H3 MATHEMATICS (2820)

£
' S

Note: H3 Inequalities is very different in nature from the Inequalities content in H2 Math.

Example 1
Show that if @ and b are real numbers such that 0<a <1<b,then a+b>ab+1.

Solution

The Arithmetic Mean-Geometric Mean Inequality

For any nonnegative real numbers x,, x,,...,x,,
XX X,
>8/xx,...x, ,
n
where the equality holds if and only if x, =x, =...=x,

Proof
In addendum.

Example 2 (Do not use AM-GM)
Prove that for a,b >0, aT-i-b > \Jab . Prove that for a,b,c,d >0, W >Jabcd .

Solution



Example 3

2
Find the minimum value of +361 for x>0.
X

Solution
Example 4

b ..
Show that 4 +—+ 2 +—2>4 where a, b, ¢, d are positive real numbers.

c a
Solution
Example 5

Show that if x is a positive real number, 8x° +10x™* >18.

Solution



Example 6
Show that x* + y* +z° > xp+ yz +zx where x, y and z are non-negative real numbers.

Thought Process
2 2 2
+y° +
AM-GM tells us that % >3[x*y*z” . Does this help us?
Solution
Example 7

Show that x’ +3° > x*y +xp” where x and y are non-negative real numbers.

Show further that x" + y" > x""'y+xy"" for any positive integer .

Solution

The Cauchy-Schwarz Inequality

For any real numbers u,,u,,...,u, and v, v,,...,v,,

n

T2 {Se]

where the equality holds if there exists a nonzero constant & such that u, = kv, for
alli=1,2,...,n




Proof
In addendum.

Example 8
. 25 36 8l
Show that, if @, b and ¢ are non-zero real numbers, (a +b+ c) —+ > +—1=>400.
a c
Solution

By Cauchy-Schwarz,

Example 9
Find the maximum value of x+2y+3z, given that x* + y* +z° =1.

Thought Process
Cauchy-Schwarz involves a product of two sums on the “large” side, and the square of a sum (of
square-root terms) on the “small” side. It takes familiarity to be able to “guess” what goes where.

Solution

Example 10
Find the minimum value of @’ +b*, given that 3a+4b =15

Solution



Example 11
Let x,,zeR". Prove that \/x(3x+y)+\/y(3y+z)+\/z(3z+x) <2(x+y+z).

Solution

Example 12

Let a,b,c,d € R"such that a+b+c+d =1. Find the minimum value of l+ % +l+ 1 )
a c

Solution

Example 13

2 2 2

ShowthatZ( * Y2 j2x+y+z for x, y,z>0.
y+z z4+x Xx+y

Thought Process
How did Example 12 “get rid of” denominators?

Solution



Example 14
Heron’s formula states that the area of a triangle with sides a, b and c is equal to

\/S(S —a)(s —b)(s —c) where s =2 +12)+C is the semiperimeter.

A triangle with sides a, b and ¢ has perimeter P and area 7.
2

123

(ii) Hence, show that a” + 5% +¢* > (4\/§)T.

(1) Show that 7' <

Solution

(@)

(i)



The Triangle Inequality

Suppose the lengths of the sides of a triangle are a, b, c. Then the sum of the lengths of any two

sides must be larger than the length of the third side, i.e. the following must all be true:
at+b>c,b+c>a,c+a>b.

This can be shown algebraically, but a powerful intuitive argument goes: the third side is the

straight line segment joining its end points, and so must be the shortest path between its endpoints.

In particular, the path that follows the other two sides is a longer path.

A less common but equivalent way of stating this fact is that the length of any side must be longer
than the difference of the lengths of the other two sides:

a>|b—c , b>|a—c , c>|a—b|.

The inequality signs above are strict for non-degenerate triangles; when the triangle is degenerate
in the sense that the three points lie on a straight line, the signs must be replaced with >.

Instead of considering points lying on some plane, we can consider points on a number line. Since
these points form degenerate triangles, we can conclude that for any real numbers x and y, we

must have |x + y| < |x| + | y| . Using induction, we can extend this to:

For any real numbers x,, x,,...,x,,

|x1+x2+---+xn|S|xl|+|x2|+---+

xi’l

3

where the equality holds if and only if x,,x,,...,x, are all non-negative

Proof
In addendum.

Example 15
Show that for all x,y e R,

x =] 2| =[y].
Hence, show that |x— y|> Hx| —|y”.

Solution
By the triangle equality, for all x,, x, e R,

xl+x2|S|xl|+|x2|
Forall x,y e R, we define x, =x—y and x, =y

+13
|x—¥|=Ixl—|y|...(*) (shown)

Then [x[<|x—y

y—x| 2|y|—|x|
= ]2 =(Ixl=[])...*)
(Il =[y)f =[xl =]

Exchanging x and y in (¥),

By (*) and (**),

x—y|2max{|x|—|y



Example 16

Let a, b, c be the sides of a triangle. Prove that a + b + ¢ <2.

b+c c+a a+b

Solution
Since a, b, c are the sides of a triangle,
we have a+b>c, a+c>b and b+ c>a (why are they strict inequalities?)

Method 1 Method 2
Without loss of generality, let

Keep in mind when attempting these tutorial questions:

Our primary objective is to gain familiarity and mastery in applying AM-GM and Cauchy-
Schwarz inequalities, as well as general inequality-solving and problem-solving techniques.
Thus, resist to urge to look up solutions. At least 5 elegant proofs of Nesbitt’s Inequality (QS8)
are just a few mouse clicks away, but looking them up works against our primary objective.

The longer you spend thinking about a question, the more you gain out of it. Crucially, effort is
seldom wasted: the experience gained from trying approaches that do not work is as important as
finding what finally works — you build a sense of what “going astray” looks like!

It is not unusual to spend days thinking about the harder problems here.

Tutorial Questions

2

1 Find the minimum value of where x> 0.
X
2
2 Find the minimum value of 5 where x>9.
x —
3 Let a, b, c be positive real numbers such that a +b+c=2019 . State the maximum

possible value of v/3a+12 +~/3b+12 +~/3¢+12, and prove that this is a maximum.
4 Prove that x° +y° +2z° > x*y+ y’z+z°x for positive numbers x, y, z .

5 Given that p+q+7 =1, find the minimum value of p* +2g° +7°.
8



10

11

12

13

14

15

Harmonic Means.
By considering the AM-GM inequality for positive real numbers b,, b,, -+, b, and the

o n
substitution b, =L, show that {/aa,--a, >

1414 b
aq a a,

l+ab 1+bc 1+ca
+ +

Let a,b,c € R" such that abc =1. Find the minimum value of
I+a 1+b l+c

Nesbitt’s Inequality.

a b c 3 ..
Show that + + > — for positive real numbers a, b, c.
b+c c+a a+b 2

Titu’s Lemma.

Let a,,a,,...,a, bereal numbers and b,, b,, ..., b, be positive numbers. Show that
2 2 2 2

a” a a a+a. ++a

L+L+...+LZ( 1 2 '1)

b b b, b+b,+---+b,

3 3 3

a c
Let a,b,c>0 . Provethat —+—+—2>a+b+c .
bc ca ab

a,a,,...,a, are positive numbers such that a, +a, +...+a, =s. Show that

n

Za >—andz ’>nn1)

=1 S —a, ;

Find the minimum value of 36 " +36"** where x, yvelR.

.. 2 3
X, y, z are positive real numbers. Show that il + b > al , and hence show that
y oz Jxyz
IS ALY
z X 3/xyz
) 1 1
Let a, b, c be nonnegative real numbers such that —+-——+—=2.
a +1 b +1 c"+1
a’ b’ c’ 3

State the value of ——+——+— and hence show that ab+bc+ca <—.

a+1 b +1 c +1 2

Let a, b, ¢ be positive numbers such that g +b> +c* =3 .

(i) Show that a* +b* +c* >3.

(ii) Deduce from (i) that a’h*> +b°c* +c*a® <3.

(iii) Hence, using your result in part (ii), show that a’b+b’*c+c*a <3.



16

17

18

19

20

2 2 2 3

(i) Let p,q,r € R" such that pgr =1 . Show that P9 ;T 5>

g+r r+p p+q 2
(i1) Hence, by performing a suitable substitution, deduce that if a, b, ¢ are positive

real numbers such that abc =1 , then ! + ! + ! > 3

a3(b+c) b3(c+a) c3(a+b) -2

HCI 2020 Prelim Q7 modified

1 1 1
(i1) Given that x>1, y>1, z>1, and —+—+—=2, use the Cauchy-Schwarz
X y z

Inequality to prove that \/x+y+z Zx/x—1+\/y—1+x/z—1 [3]
(iii) Given that p+g+r+s=3 and p’ +2¢° +3r> +6s° =5, show that 1< p<2. [3]

(Modified from SMO 2013 Senior Section 2" Round)
Let ¢, c,, -+ be a sequence of positive real numbers such that for each n>1,

¢t c’
ozt 2L
1 2 n
199
c 199
Prove that Z ntl >

e tc,+te, 100

(You may use the following results without proof:

o[, St g1t

=1 =T o\ r+l

Let a, b and ¢ be positive real numbers. Show that
(a+b>c and b+c>a and c+a>b)
if and only if
(a >|b—c| and b >|a—c| and ¢ >|a—b|).

2018/Q3
A triangle has sides of lengths a, b and c units. In each of the following cases, prove
that there is a triangle having sides of the given lengths.

, a b c .

(l) E, m and E units. [4]
(i) ~fa, b and Ve units. [3]
(1i1) \/a(b+c—a) ,\/b(c+a—b) and \/c(a+b—c) units. [6]

10



H3 MATHEMATICS (2820)
INEQUALITIES

4alh

Gl

Addendum

Proof of the Arithmetic Mean-Geometric Mean Inequality

For any nonnegative real numbers x,, x,, ..., X, ,
X X, 4t x
1 2 n
. >5/xx,...x,

where the equality holds if and only if x, =x, =...=x

n




Proof 1
Preamble: example 7 (in the notes) can be proved without using the AM-GM inequality as follows:

n—1

Since x""' —y"" is positive / zero / negative when x— y is positive / zero / negative, we obtain
(x—y)(x”’l —y"’l) >0 ie x"+)y" —x)" —x
This result will be used later in the proof.

n—1 n—1

y>0andso x"+)" >x" " +x""y.

We will prove AM-GM by induction.

X+ X, 4ot X .
1. Let P be the statement ——— L >1n/xx,...x, for all nonnegative real numbers
n

B S
2. (Base case) P, is true (shown in example 2).

, . ox X, betx
3. Suppose that B, is true, i.e. —— P E>kxx,...x, .

4. (Induction step) Consider the statement £, ,,. We have

LHS=ﬁ(xl+x2+...+xk+l)
:ﬁ(ylkﬂ +y2k+1 +...+yk+1k+1) where , :(xi )ﬁ, ie yik+1 = x,
k L )
1
k(k+1)
_l_(y2k+l +y3k+l)+”_+(y2k+l +yk+1k+1)
+-.--

+(ykk+1+yk+1k+l):|

1

= m[mz" s ey

[(yllm +y2k+l)+(ylk+l +y3k+1)+‘__+(ylk+l +yk+1k+1)

+ 30 Y e
+ “es

Ve F Veas et yk+1ykk]

= k(k1+1)_[y1 (y2k+y3k +"'+yk+1k)+yz (ylk +y3k +."+yk+1k)+'“+yk+1 (y1k+y2k +---+yk")]

B N O Rt (VRN O Ul bt (U S O bt (8
BERIRE Y Vi

k : k k

1
m[yl" S AT VA U 5 VA UACRERS PR RRE S VRY. o o "-yk"}

1
_m[
=WV Yen

=kxx, x, =RHS so P_, is true.

YN Ys Vi TNV Viea T T V03 "'yk+1]

5. Hence, by mathematical induction, P, is true for all integer n>2.

2



Proof 2

Again, this is a proof by induction.

X+ X, FetX ,
1. Let P be the statement ——— L >u/xx,...x, for all nonnegative real numbers
n

X Xyyones X,

n

2. (Base case) P, is true (shown in example 2).

. X X, X
3. Suppose that B, is true, i.e. —— P E>kxx,...x, .

+X, 4.+
-andlet a = H7% Az
k+1
Ifevery x, is equal to , then LHS = RHS and B, is true.

4. (Induction step) Consider the statement £,

Otherwise, we must be able to find one element that is less than & and one which is greater.
Without loss of generality, let x, >« and x,,, <. Then since (x, —a)(a—x,,,)>0, we have

2
ox, +ax,,, —a —xx.,, >0

a(x, +x, —a)>xx,,.

k-1 k+1
Now let y=x, +x,,, —a. Then %(erinj:a =ﬁ(2xij.
- +

i=1
Hence,

k+1
Lix' — ak+1
k+15 "

i=l1

=d'a
1 k-1 k
:(_(wzij a
k P
k-1
> ( yH X, j o  (by induction hypothesis)
i=1

k-1
=ay[ ]~
i=1

=
2 xkkaHx[ (since ay = a(xk +X,, —a) )
i=1

1s true.

+1

1
and so taking both sides to the power o1 shows that £,
+

5. Hence, by mathematical induction, P, is true for all integer n>2 .



Proof 3
Induction works by showing both a base case, and an induction step £, = F,_,. In this proof, since

the induction step is not easy to show directly, we will instead replace the induction step with
these two results: £, = P,, and P, = P,_,. Together, these will also suffice us to show that P, is

true for all positive integer n, since we can always start from the base case P, to reach any positive
integer n by following these results. For example, to show that P, is true, we follow the chain
P=>P=>P=F=F.

This technique is sometimes called “forward-backward induction”.

X+ X, FetX ,
1. Let P be the statement ——— L >u/xx,...x, for all nonnegative real numbers
n

X Xyyones X,

n

2. P, is true.

: . X FX, bt X
3. Suppose that P, is true for some integer k >2,i.e. —— P E>kxx,...x, .

4a. Consider the statement P, . We have

XX, X X X, X,
2k

XX XX X Xy

2 2 2

LHS =

k
> XXy Tl X5 Xy T+ [ X1 Xy,
k

> l\f/(\/x]x2 )(\/x3x4 ) - -(\/xz,ﬁlxzk ) using the result in step 3

— 24k
= «/xlxz .

so P, is true.

since P, is true

XX+t

k-1

4b. Consider the statement F,_,, and let o = . We have

XX et
k-1

k
ﬁ(xl+x2+---+xk71)

k
X X, X,
X +x, o tx,  +
_ k-1
k
_ Nttt x ta

k

>klxx,--x,_,c  using the result in step 3.
What we have shown so far is & > 4/x,x,---x, & , so raising both sides to the power of & yields

a’ > xx,---x,_,a.Dividing by « leads to @' > x,x,---x, , and finally raising both sides to the

1
power of 1 givesus P,_,.So B,_, is true.



5. Hence, P, is true for all integer n>2.
Proofs of the Cauchy-Schwarz Inequality

For any real numbers u,,u,,...,u, and v,,v,,...,v

(58S

where the equality holds if there exists a nonzero constant & such that u, = kv, for
all i=12,...,n

Proof 1

n
Consider the sum )’ (u, —xv,)" . Since this is a sum of squares, this sum is non-negative, i.c.
i=1

n

Z(u[ —xv,.)2 >0

i=1
Expanding the sum, we get

(57 )25 oo S0 o

Interpreting this as a quadratic inequality in x, since the LHS is always > 0, the discriminant must
be non-positive, i.e.

(2] (S8

Simplifying, we get

(Sen]) (28]

which is precisely the Cauchy-Schwarz inequality.



Proof 2

Consider the following sum of squares
n-1 n 2

2 (”iv_/ _”_/Vi) 20

i=l j=i+l

where the double sum is a sum over all pairs of integers (i, J ) where 1<i< j<n.

Expanding, we get

n—-1 n
2.2 2.2
ZZ(MI v, +uy, —2ul.vl.ujvj)20

i=1 j=i+l

nz_ll Zn: (uizvj2 +uj2vl.2) > ZnZ_I: Zn: (ul.viujvj)

i=1 j=i+l i=1 j=i+l

Adding common terms to both LHS and RHS,

n n

’i Zn: (uizvj2 +uv,.2vl.2 ) +Z(ui2vl.2) > 251: Zn: (uiviujvj)+ (ul.zvl.z)

i=l j=i+l i=1 i=l j=i+l i=1

2
However, the LHS is now equal to (Zuﬁj(Zvﬁ J and the RHS is precisely (Zu,vij , SO

i=1 Jj=1 i=1

2
(Zuﬁj(Zvﬁj > [Z“MJ as required.
i=1 i=1 i=1



H3 Inequalities Possible Solutions:

1

2
where x>0.

Find the minimum value of

4 2
X +9=4x+2
X X

>2 (4@(3) (AM-GM)

X
~-236

=12

Equality is attained when 4x = 2 oS X = % S x= % since x >0
x

So minimum value is 12

2

Find the minimum value of where x>9.

x—9

Method 1

Let y=x-9
¥ _(y+9)
x—9: y
_y2+18y+81

y

=18+y+g
y

>18+2 / y{ﬂj (AM-GM)
y

=36

Comment:

Substitutions defined by the solver come in two forms. There are “inspired
substitutions” where an expression seemingly pulled from the air greatly simplifies
matters, but it is hard to fathom why one might think of that expression. There are
also “indicated substitutions”, where the problem strongly hints at the substitution to
be made.

This solution is an example of the latter. The condition x >9 is highly unusual, since
we are much more used to “positive” conditions, and suggests that working with
x—9 might be easier. Once the substitution is made, the problem looks a lot like Q1.

Method 2




x’ 81
=x+9+—
x-9 x-9

81
x-9
81
>18+2 (x—9)(—9j by AM-GM

=18+(x-9)+

=18+2(9)
=36

Equality is attained when x—9 =8—19 = (x—9)2 =81<> x=18 since x>9
x—

So minimum value is 36

Let a, b, c be positive real numbers such that a + b+ ¢ =2019 . State the maximum
possible value of \/3a +12 +\/3b +12 + \/3c +12, and prove that this is a maximum.

Since a+b+c¢=2019, a+4+b+4+c+4=2031. Thus
V3a+12 +~3b+12 + 3¢ +12

= J3(a+4)+3(b+4)+3(c+4)
< \/((a +4)+(b+4)+(c+4))(3+3+3) (Cauchy-Schwarz)

=4/18279

This value is attained when a=b=c=

2019

, SO it is the maximum.

Why does AM-GM not work?
V3a+12 +/3b+12 +~/3¢ +12

= 3(a+4)+3(b+4)+3(c+4)

< 3+(a+4)+3+(b+4)+3+(c+4)
2 2 2

_a+b+c+21

- 2

2040

2

=1020

(by AM-GM)

For equality to hold, we require a+4=b+4=c+4=3a=b=c=-1
but a, b, ¢ are positive and a+b+c=2019




Prove that x° +)° +z° > x>y + y*z +z°x for positive numbers x, y, z .

By AM-GM, the following 3 inequalities hold:
X 4+x+y 23W:3x2y
y+y +z 23%/)/6723:3)/22
24+ 4+x 232 =32°x

The required result is obtained by adding these together and dividing by 3.

Given that p+q+r =1, find the minimum value of p* +2¢° +7>.

p2 +2q2 +7?

:%(p2+2q2+r2)(1+%+1j

> %LW + (247 )Gj + W ]2 (by Cauchy-Schwarz)

(p+q+r)2

NN |

2
@

Subst into p+¢g+r=1 gives 5g=1, then p=

Equality is attained when p = =r&op=2q=r

’q: ’}/‘:

W N

1,2
575

The minimum value is %

Harmonic Means.
By considering the AM-GM inequality for positive real numbers b,, b,, -+, b, and the

o n
substitution b, =--, show that {/aa,---a, >

1y 1 i
o Tty
b +b,+--+b
#Z n[blbz...bn

n
I 1 1
7+7+...+7
a, a, a, 11 1
> ==
n a a, a,
I 1 1
— 44+ —
a, a, a, 1
n nalaz...an

Since both sides are positive,




. . n
we can take reciprocal and obtain ———— < {/a,a,--a,
HETI I

a a a,

1+ab 1+bc 1+ca
+ + .
l+a 1+b 1l+c

Let a,b,c € R" such that abc =1. Find the minimum value of

Method 1
1+ab 1+bc 1+ca abc+ab abc+bc abc+ca
+ + = + +

1+a 1+b 1+c¢ 1+a 1+b 1+c¢
_ab(l+c)+bc(1+a)+ca(1+b)
"~ l+a 1+b l+c
> 3 s ab(l+c)bc(l+a)ca(l+b) (AM-GM)

(I1+a)(1+b)(1+c¢)

=3x3a’b*c?
=3 (attained when a=b=c=1)

Method 2

l+ab+l+bc+l+ca_1+%+1+%+1+%
l+a 1+b 1+c¢ 1+a 1+b l+c¢

1+ N l+a N 1+b
c(l+a) a(l+b) b(+c)

AM-GM

l+c l+a 1+b

>3# ETINNET I
c(l+a) a(l+b) b(1+c)

(attained when a=b=c=1)

Nesbitt’s Inequality.

Show that —%— + -2 1€ 5

3 ..
— for positive real numbers a, b, c.
b+c c+a a+b 2

Method 1
a b c
+ +
b+c c¢c+a a+b
a+b+c b+c+a c+a+b
= + +
b+c c+a a+b

=(a+b+d(b1 ! + ! j—3

+¢ c+a a+b

+

:l(2a+2b+2c)( t e j—3
2 b+c c+a a+b

:%«b+cy4c+ay4a+b»(bl L j_s

+¢ c+a a+b




>—(1+1+ 1)2 -3 (Cauchy-Schwarz)

W =

Method 2

Let x=a+b,y=a+c,z=b+c

a_ . b L_C =)c+y—z+x+z—y+y+z—x
b+c c+a a+b 2z 2y 2x

1 —t =t — =+ —
2|z z y y x x

_xyxzyz}3

1
= —(6) _E
2 2
_3
2
9 Titu’s Lemma.
Let a, a,,...,a, bereal numbers and b, b,, ..., b, be positive numbers. Show that
2
a_12+a_22+...+a’_’22 (al +a +.”+a”)
b b, b, b+b,+--+b,
By Cauchy-Schwarz,
2 2 2
I (b+b,+-+b)>(a,+a,++a,)’
bl b2 bn
Since all the b are positive, b, +b, +++-+b, is positive, and dividing both sides by this
2 g2 > (g +a,++a)
factor yields the required result 2=+ %2 ... 4 4o > (@ +a, )
b b, b, b+b,+---+b,
10 3023 3

a c
Let a,b,c>0 . Provethat —+—+—2>a+b+c .
bc ca ab

Method 1

4 4 4 4
By AM-GM, £ ¢ :b ¢ > gbe

b

4 4 4 4 4 4 4 4
. a +b"+b" +c a +b"+c +c
and similarly 1 >ab’c and > abc’

The result follows by adding these three inequalities together and dividing by abc.

Method 2




By AM-GM,

a a’ 3f 3
- > _ = =
bc+b+c_33[bcj(b)(c) 3Ka =3a

3 3

and similarly b—+c+a >3 and S +a+bh>3c
ca ab

Adding these three inequalities together produces
3 3 3

a—+b—+c—+2a+2b+2c >3a+3b+3c

bc ca ab

and hence
3 3 3

a—+b—+c—2 a+b+c as required.

bc ca ab

Method 3
By AM-GM,

a b p c a a’b’ bc ac’
—+— |+ —F— |+ —+— |22 \/ 2+\/ 5 +\/ >
bc ca ca ab ab bc abc a“be ab‘c

3 3 3
2 a—+b—+c— Zz[a_ber_ch%j
bc ca ab c a b

Furthermore, by AM-GM,
(ab bc] (bc ca] (ca abJ \/abzc \/abcz \/azbc
—t— || —F— |+ —+— |22 + +

c a a b b ¢ ac ab bc

Z(a—b+b—c+%j22(a+b+c)

c a
a b

Combining the above, 2 (— +—+ —J > 2(a +b+ c) and the result follows.
bc ca ab

Method 4

We have

a b a b b ca
2l —+—+—|=| —F+— |+ —F— |+ —F+—
bec ca ab bc ca ca ab ab bc
313 33 33
>2 \/“ b +\/bzc +\/“§ by AM-GM
abc a“be ab’c

[ ab bc ca j
=2 —+—+—
c a b
Therefore

a b ’ a b (bc ca abj
—t—t— | 2| =t — || =+ =+ —
bc ca ab bec ca ab )\ a b c

>(a+b+ 0)2 by Cauchy-Schwarz




3 3 3

. . a c .
so taking square roots yields —+—+—2>a+b+c as required.
bc ca ab
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a,,a,,...,a, are positive numbers such that @, +a, +...4+a, =s. Show that

>

i=1 S —a;

>—andz ’>nn 1)

i

By Cauchy-Schwarz,

S e (5]

(z"; s ](ns—s)knzs

i=1 S_a,'

n 2 2

ZSZI’ISZTZ

ms—a, ns—s n-—1

1

Therefore,

ms—a, n-—1 n—1

Similarly, by Cauchy-Schwarz,

B35

52)- 2

i=1 ai
Therefore,

N(s—a a.
z( AL P

i=1 q, a;

l 1

zs—ai an—n:n(n—l)

-1 4

1

12

Find the minimum value of 36" ™ +36"** where x, yvelR.

367 43677 > 2\/(36"2” )(36“”) (AM-GM)(*¥)

2(x? +y+y2 +x)

=2V6 (
— 2)( 6x2+x+yz+y

PP CH R
>2x 6(_%)

J6




2 2 2 2 . . ..
6F 6" T attains its minimum when

Since is an increasing function,

x* +x+y’ +y attains its minimum

By inspection, when x =y = —% , 36" =36""" so equality is attained for the AM-

GM (*)
13 ... 2x y _ 3x
X, y, z are positive real numbers. Show that — +=> , and hence show that
y z 3xyz
i + Z + E > M
y z X xyz
2
RN (fj(f] (Xj (AM-GM)
y oz YI\Y)\z
2
=3x3 *
\/ vz
3
=3x 3’x_
XYz
_ 3x
Jxyz
Hence, i+Z+E:l ﬁ+Z +(2—y+£j+ 2—Z+£
vy z x 3|y =z z X x y
[ 3x 3y 3z
>— + + (using result)
3 ( Jxyz 3 xyz élxyz] s
Xt y+z
Jxyz
14 ) 1 1
Let a, b, c be nonnegative real numbers such that ——+-———+—5—=2.
a+1 b°+1 c +1
a’ b’ c? 3
State the value of ——+——+— and hence show that ab+bc+ca <—.
a+1 b"+1 c +1 2

Firstly, note that

a’ b’ & a+1-1 b +1-1 c+1-1

2 + 2 + 2 = 2 + 2 + 2
a+1 b°+1 c +1 a +1 b +1 c” +1

1 1 1
=3- + +
(a2+1 b* +1 c2+1]

=1
Now, by Cauchy-Schwarz,

a2 b2 CZ 2 2 2 2
(a2+1+b2+1+c2+1j((a +1)+(b +1)+(c +1))Z(a+b+c)
Simplifying, (1)(3+a2 +b +c2) >a’ +b* +c* +2(ab+bc+ca)
322(ab+bc+ca)




ab+bc+ca£%
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Let a, b, c be positive numbers such that a*> +b> +¢> =3 .

(i) Show that a* +b* +c* >3.

(i) Deduce from (i) that a’b* +b*c* +c’a® <3.

(iii) Hence, using your result in part (ii), show that a’b+b’*c+c’a<3.

(1) By Cauchy-Schwarz,
(a“ +b* +c4)(1+1+1) > (a2 +b° +c2)2
(a*+b* +¢)(3)2 (3)

at+b*+ct >3

(ii) (a* +5* +¢*) =9
at +b* +ct +2a*b* +2b%? +2c%a* =9

2 9_(a4 +b4+c4) < 9-3 =

a’b* +b*c* +cta’ = 3
2 2

WRONG METHOD for (ii)
From (i), a* +b* +c* >3

(26> +0°¢ +a*) < (a* +b* +c)b* +¢* +a') (Cauchy-Schwarz)

<9 (by part (1))
a’h> +b*c* +c*a’ <3

at+b*+c* >3 and a* +b* +c* 2 a’h’ + b’ + P’

does not imply 3> a’bh* +b°c* +c’a’

(iii)

3x32(a’ +b* +¢*)(a’D* + b’ +Pa’) (using part (ii))

> (azb +bc+ cza)2 (Cauchy-Schwarz)

so taking square roots on both sides we get
32a’b+b’c+c’a
as required.
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2 2 2
. 3
(i) Let p,q,r e R"such that pgr =1 . Show that r_ 9 4T >°

g+r r+p p+q 2
(i1) Hence, by performing a suitable substitution, deduce that if a, b, ¢ are positive

1 1 1
real numbers such that abc =1 , then + + > 3

a (b+c) b3(c+a) c3(a+b) 2

(1) By Cauchy-Schwarz,

(p2+-q2+—rzJ«q+r%%r+pﬁip+qDZ(P+q+”2

q+r r+p p+q




2 2 2
( p_, 49 7 j(2p+2q+2r)2(p+q+r)2
g+r r+p p+q
2 2 2
P4 . S Prgtr
q+r r+p p+q 2
2 2 2 3)(3 v
P, 9 " S2INPY (AM-GM)
qg+r r+p p+q 2
2 2 2
P43
q+r r+p p+qg 2
(1) Let a:l , b:l , C=
p q

. Then the result in part (i) becomes

)—‘\:l,_;

1 1 3
SO ) ) 2
bc ca ab 3

+ + -

a’ (b+c) b* (c+a) ¢’ (a +b) 2
abc bca cab é
2

3

2

\

\%

a’ (b+c)+b3(c+a)+c3(a+b)
1 N 1 N 1
a’ (b+c) b3(c+a) cs(a+b)

\%
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HCI 2020 Prelim Q7 modified

(i1) Given that x>1, y>1, z>1, and l + l + l =2, use the Cauchy-Schwarz
X y z

Inequality to prove that \/x+y+22\/x—l+\/y—l+\/z—1
(iii) Given that p+g+r+s=3 and p>+2¢”> +3r° +6s5° =5, show that 1< p<2.

[3]

[3]

(i1) Observe that
x=1 y-1 z-1 I 1
+ + =

X y z X y z
By Cauchy-Schwarz,

\/(x—l+y;1+zgljmz\/(x_l)+\/(y_1)+\/(z_1)

()x+y+z2J(x=1)+(y-1)+/(z-1)

(ii1) From the given conditions,
g+r+s=3—p and 2¢° +3r° +6s° =5— p*. By Cauchy-Schwarz,

(2(]2+3r2 +6sz)(%+%+é)2((]+r+s)2

=(5-p")()2(3-p)
2>022p2—6p+4
:>02(p—1)(p—2)




=1<p<L2
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(Modified from SMO 2013 Senior Section 2" Round)
Let ¢, c,, - be a sequence of positive real numbers such that for each n>1,

2 2 2

C C
CaZ—+ 24+
r 2 n

199
Cn+1 > 199

Prove that >— .
o ¢ e, +o+c, 100

(You may use the following results without proof:

352, Sl

p— =r =\r r+l1 n+l1

By Cauchy-Schwarz,

2 2 2

C C C 2

(—13+—23+---+—”3](13+23+---+n3)2(cl+cz+---+cn)
¥ 2 n

2 2 2 2
(%4_;_234__{_%][@) Z(C1 +¢, +"‘+Cn)2

2
i+i+...+iz[2(cl+E2+'1‘)'+C,,)]
n nlin+

2
Z[2(c1+cz-|—---+cn)J
n(n+1)
Taking square roots on both sides,
2(c,+cy++¢,)
e n(n+1)

C

c

2
c+e,+te, n(n+1)

n+l

Taking summation,
199 199 2

Z n+1 ZZ (n+1)

n=1 c1+cz+---+cn =1 N
199 1

:2,,Z_l“n(n+1)

:2(1_Lj
200

_199
100

19

Let a, b and ¢ be positive real numbers. Show that

(a+b>c and b+c>a and c+a>b)
if and only if
(a >|b—c| and b >|a—c| and ¢ >|a—b| ).

Proof:




(<)

a+b>c a>c—b and a>b-c a>c—b and a>—(c—b) a>|c—b|
b+c>a < b>a-c and b>c—a < b>a-c and b>—(a—c) & b>|a—c|
c+a>b c>b—a and c>a-b c>b-a and c>—(b—a) c>|b—a|
Proof:

(=)
Suppose a+b>c and b+c>a and c+a>b

From a+b>c,weget a>c—b
From c+a>b,weget a>b—c

Thus, a > max {b—c,c—b} =|b—]|

By symmetry,
From a+b>c and b+c>a, we deduce that b > |a—c|

From c+a>b and b+c > a, we deduce that c>|a—b|
, b>|a—c|and c>|a—b| hold

Therefore, all three inequalities a > |b —-c

(<)

Suppose a>|b—c| and b>|a—c| and c>|a—b|

From a>|c—b ,we get a>c—b and a >b—c by definition

Thus, a+b>c and c+a>b

By symmetry,
From b > |a —-c

, we deduce that b+c>a
Therefore, all three inequalities a+b>c, b+c>aand c+a > b hold

We show that (a+b>c and b+c>a and c+a>b) if and only if
(a>|b—c| and b>|a—c| and c>|a—b|).
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2018/Q3

A triangle has sides of lengths a, b and c units. In each of the following cases, prove

that there is a triangle having sides of the given lengths.

(1) ? , b and —— units. 4]
I+a 140D I+c

(i) ~a, b and c units. [3]
(iii) \/a(b+c—a) ,\/b(c+a—b) and \c(a+b—c) units. [6]

The existence of the given triangle implies
a+b>c and b+c>a and a+c>b (¥)

(1)
WLOG let a > b > c. By triangle inequality, we have a <b+c.




X 1 . . . .
Moreover, —— =1——— 1is an increasing function for x >0.

x+1 x+1
So, b -4 5 ¢ and 4% o , we only need to show
b+1 a+1 c+1 c+l a+1 b+1
b c a
+ .
b+1 c+1 a+l
Now,

b c b c
+ > +
b+1 c+1 b+1 b+1

_b+c
b+1

>4 (by triangle inequality)
b+1

a

>

a+1

(i1)
(\/BJM/Z)z =b+c+2\/§

> a+2/bc by (%)
>a+0

2
)
Implying Jb+e>Aa. Similarly, Ja ++b >c and Ja +ec >+/b
(111)
From (i) it is sufficient to show that a(b+c—a), b(c+a—b) and c(a+b—c)are

sides of a triangle. By symmetry of the expressions, it suffices to show that
a(b+c—a)+b(c+a—b) >c(a+b—c) .

a(b+c—a)+b(c+a—b)—c(a+b—c)
=ab+ac—a’ +bc+ab—b*> —ac—bc+c’
=c’—a’-b"+2ab

zcz—(a—b)2

=[c—a+Db][c+a-D]

>0 by (*)

So a(b+c—a)+b(c+a—b)>c(a+b—c).

a(b+c—a)+c(a+b—c)>b(c+a—b) and c(a+b—c)+b(c+a—b)>a(b+c—a)

can be shown similarly.




