MOE H3 Math Mathematical Proofs and Reasoning

Problem Set 3

1. Use Mathematical Induction to prove the following:
(a) For each positive integer n, 1(1!) +2(2!) + 33! + -+ n(n!) = (n + 1)! — 1.
Solution: Let P(n): 1(1!) +2(2!)+ 33 +---+n(n!) = (n+ 1) — 1.
Basis step: Let n = 1. Left side has just one term, namely 1(1!) = 1.
Right side is (1 4+ 1)! =1 =1. So P(1) is true.
Inductive step: Assume P(k) is true. So

LA +22) +33BN) + -+ k(k!) = (E+ 1) = 1.

We now add (k + 1)[(k + 1)!] to both sides of this equation. This gives

(aH+22H+3@BHY 4+ -+ k(EY+(E+D[k+1)!] = k+D!'—14+(k+D[(k+ D]
= [(k+Dk+2) -1
= (k+2)! -1

This proves that if P(k) is true, then P(k 4 1) is true.
Hence by Mathematical induction, we have proven: For each positive integer n,
A +22) +3@BHY +---+nn!) =n+1)! - 1.
(b) For each positive integer n, (—7)" — 9" is divisible by 16.
Solution: Let P(n): (—7)" — 9" is divisible by 16.
Basis step: Let n = 1. (—=7)! — 9! = —16 is divisible by 16.
So P(1) is true.
Inductive step: Assume P(k) is true.
So (=7)F — 9% is divisible by 16, which means (—7)% — 9% = 16a for some integer a.
We now multiply 9 to both sides of this equation. This gives

9[(=7)" —9* = 9(16a)
9(—7)F — 9F*t = 9(16a)
(16 — 7)(=7)" — 9¥*1 = 9(16a)
(=7)(=7)F = 9" = 9(16a) — (16)(—7)"
6

( 7)k+1 9k+1 — 1[9@ ( 7)k]

i.e. (=7)"1 — 9kt s divisible by 16.
This proves that if P(k) is true, then P(k + 1) is true.

Hence by Mathematical induction, we have proven: For each positive integer n,
(—=7)" — 9" is divisible by 16.
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()

1 n
For each positive integer n with n > 3, <1 + —) < n.
n

1 n
Solution: Let P(n) : (1 + —) < n.
n

Basis step: Let n = 3.

1\’ [(4)° 64
Since (1 + §) = (3) =57 < 3, so P(3) is true.
Inductive step: Assume P(k) is true (with k£ > 3).

1\ *
This means (1 + E) <k (x).

1
Multiplying (1 + E) on both sides of (x), we have

1 k+1 1
<1+E> <k’(1+E>:k‘+1 (**)

On the other hand, since

1 1 1 1
k_i_l<E,thenl+k—+1<1+gandhence

k+1 k+1
1+—1 < 1—1—l ( * %)
kE+1 k )

k+1
Combining (xx) and (* * %), we have (1 + k:—+1> <k+1

This proves that if P(k) is true, then P(k + 1) is true.
Hence by Mathematical induction, we have proven: For each positive integer n with

1 n
n >3, (1+—> < n.
n

For each positive integer n with n > 6, n® < nl.

Solution: Let P(n) : n® < nl.

Basis step: Let n = 6.

63 = 216 and 6! = 720 > 63.

So P(6) is true.

Inductive step: Suppose P(k) is true where k > 6 (i.e. k! > k3).
To show P(k+ 1) is true.

First of all, note that (k+1)? =k*+ 2k +1 < k> + k* + k* = 3k* < k*® (%) when
k> 3.
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Now

(k + 1)!

k* induction hypothesis
(k+1)* by ()
3

This proves that if P(k) is true, then P(k + 1) is true.

Hence by Mathematical induction, we have proven: n! > n? for all n > 6.

2. Let f1, fa,..., fn,... be the Fibonacci sequence.

i.e. The sequence is defined recursively by

fi=land fo=1

fo = foo1+ foo foralln >3

Prove each of the following:

(a)

For each positive integer n, fs, is a multiple of 5.

Solution: Let P(n): fs, is a multiple of 5.

Basis step: Let n = 1. We see that f; = 5 which is divisible by 5.

So P(1) is true.

Inductive step: Assume P(k) is true. This means f5; is a multiple of 5.

Now fsri1) = fokes =  forra + forgs
= (forss + fowr2) + (forra + fori1)
= fok+3 + 2 562 + fort1
= (forga + fons1) + 2(fors1 + for) + forst
= Jok+2 + 45k + 2 5k
= (fsks1 + for) +4fsr1 + 2 5k
= Sfsk+1+ 35k

Since 5 fs5x11 is a multiple of 5 (by definition) and fs; is a multiple of 5 (by hypoth-
esis), so the right side is a multiple of 5.

This proves that if P(k) is true, then P(k + 1) is true.
Hence by Mathematical induction, we have proven: For each positive integer n, fs,
is a multiple of 5.

For each positive integer n, fi + f3+ -+ fon_1 = fon.

Solution: Let P(n) : fi+ fs+ -+ + fono1 = fon
Basis step: Let n = 1. Left side is just the term f; and right side is f,. Since both
fi and fy are 1, P(1) is true.
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Inductive step: Assume P(k) is true. This means f; + fs+ -+« + fop_1 = for. Now
add fory1 on both sides:

fit+ fa+- 4 foror + foer1 = for + forn
it s+ + formi + foarn—1 = fors2 = foer)

This proves that if P(k) is true, then P(k + 1) is true.
Hence by Mathematical induction, we have proven: For each positive integer n,
it fs+ 0+ fan1 = fon
(c) For each positive integer n, 2f, + 3fn11 = fnia-
Solution: Let P(n) : 2f, + 3fui1 = foia
Basis step: P(1) and P(2)
2fi+3f=243=5=f5. So P(1) is true.
2fo+3f3=24+6=8= f5. So P(2) is true.
Inductive step: Assume P(k — 1) and P(k) are true.
To show P(k+ 1) is true.

2fre1 + 3fte
2(fi—1+ Ji) + 3(fr + frr)
= (2fr—1+3fx) + (2fx + 3frt1)
= feis + frea by P(k—1) and P(k) of the induction hypothesis

= fk+5

This proves that if P(k — 1) and P(k) are true, then P(k + 1) is true.
Hence by Mathematical induction, we have proven: 2f, + 3f,11 = fni4 for all
n ezt

(d) For each positive integer n, f,, is even if and only if 3 | n.

Solution: The biconditional statement that can be rephrased as:
(i) if 3| n, then f, is even;
(ii) if 31 n, then f, is odd.

For (i), we let P(n) : f, is even.

We shall use a variation of induction to prove P(n) for all n = 3h with h € Z™.
Basis step: P(3) is true, as f3; = 2 which is even.

Inductive step: P(k) — P(k + 3).

Assume f, is even. Then

Jees = fra2 + fron
= (fit1 + fe) + for1
= 2fkr1+ Jx

Since both 2f;..; and f; are even, so fr.3 is even.
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Hence, by PMI, f,, is even for all n = 3h with h € Z*.

For (ii), we let P(n) : f, is odd.

We shall use a variation of induction to prove P(n) for all n = 3h+1 and n = 3h+2
with h € ZT U {0}.

Basis step: P(1) and P(2) are true, as f; = fo = 1 which are odd.

Inductive step: P(k) — P(k + 3).

Assume f;, is odd. Then

Jers = frer2 + o
= (fosr + fo) + fen
= 2fp1+ Jr

Since 2fr11 is even and fi is odd, so fri3 is odd.
Hence, by PMI, f, is odd for all n = 3h + 1 and n = 3h + 2 with h € ZT U {0}.

3. Use mathematical induction together with the following result:
For any prime p and any integers a, b, if p | ab and p t a, then p | b.

prove that, for any prime p and any integers qi,q2, -+ ,qn, if p | ¢1Gg2- - @, then p | ¢;
for some 1.

Solution: Let P(n): If p| ¢1g2- - - gy, then p | ¢; for some i.

Basis step: P(1) is true, as the statement becomes:
If p| q1, then p | ¢; for some i, and we can just take i = 1.

Inductive step: P(k) — P(k+1).

Suppose p | ¢1q2 -+ qe+1- If p | gxs1, then we are done.
If ptqer1, by (*), we have p | ¢1 - - - qx. By induction hypothesis, p | ¢; for some .

Hence we have proven the inductive step.

By mathematical induction, the statement is proven for all integer n.

4. Suppose you want to prove P(n) is true (only) for all integers n > 7 that are not divisible by 4
using a version of mathematical induction as follow:

(i) Basis step: P(a), P(b), P(c) are true; and
(ii) Inductive step: (V k € Z*) P(k) — P(k + d) is true.

What should be the values for a, b, ¢, d?
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Solution: Explicitly, we want to prove P(n) for n =7,9,10,11,13,14, ...

Since we only want integers that are not divisible by 4, we only consider those integers
that have remainders 1, 2, 3 modulo 4.

So in the inductive step, we should have P(k) — P(k + 4), together with the basis step
with three terms corresponding to remainders 1, 2 and 3. Since we require n > 7, the
three terms in the basis step should be 7,9, 10.

Therefore, we have a = 7,0 =9,¢c = 10,d = 4.

5. Find the mistake in the following “proof” that purports to show that:
Every nonnegative integer power of every nonzero real number is 1.
Proof. Let r be any nonzero real number and let the predicate P(n) be

P(n):r" =1.

Basis step: P(0) is true because 7° = 1 by definition of 0-th power.
Inductive step: P(k —1) and P(k) — P(k+1)

Suppose that r*~! = 1 and r* = 1. This is the induction hypothesis. We must show
that r**! = 1. Now

pEHL  hk—(k—1)
kb
k-l
-1 . . .
= —— (by induction hypothesis)
=1
Thus r*+! =1,
Hence the inductive step is proven. ]

Solution: The mistake is in the inductive step when k¥ = 0. In this case, r*! -1

=r
which is not equal to 1 unless r = 1. Therefore, we are not able to prove P(0) — P(1).
Hence P(1) and the rest of the P(n)’s cannot be proven to be true.

6. Prove that for integers n > 2,
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- 1 1
Solution: Let P(n) : H <1 - ,—) _ntl

Base case n = 2:

Thus P(2) holds.

Inductive step: Assume P(n) holds for some n > 2, i.e.

n+1 nn+2) n+2
2n  (n+ 12 2(n+1)

This is exactly P(n + 1).
By mathematical induction, P(n) holds for all integers n > 2.

1
7. Suppose x is a real number with x # 0 and x + — € Z. Prove by induction on n that
x

1
"+ — e Z foralln e Z.
:ETL

Solution: Let S, := 2" + 2™ ".

Consider, as hinted,
1 1
(IkJrE) (x+;> B I e N (e (xk+l+x—(k+1))_}_(xk;—l_i_x—(k—l))'

That is .
Sky1 = (m + E) Sk — Sk—1 (k>1),

Base cases. S; = x + 27! € Z by hypothesis. Also,

Sy=(r+a2 1) -2¢€7Z,
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since x + ! € Z.

Inductive step (strong). Assume S, € Z for all 1 < m < k with & > 2. Then by the
recurrence,

1
Sk+1 = <CL’ + E) Sk - Sk—17

and each factor on the right-hand side is an integer by the hypothesis (and the assumption
that x + 27! € Z). Hence Sy, € Z.

By strong induction, S,, = 2" + 27" € Z for all n > 1.

8. Prove that for positive integers n and positive real numbers x4, ..., z,,

n n 1/n
1

First prove the statement for n = 2" for m > 0 by induction on m. The general result
now follows by proving the converse of the usual inductive step: if the result holds for
n =k + 1, where k is a positive integer, then it holds for n = k.

Solution: we will prove the statement for n = 2™ by induction on m > 0.

Base cases: When m = 0, n =1 is trivial. When m =1, n = 2. Then

N|=

2 2
T+ T — 1
< 1 : 2) —leQZ%ZO _— 5(1;1—1—1'2)2(I1:L’2) .

Inductive step. Assume the inequality holds for n = 2. Given 2™*! positive numbers

X1, ..., Tom+1, form the pairwise means
Toi—1 + T2; )
ij% (1<y<2m).
By the n = 2 case, y; > /T2j_1%2;, hence
om 27n+1 1/2
v = (I1+)"
j=1 i=1

Apply the induction hypothesis to v, ..., yom:

om om m
Qimzyj = (H%‘)m :
i=1 i=1

2m+1

The left-hand side equals

T Z x;. Combining the two displayed inequalities gives
i=1

2m+1 2m+1

2ml+1 Z Ti = <H x’) 1/2m+1'
i=1

i=1
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Thus AM>GM holds for n = 2™+,
By induction, AM>GM holds for all n = 2™.
Now we will prove the converse step: £+ 1 = k.

Assume the inequality holds for some & + 1 > 2. Let x1,...,2, > 0 and set their
k

1
arithmetic mean A = z Z x;. Apply the k£ + 1 case to the numbers x1, ..., xg, A:
i=1

k

k
%H (; T + A) > (AH xi>1/(k+1>_

i=1

k
Since le = kA, the left-hand side is A. Raise both sides to the power k£ + 1 and
i=1
divide by A (> 0):
k

k 1/k
AF > H.I‘Z — A > (H%) .

i=1 i=1
Thus, if AM>GM holds for k + 1, it holds for k.

Conclusion for all n.

For any n € Z~, choose m with 2™ > n. By Step 1 the inequality holds for 2™. Applying
Step 2 repeatedly (from 2" down to n) yields the result for n.

Hence, for all positive integers n and all xy,...,z, > 0,

% sz; T > <Zli %)1/”-
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Hints

1. Hint for Question 1. (a) In the inductive step, add an additional term to both sides of
P(k).
(b) In the inductive step, multiply 9 to both sides of P(k).

1\ 1\ R
(c) Basis step is n = 3. You need to use the inequality (1 + k—+1> < (1 + %>

in the inductive step.
(d) Basis step is n = 3. You need to use the inequality (k + 1)? < k? for k > 3 in the
inductive step.

2. Hint for Question 2. (a) Let P(n) be the predicate ‘ f5,, is a multiple of 5°. In the induc-
tive step, try to show fsui1) = 5fsk1 + 3fsk. (Use the recursive relation of Fibonacci
sequence. )

(b) In the inductive step, P(k) : fi + fs + -+ + for—1 = for. Add fors1 to both sides of
P(k).

(c) Prove P(1) and P(2) in the basis step; and use P(k — 1) and P(k) in the induction
hypothesis.

(d) Note that this is a biconditional statement that can be rephrased as:

(i) if 3| n, then f, is even; (ii) if 31 n, then f, is odd.

For each case, use a variation of PMI to prove it. The inductive step should be
P(k) — P(k+3).

3. Hint for Question 3. Use PMI on the number of terms in the product.

4. Hint for Question 7. Use Principle of Strong Induction.

1 1
For the inductive step consider <:ck + E) <x + E)

5. Hint for Question 8. Assuming statement holds for n = 2™, to show that statement

holds for 2m*!, define
. Igj_l + l’gj

Use the n = 2 case to show that y; > (z9;_179;)"2.

To extend beyond powers of two, assume AM>GM holds for some k£ + 1 > 2. For
k

1
T1,..., o >0, letA:Ein. Apply the k£ + 1 case to z1,...,zp, A.
=1

(1<j<2m).
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