-2)(x+1I)(x-1)=0

x=-2or2or-lorl

y=—lorlor—2or2

At (=2,-1), 22 +12z-24=0=>z=1.64.".(-2,-1,1.64)
At (2,1), 22 +122+432=0=>2=-2..(2,1,-2)

At (=1,-2), 2 +12z-22=0=z=1.5331..(-1,-2,1.53)
At (1,2), 22 +12z4+30=0=>z=-1.9149 . (1,2,-1.91)

7(b)

Differentiate (1) partially with respect to x,

oz ) 0’z
6z — | +(327 +12) = =6x
ox ox

Differentiate (1) partially with respect to y,

2
62(@j 2 +(322 +12) Pz 6y
ox )\ oy 0yox

Differentiate (2) partially with respect to y,
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2 2
6z & +(3zz+12)a—f=6x
oy oy

0
For stationary points of S, o =0 and Zo0
ox oy

L0z 2 @z 2y 9z 2x

ot P +4 7 ovox ZP+4 00 ZP+4
oz 3z (2 ) 4ty

Dx,y)=—=—=- = (2 yz)
ox~ Oy oyox (z7+4)

Since denominator of D(x, ) is a square, the sign of D is the same as

the sign of x* —”.

. . . o0’z . .
Likewise, the sign of — is the same as the sign of x.

2
For (-2,-1,1.64), D>0 and % < 0. Hence maximum point.
x
2

For (2,1, —2) , D>0 and 2—? > 0. Hence minimum point.
X

For (-1,-2,1.53) and (1,2,-1.91), D <0. Hence saddle points.

7(c) | At (x07y09zo) =(2,1,-2),
0z _0z_ Pz 1 &z 20 1 &z 1
ax o} 2 aox 244 47 2
zzQ(x,y):—2+0+0+%(%](x—2)2+(ij(x—2)(y—l)+%(%j(y—l2
Zz—2+l(x—2)2+l(x—2)(y—l)+l(y—l)2
4 4 4
zxX'MX+c
—(x-2 y—l)(p q](x_zj—z
g r)\y-1
x=2
=(p(x=2)+q(y-1 q(x—2)+r(y—1))(y_J—2
= p(x=2) +q(x=2)(y-D+q(x-2)(y-D+r(y-1)° -2
= p(x=2)" +2q(x=2)(y =D +r(y—-1)" -2
11
By comparing coefficients, M = ? ?
8 4
8(a) | Note: For S, to be a subspace of s, we need S, S, .




1 2 a

The columns of Ajare v, =| 0 |, u, ={ 0 |,u,=|b
0 c
1) (a

0)\c
1 0 -1
The columns of Ayare v, ={ 0 |, v,=| 2 |,v,=| 0
0 1 k
1 0 -1
det(4,)=[0 2 0|=2k.
0 1 &k
Case 1: k#0.

Thendet(4,) # 0 and the columns of A are linearly independent and
S, =R’ . Hence, S, S,, Va, b, ceR.

Case2: k=0
1 0 -1
If k=0, A,=|{0 2 0
01 0
1) (0
Since v; =—v;, S, =span<| 0 |,| 2
01
a a 1 0
For S, S,,weneed| b |€S,,eg|b|=k|0|+k,| 2|
c c 0 1
Solving, a =k,, b=2k,, c=k,Thus, b=2c.
Conclusion:

Ifk#0,a, b, ceR
If k=0, aeR,b=2c.

8(b)

I 1 2 0 00

1Y(0
A basis for the row space is [OJ,{I J
1)1

Solve M(x) =0

1 0 1 1 0 1
0 1 1 |—L&=2BBR g 1 1
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a
Let x=|b
c
[1 0 1]&1 0
Mx)=|0 1 1{b(=|0
0 0 0)|¢ 0
a+c=0
b+c=0
a k 1
Thus x=|b |=|k |=k|1
c -k -1

1
A basis for the null space is [1 ]
-1

%) 3 3) 3
When xzﬁ,yzisin_1 — |=—n
2 2 2 6
y A
NEINE)
Pl —,—m
/7 26
//
,/
d a7l
, y=xsin x
//
’ X
0 -

2 2 3
OP = ﬁ + ﬁ T = 3 + L
2 6 4 12

Since OP is the shortest distance between O and P, L > OP .

3
Hence L>,[—+—.
N4 12

o) | 4y _x(

1
+sin”' x
dx l—xzj

3

7 2
L= 1+[ il +sin™ x] dx
. \/l—x2

=1.33 (3s.f)
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9(c)

6

3 B 1[\@]:\/5

When x=—, y=—sIn
2

Hence, k =

[\
N|$|

Volume of S

= T{QJZ (ﬁn]—jf%tx(xsin_l x) dx

2 6 0

\/g B

=—n —27‘5'[ x*sin” x dx
8

<x<—
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_ 3n’ 5n
24 36
10(a U=VvCcosy
) a—M—Qcos a—u——vsin
o de Y Py d
o’u 3 d’v o’u 3
y—gcosy —2——VCOS)/
2 2
Substituting into 8—124 + 8_1,21 = (3 —2x° ) cosy:
ox~ Oy

d2
g‘;cosy—vcosy:(3—2x2)cosy

2
% —v=3-2x" (shown)

() | v(0)=u(0,0)=cos0=1.
v(1)=u(1,0)=4cos0=4.

2
v
For —-v=3- 2x%, auxiliary equation: m”> —1=0= m = =*1.
dx

Complementary function, v, = 4e* +Be ™.

Particular integral: v, = ax® +bx +c,
v, =2ax+b,

"n_
v, = 2a.

Substituting into the original DE:
V=V, =3-2x"

2a—(ax2 +bx+c) =3-2x’

—ax’ +bx+2a-c=3-2x"

=>a=2,b=0,c=1.

v, = 2x* +1.

Thus, v=Ae* + Be ™ +2x” +1.
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Substituting v(0)=1:
l1=4A+B+1=>A=-B.

Substituting v(1)=4:
4=Ae+Be' +2(1) +1

l=—-Be+Be™'
I:B(e‘l—e)
1 1
B=—"=4= —.
e —e e—e
1 1
v=( _Je“{ — Je‘x+2x2+1
e—e e —e
y=2 — +2x° +1
e—e
u:(e —671 +2x2+1jcosy.
e—e

X —X

1

From (b), M=(e +2x2+1JC0sy,

e—¢
For 0<x<1 and 0<y<7, observe that:
e cosy is decreasing so maximum u will be at minimum y;
e ¢', —e " and 2x* +1 are increasing (and e—e™' is positive) so v is
increasing, hence maximum u will be at maximum x.
Thus, the coordinates of the point on the plate with the highest steady-
state temperature is the point where x is maximum, and y is minimum,

(1,0).




