Q1 Suggested Answers

(a) | y=mx+c

L

Substitute into the DE:

m=x>+(mx+c)’ =2x(mx +c)—4x+4(mx+c)+3
Comparing coefficients:

X O=1+m’-2m = (m-1’=0 = m=1

Constant: m=c>+4c+3

_ —4+./16-8

4dc+2=0 = c_#:_zi\/f
Thus the solutions are y:x—2+\/5 and y:x—2—\/5
b
(b) %:xz+y2—2xy—4x+4y+3:(y—x)2+4(y—x)+3=0

Thus (y—x+3)(y—x+1)=0
The equations of the two lines are y=x-3 and y=x-1

© d—y:x2+y2—2xy—4x+4y+3
dx
d’y dy ( dyj dy . dy . .
—= =2x+2y—-2| y+x— |-4+4—=2x—-2y—4 since — =0 at stationary points
e Yo U i dx d dx P

If the stationary point lieson y=x-3,then x—y—-3=0
2
Then jx—y—2x—2y—4=2(x—y—3+l)=2>0

- =

Thus the stationary point is a minimum point.

If the stationary point lieson y =x—1, then x—y—-1=0
2

Then jx—f=2x—2y—4=2(X—y—1—1)=—2<o

Thus the stationary point is a maximum point.

(d)
A

v

y=x—2+J5




Q2

Suggested Answers

(@)

f(n)=(n+3)>+2

g(n)=(n-2)"+2

h(n)=(n—-1)" +4

Note that f(n)=g(n+5) forevery neZ.i.e. n > n+5 is abijection on 7.
Hence the functions have the same range.

To find common values in the range of f and h, consider

(n+3) +2=(s-1)>+4

(n+3)Y —(s=1)>=2

Since there are no perfect squares that differ by 2, there are no integer solutions.
There are no common values in the ranges of f and h.

(b)(@)

1Y 3
a’+ab+b* :(a+—bj +Zb°>0
2 4

(b)(ii)

(@=1-b)[(a=1)’ +(a—1)b+b’ ]
=(a-1)7 =bla=1)+(a=1)*b—(a—-1)b* +(a-1)b* - b’
=(a-1)-b°

(©)

p(n)=n’ =3n* +Tn=(n-1)" +4n+1

To find common integers in the range of p and q, consider
(n=1Y +4n+1=5"+4s-6

(n-10-s’=4s—6-4n-1

(n=1=5)[ (=1’ +(n=Ds+5" | =4(s—n+1)-11
(n—l—s)[(n—l)z+(n—1)s+sz]+4(n—1—s)=—11
(n-1=9)[(n=17 +(n-Ds+s>+4]=-11

>4
Thus (n—1-s5)=-1 and (n—1)2+(n—1)s+sz+4:11
Thus n=s.
(s=1)7+(s=Ds+s>+4=11
357 =35-6=0
(s+D(s—-2)=0
s=—1or 2

Thus the values common to both ranges are q(—1) =-11 and q(2) =10.

Q3

Suggested Solutions

a(i)

0

Iaf(x)dx: fla—u)(-1)du (withxza—u)

= af(a—u)du
0

=| fa-x)dx
0




a(i) > cos” x
Let [ = ﬁdx
o sin” x+cos” x
w5
cos”| Z—x
1= - dx (by part (a)(i))
sin” (—xJ+cos ( xj
0 2
(5]
. ‘ wsin| ——x |=cosx
:J‘z nsm"x. _ 2
o cos” x+sin”" x T ,
& cos| ——x |=sinx
5
2I:J‘ __cos"x dx+j2% de
o sin” x+cos” x 0 cos” x+sin” x
=J‘Zcos X +sin” X dx
o sin” x+cos” x
_T
2
==
4
b a a .
j xf(x)dx:j (a—x)f(a—x) dx (by part (a)(i))
0 0
- j (@-0f(x) dx v £(x)=f(a—x)
0
:aI f(x)dx—J. ©f(x) dx
0 0
2j xf(x)dx:aj f(x) dx
0 0
J.xf(x)dx:gj F(x) dx
0 2 Jo
c(i)

I = jzcos”(Zx) dx
0

= jz cos(2x)cos" " (2x) dx
0

= [% sin(2x)cos"” (2)6)}2 B _[2 ~(n—1)sin®(2x)cos"” (2x) dx

0

=(n-1) B [1 —cos’ (2x)] cos"*(2x) dx

T
.

=(n—1)| * cos"?(2x) —cos" (2x) dx

J0

T
P

— =1 [*cos"? 2x) dx—(n-1) j 2 os"(2x) dx

J0




d+n-0)I, =(n-1I,_,
nl =(n-DI ,

c(ii)

I xcos®(2x) dx

F L by part (b)
:EJ-O cos’ (2x) dx { cos® (2(n—x)) =cosg(2x)]

= g(2j2 cos®(2x) de [ cos®(2x) symmetrical along x = gj
0

_3om Ecos°(2x)dx
128 Jo

_3sn(n
128\ 2

35
=—
256

Q4

(@)

|z, + 2, =(z, +Zz)(zl* +zz*)
=|af +|z + 22, +2 2,
=|z[ +|z[ +2Re(z,2,")
< |Zl|2 +|Zz|2 + 2‘2,22*‘
=|z[ +]z.[ +2]z |

=(|Zl|+|zz|)2

Hence |z1 +z2|s|zl|+|22|.

Let P, be the proposition that |z, +z, +...+z,| < |z | +|z,|+...+|z,
Clearly, P, and P, is true.

Assume P, is true for some k.

|Zl+ZZ+...+Zk+1|S|Zl+Zz+...+Zk|+|Zk+l|

forall neZ*.

Need to prove P, is true. i.e. |z, +z, +...+z,,| <|z|+|z|+...+|z]




S|Zl|+|zz|+...+|zk+1|
P, 1s true = P, 1s true.
Since P, and P, is true and P, is true = P, is true, hence by mathematical

induction, P, is true forall neZ".

(b) Given u, —u’ >0 and Ungps —uf >0,

r+l

2 2 . o, .
U =10, Uy —Us 5 oeey Ungyy — Uy Ungps — U, 18 @ Sequence of positive numbers

Using AM-GM,

20?/{]2%1( r Hl):l (thpy — 7)) < 2023 |:§2:(” U} )+ (thypy —107)

r=1

Now,
1

2022
M{Z (u, _ur2+1) + (U3 _uf)jl

2023[(”1 1)+ (1 =13) oo (tygy = Ugyy) + (goy — 14 )]

2023 [(“1 U ) (1 = 15) F oot (U — Uy )+ (thgyy — ”2023)}

2023

2023 Z(

<l (_j(zozs) since (ur—uf)ﬁi

2023\ 4

2022 1
So 2023 l:l— _(u’ — ur2+1):l (U095 _ulz) < Z

r=1

‘2022 1 2023 1 2023
= W= {h—[(u, —ufﬂ)} (s =) < (Zj = 4B <425 (Zj =16

r=l1




Qn.

Suggested Solutions

Sa

Let A,,...,A,, represent the different surnames and B,,...,B, represent the different

birth months. For each boy (rows 1 to 18 in table below), put a tick under column A;
and B; if his surname is A; and birth month is B,.

Boy Al cee Am B] cee Bn
1 v v
2 v v

18 v v

Let a,,...,a,,b,...,b, be the number of ticks in the columns A,,...,A ,B,,...,B,

respectively.
Since each row has 2 ticks, the total number of ticks is
a,+..+a,+b+..+b =18x2=36.

Also, since all integers from 0 to 7 were seen in the boys’ responses,
a,+..+a, +b+..+b >21+2+..+8=36.

Hence, a,,...,a,,b,,...,b, is an arrangement of the integers 1, 2, ..., 8, which implies that
m+n =238 and consequently m,n<7.
WLOG, suppose a, =8, i.e. 8 boys have the same surname.

Since the number of birth months, 7, is at most 7, by pigeonhole principle, there are at
least 2 of these 8 boys with the same surname, that have the same birth month.

5b
(@)

The 18 boys can split themselves up according to 6 +4+4+4 or 5+5+4+4.

Number of ways

Lo Sl e (L)) e mmooma

5b (ii)

Each of the 6 players takes 5 dice, leaving 50 dice to be distributed.
Number of ways
_(50+6—1

J: 3478761

5S¢

Let 4, B and C be the sets of questions that Alex, Ben and Charlie answered correctly
respectively.

Let a, b, c be the difficult questions that Alex, Ben and Charlie answered correctly
respectively.




at+b+c

=|4|-|4NB|-|ANC|+|4ANBNC]|
+|B|-|4NB|-|BNC|+|ANBNC|
+|C|-|aNc|-|BNC|]+|4ANBNC]|

=|4|+|B|+|C|-2(|4NB|+|4NC|+|BNC])+3|4NBNC]|

=2[ |4|+|B|+|c|-(|4NB|+|ANC|+|BNC|)+|4NBNC]]
—(|4]+|B|+|c])+|4NBNC|

=2[4UBUC|-(|4|+|B|+|C])+|4NBNC]|

=2(50)-(40+30+20)+|4NBNC]|

=10+|4NBNC|

Hence, there were a+b+c—|4N BN C|=10 more difficult questions than easy

questions.

S5d

Let F; be the event where Alex met the it friend, i =1,2,...,5.
Number of times Alex participated

U.*
=D JE- Y IENE| Y |FNENE,
i i<j i<j<k
- Y ensnsne) s
i<j<k<l

=Gj@1)—@}(5)+[§j(3)—(ij(2)+@j(l)+3

=29

+3

+3

Alternative
Let n, be the number of competitions where Alex meets exactly i friends,

i=0,1,2,..5.

Alex meets his friends a total number of times given by
5

5
Zini =n, +2n, +3n, +4n, +5n, =[1j><11=55 ___(1)_
i=1

And we also have the following:

ool

= n, +3n,+6m, +10n; =50 ————(2)

(im0

= n, +4n, +10n, =30 ———(3)




(el o

= n, +5n, =10 ———(4)
5 5

( ]”5 :( jxlzl
5 5

:’ns:l ___(5)

Solving Equations (1), (2), (3), (4) and (5) gives
n, =10,n, =10,n, =0,n, =5,n, =1.

Number of times Alex participated
=n,+n +..+n,=3+10+10+0+5+1=29




Use the information in the mathematical text to answer Question 6. You should read the whole
mathematical text before you start answering the questions.

Continued Fractions

A continued fraction for a real number x is an expression of the form
1

1 9

1
a2 +7

X=a,+
a +

or simply expressed as x = [ao; a,, a,, ] , where a, €Z and a, eR foreach i>1.

A continued fraction with @, e Z" for each i>1 is known as a simple continued fraction.

It is known that the simple continued fraction for x is finite if and only if x is rational.
For example, the number

2 =1+ Ll =[1;3,2] is rational
7 3+—
2
while the number In3=1+ ;1 =[1;10,7,9,...] is irrational.
10+ I
7+—
9+ -

Let a,,a,,a,,... be a sequence of integers, with all the terms positive except perhaps a,. We
define two sequences of integers as follows:
p.=lp=a,p,=a,p, +p,,, nzl,
9,=0,49,=1,9,=a,4,,+q,,, n21. (*)

For x = [ao; a,, a,, ] , and for each neZ" , we define the nth convergent of x as

r, =a0+—1=[a0;a1,a2,...,an] .




1

1+\/§'

show that it is irrational. 2]

6 (a) (i Show that 2 =1+ Hence, write J2 asa simple continued fraction to

(ii) The number 7 =3.14159265... can be expressed as a simple continued fraction

1
T =by+

b +

Find the values of b,, b,, b,, and b,. [2]

(iii) Let x=[1;q,,4a,,4,,...], where for each neZ", a,, , =3 and a,, =4. Find the

value of x, giving your answer in the form a+be , where a and b are rational
numbers and c is a positive integer. [3]

(b) Let qy,aq,a,,.. beasequence of integers, with all the terms positive except perhaps «, .
Let p, and g, be defined by the recurrence relations in (*) as stated in the mathematical

text.

(i) Prove that for each n € Z" and any positive real number y,
+
] — ypn—l pn—z . [5]

[ao;al, az, ...,aH,y
yqn—l +qn—2

(i) Hence, show that r,, the nth convergent of [a,; a,, a,, ...], is given by r, = Pu 113

n

(iii) Prove that for each neZ",

pnqn—l _pn—lqn = (_1)"*1 ) and

pnqn—Z - pn—2qn = (_1)” an : [4]
(iv) Explain why the nth convergent, r, =~ is always in its lowest terms. [1]
(v) Provethat r,<r, <r, <...<r <n<r. [2]

Qn. Suggested Solutions

6a 1 1 1-V2 1-\2 ol 3 ots !

@ 12 1iv2 12 12 ¥ 112




=1+———T—<{h122w4
2+

2+

Hence, \/5 is an infinite continued fraction which shows that it is irrational.

6a by=|n]|=3

(i) ;
e
n—3

b, = 11 =15
7
L mT—3
b, = 11 —1
—T————IS
7
L m—-3 _
6a Given x=[1;3,4,3,4,...], let y=[0;3,4,3,4,...].
(i) po L1 A4y
34 by L 1343y
4+ -. 4+y
13y+3y° =4+y
3y’ +12y-4=0
y =% V192 ( y=[0:3,4,3,4,..]>0)
y:—2+g\/§

.‘.x:1+y:—l+§\/§

6b +
. Let T, be the statement [a,;a,,4,,...,a, ,,y] = PPt T Pu2 for each ne .
(@) Y1+ Gd

Given p =1, p,=a,, p,=a,p, ,+p,,and ¢, =0, ¢,=1, q,=0a,q, ,+q,,-




Since 220 P :y(a0)+1 :a0+l:[a0;y], T is true.
y

yao+q.,  y(1)+0

) L. .
Assume that 7, is true for some keZ", i.e. [ao,al,az,...,akfl,

+
y]: WPkt T Pia g any

Yo Y9

yeR".
[ay;a,,a,,....a,_,,a,, 7]

1
=[a0;a1,a2,...,ak1,ak +;

1
[ak + ] Pia T Pis .
= > [induction hypothesis, ' a, +—> 0]

1 y
(ak + j%l +q;_,
y

ya )pk—l t Py T VP

(yak )qk—l G TV
_7 (akpk—l + D ) + Dy
y(aqu—l +9 ) 49

_ YPi Tt Pi

Yk + G
This shows that 7, is true implies that 7, , is true.

(by the given recurrence relations)

By the principle of mathematical induction, 7, is true for each neZ".

6b rﬂ:[ao;al,...,aﬂ,an]
(i)
= LPurt T Pua by part (b)(i) since a, > 0)
anqn—l + qn—Z
=L (by given recurrence relations)
qn
6b Let S, be the statement p,g, , —p, ,q, =(~1)" foreach neZ".
(iii)

Py — P4 = (a1p0 +p_1)(1)—610 (al% +(]_1)
=aa,+1-a,q,

1= (_1)1—1

Hence, S, is true.

Assume S, is true for some k € Z", i.e. pg,,—poge =(-1)".




LHS of S,,, = Pty — i
=(@iPe + Pt = P (@ + 401
=~ (Pedir — Pide)
= —(—l)k_1 (by induction hypothesis )
—(-1)*""" —RHS of S,.,

This shows that S, is true implies that S, , is true.

+1

By the principle of mathematical induction, S, is true for each neZ".

Puyr = oot

=(a,0, 1+ P0s) 0= Pua (44,114, 5)
=a, (P92 = Pyrdnr)

{an (pox0-1x1) ifn=1

a, (1) from previous result if 7 > 2

=(—1)n a,

6b From part (b)(iii), p,q, , — P, .4, =(~1)"" shows that if d divides both p, and g, , then
(iv) .
d divides (—1)" ', and so d divides 1. This implies that ged( pn,qn) =1.
6b From part (b)(iii),
)

n—1
131/”_’/”71:&_@:_(—1) and

pnqn—l - pn—lqn = (_1)”
qn qn—l qn qn—l

P P ()@
qn qn—2 qnqn—Z

pnqn—Z _pn—an = (_l)n an = rn _rn—Z =

Since forall neZ,, q, >0, foreach meZ" , we have

()" a (G

Bw = Hhma = >0 s Dot Thma = <0 s and
9om9om—2 Drm192m1
2m-1
=™
Yy — Ty = <0.
QZmQ2m—l

o .
This implies that for each me 2", r,, ,<r, ., 1,. <0, ,and r, <r .

Hence, r, <7, <r,<...<r,<n <r.




