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2

The terms in the sequence u,,u,,u,,... satisfy the recurrence relation

u,=4u,  —u, , for r=2.
(a) Find the general solution of this recurrence relation. 2]

(b) Find, in an exact form, an expression for u, in terms of 7 in the case that u, =0 and u, =2. [2]

4
(¢)  Find the exact value of u, in the case that u, =1- ;\/g and u, tends to zero as r tends to infinity. [2]

Consider the differential equation

10x

A 2y-1°

where y=1 when x=0.

(a) Use two steps of both the Euler method and the improved Euler method to calculate approximations to
the value of y when x =1, giving each answer correct to 2 decimal places. [5]

(b) Explain the large discrepancy between these two answers. [2]

The growth of a mold colony on a circular petri dish is the subject of a biology experiment. A student proposes
modelling the area of the mold using a recurrence relation:

An+] :p\/An (l_qAn)’
where p and ¢ are positive constants and A4, represents the area of the mold in mm? » days after the start
of the experiment.

(a) Itis giventhat p =20 and 4, =100.

(i) Find the exact value of ¢ for which this model predicts that the area of the mold remains constant.
(2]

(ii) Determine the range of values of ¢ for which this model predicts that 4, is less than zero.  [1]

(b) The values of p and ¢ are now chosen so that for n>1,
{400, n is odd,
A —

n

100, n i1seven.

@) Determine the exact values of p and ¢ . [3]
(ii) Investigate what the model, with these values of p and ¢, predicts about the mold area when
A4, =99 and when 4, =101. Hence comment on the proposed model. [3]
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Let [ = J.ISO.Sx + sin(eo‘s" ) dx.

(a)  Use the trapezium rule with four strips to obtain an approximation to /, correct to 3 decimal places. [3]
(b) Use Simpson’s rule with five ordinates to obtain an approximation to /, correct to 3 decimal places. [3]
It is given that the approximation to /, correct to 3 decimal places, from the graphing calculator is 6.158.

(¢)  State which of the approximations in (a) or (b) is more accurate and explain, with aid of a diagram, why
the less accurate method has such a large discrepancy. [3]

The curve C has equation y=x+ sin(x2 ) . The area bounded by the portion of C over the interval [0, N 3n} ,
the positive x-axis and the line x =+/37 is rotated 2z radians about the y-axis.

(a) Find the exact volume of the solid of revolution. [4]

(b) Find, correct to 3 decimal places, the area of the surface of revolution that is generated by the portion of
C. [3]

The same portion of C is now rotated 2z radians about the x-axis instead.

(¢) Find the area of the new surface of revolution that is generated. [2]

The linear transformation 7"maps points (x, y, z) to image points (x, 3, z') such that
X' 31 2)\(x

yi=1 3 2|yl
z' -4 -4 —-6)\z

(a) Given that T has an invariant plane, /7, and an invariant line, /, find vector equations for /7and /.  [6]

(b) () Given that a, b and c are constants, state the values of ¢ for which the system of equations

B-tH)x+y+2z = a
x+QB-t)y+2z = b
—4x-4y+(-6-1t)z = c
has no unique solutions. [1]

(ii) For each of these values of ¢, find the relationship(s) between a, b and ¢ such that the system of
equations is consistent. [3]
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7 Consider the function f(x)=
X

. Solutions are required for the equation f (x) =0 for x>0.

(a) Evaluate (1) and f (2) , and hence comment on the possible number of roots of f (x) =0 in the interval

(1,2). 2]

(b) Name the feature that must exist on the graph of y=f (x) for the number of roots of f (x) =0 in the

interval (1, 2) to be non-zero. [1]

It is given that «, the 2nd smallest positive root of f (x) =0, lies in the interval (1, 2) .

(¢) ()  Use the Newton-Raphson method, with initial approximation x, =1, to determine the values of

x,, x, and x,. Give each answer correct to 3 decimal places. [3]
(i)  Explain why the values of x, and x, are the same (correct to 3 decimal places). [2]

(iii) Explain why the use of x, =1 in the Newton-Raphson method does not give convergence to o .
[1]

(iv) Find the value of a correct to 3 decimal places. [1]

(v) By considering the graph of y=f (x), for x>0, suggest a reason why the Newton-Raphson

method should not be used to find the roots of f (x) =0 for large values of x. [1]
8 (a) The matrices
2 -1 =2 8 4 -5
A=|-1 2 -2|and B=|4 -1 -4
-1 -1 1 5 4 =2

have characteristic equations equivalent to (3 - /1)2 (1 + /”L) =0.
(i) For each matrix, find a basis for the set of eigenvectors corresponding to the eigenvalue 3.  [3]
(ii) For each matrix, determine whether it is diagonalisable. [1]

(b) The vector space V'is R*. The set S consists of the vectors a, b, ¢ and d in R* given by
a:(—l, 0, 1, 2), b:(O, L 2, —1), c:(l, 2, -1, 0) and d:(2, -1, 0, 1).

(i)  Show that the set S spans V. [3]
(ii)) Express the vector u, =(1, 0, 0, 0) as a linear combination of a, b, ¢ and d. [2]

(iii) Write down similar expressions for each of the vectors
u,=(0, 10,0, u,=(0, 0,1, 0) and u, =(0, 0, 0, 1)
in terms of a, b, ¢ and d. [3]

a5
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9 A curve C has polar equation
r=(1+sin30)(2+cos @) for 0<H<2n.

(a) Find, in an exact form, the equation of the tangents at the pole. 2]
(b) State the number of loops that C has. [1]
(¢) For each loop, find the values of @ and r for which C is furthest from the pole. [3]
(d) Sketch C, labelling clearly the features found in all previous parts above. [3]
(e) Find the area enclosed by the smallest loop of C. [2]
(f)  Find the arc length of the largest loop of C. 2]

10  [In this question, all variables are in standard SI units. |

In an experiment to investigate the motion of objects submerged in viscous fluid, an object P of fixed mass
m is attached to the end of a metal spring and submerged in a pool of the viscous fluid.

The origin O is the equilibrium point for the system, where there will not be any motion unless an external
force is applied. P is displaced from O by a displacement of x, and released from rest. P moves along the

x-axis with a displacement from O of x, an acceleration of @ and a velocity of v at time ¢ from its release.

—>>a
—_
| | >
| . | > x
0 P X,

Newton’s Second Law states that the sum of all forces that act on P is equal to the product ma, where the sign
of each force represents its direction of application. All quantities, x, v, a and forces are positive when they are
in the direction of the positive x-axis.

In this experiment, there are only two forces acting on P,

(1)  the spring force S with magnitude k|x

, for a positive constant k, which acts in the direction from P

towards O, and

(2)  the drag force D with magnitude b|v| , for a positive constant b, which directly opposes the motion

of P.
(a) By writing down expressions for the forces, show that the motion of P is described by the differential
equation
2
md—f+b3+kx=o. [2]
dr dr

(b) State, in terms of m, b and k, the possible forms of the solution to the differential equation and the
corresponding conditions satisfied by the positive constants m, b and . [4]

(c) Determine, with justification, the eventual motion of P for each of the possible forms in part (b).  [3]

It is now known that m=0.1, 5=0.5, k=1.5, and x, =0.1.

(d) Find an expression for x in terms of ¢. Leave all coefficients in exact form. [4]

(e) The motion is considered to have “stopped” after the last time at which the magnitude of the
displacement is 0.005. Find, correct to 3 decimal places, the time it takes for the oscillations to stop.[1]

a5
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1 Solution

(a) | Rewriting the given recurrence relation, u, —4u, , +u, , =0
The characteristic equation is given by
m’ —4m+1=0

m:4i\/;6—4 =4122*/§=2i\/§

Hence, the general solution of the recurrence relation is

u, =A(2+\/§)r +B(2—\/§)r,where r=0,1,2,....

(b) | From u, =0, we have A+B=0
From u, =2, we have A(2+\/§)+B(2—\/§)=2

Solving the two equations simultaneously,

A=—L and B=——L

N N

Therefore, u, = ! +\/§)r —L(Z—\/g)r , where r=0,1,2,....

NG

(¢) | From u, tends to zero as r tends to infinity, we know 4=0.

From u, =1—§\/§,WC have B(z—\/i)z =1—$\/§

4
1—5\/5_l
YN

1
MOZ;

Error! Reference source not found.



Solution

(@

Using the Euler method,
X y dy/dx

0 1 0
0.5 1| 147.41316

1| 74.70658
When x=1, y=74.71 (2 d.p.)

Using the improved Euler method,

X y dy/dx1 u dy/dx2 dy/dx

0 1 0 1| 147.41316| 73.70658
0.5| 37.85329| 1.4799214|38.5932505| 288.60588| 145.0429

1| 110.37474
When x=1, y~110.37 (2d.p.)

(b)

As seen from the values of the subsequent gradients, the value of the gradients increases exponentially when
x increases, but the gradient is zero at the initial point. So the 1* step of the Euler method proposes no change
to the y-value, while the improved Euler method takes the large increase of the gradients into consideration
by including the gradient from an intermediate estimate, leading to the large discrepancy.

Additional Note:

Step Size |Euler |Improved Euler |Difference | % Diff
0.5 74.71 110.37 35.66 32.31%
0.25 34.89 70.19 35.30 50.29%
0.2 36.21 60.23 24.02 39.88%

From the table of comparison, reducing the step size does not have much of an effect on the absolute difference
between the estimates and in fact increases the percentage difference (this is calculated with the values from
improved Euler as the base since it is the more accurate method).

Error! Reference source not found.




3 Solution
@ | 4, = 20\/A7n(1—qAn) and 4, =100
(a) | Since area of mold remains constant, 4, =4, =4, = 4,.
® 1 5o 100=204100(1 - 100)
__L
77200
@) | 4 =207100(1-4100)<0
(ii)
> —_—
77100
E!;) When » is even, 400 = p+/100(1-100g)
1
40=p(1—100q) ....................................................... (1
When # is odd, 100 = p+/400 (1—400q)
5= P(1=400G) .ooerrrvveeerrseeeereeeeeessesseeeseseeessnnnns )
W)/ @), 8= g T
1-400g 3100
7 155
Subin (1), 40=p|1-100| — || = p=—"
ubin (1) p( (3100]] P=7
(b) 155 7
(i) | A =5 VA (l—m/lnj

With 4, =100, the sequence cycles between 100 and 400.

NORHAL FLOAT AUTO REAL RADIAN HF NORHAL FLOAT AUTO REAL RADIAN HP 1
PRESS + FOR &Th1
Plotl  Plotz  Plot3 n__lu
TYPE: SEQ(m) SEQUm+2) : -1122
nMin=06 g Iiisg
~u(n+1)8 S2Jutn) [1—mu(’ Y 100
5 YHoe
B SO UOTOTSPPOTRTRTSRTTY - 186
7 Ybg
u(ﬁ)ElBﬁ z 00
u(ll= El 4ge
Bwintld= IFCH 100
vi@)= =10

When A4, =99, the sequence drifts away from the 100/400 cycle.

NORHAL FLOAT AUTO REAL RADIAN HF NORMAL FLOAT AUTO REAL RADIAN HF

SECOND CONDITION IF NEEDED PRESS + FOR &aTh1
Plotl  Plotz Plots It u
TYPE: SEQ(m) SEQm+2) : 3;9 i
nMin=0 Fl 181.86

155 7 3 He1.51
~u(n+1)8352 Jutn) [l—mu(r.l Y 96.649
5 397.08

u{@)B99 ] 198.41
uclli=N 7 Hay.91

B ()= e
vi@)= 122,73
vill)= =10

When A4, =101, the sequence drifts away from the 100/400 cycle.

Error! Reference source not found.




HORHAL FLOAT AUTOD REAL RADIAN HF
SECOND COMDITION IF NEEDED

Ploti  Plotz  Plot3

HORMAL FLOAT AUTO REAL RA

FRESS + FOR &Th1

DIAN MP

SEQ{m+2)

TYPE: SEQ(m)

nMin=0

- 155 7
=uln+1)EER UG (1- 555 uln

u{@)E161

ufll=
B~wvin+ld=

w{@)=

vill=

Lol

Yoo .82
98.182
398.45
19342
HYoz.rz
93.962
394.56
111.91
4o8.45
81,119

iwm1mm:ww#a
=5

n=10

The proposed model is highly sensitive to initial conditions. Even a minor deviation from the expected cycle
values of 100 (or 400) causes the sequence to diverge rapidly, indicating that it is mathematically unstable

and therefore a poor predictive model for biological growth.
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4 Solution

(a) | Using the trapezium rule,
1 0.5+ sin(eo'5 ) + 2(1 + sin(e1 ))
I=| -
(Zj + 2(1.5 + sin(el‘5 )) + 2(2 + sin(e2 )) +2.5+ sin(ez‘5 )
=6.642353454=6.642 (3 d.p.)

(b) | Using the Simpon’s rule,
2 0.5+ sin(eo'5 ) + 4(1 + sin(e1 ))
I=|—
(6j +2(1.5 +sin(e]'5))+4(2+sin(e2 ))+2.5 +sin(ez'5)
=7.297993133=7.298 3 d.p.)

(¢) | The trapezium rule in (a) is more accurate.

NORHAL FLOAT AUTO REAL RADIAN HP n

It can be seen from the sketch of y=0.5x+ sin(eo's") that there are 3 turning points in the interval [3, 5] LA

parabola fitted to the 3 points where x =3,4,5 will have a maximum point near x =4 and mostly lie above

the graph over the interval, resulting in a gross overestimate of the area.

Error! Reference source not found.



5 Solution

(a) | Using the shell method,
Volume = JAOEZTEXI:X + sin(x2 )] dx
=7 OJ§2x2 + 2xsin(x2 ) dx
- N
=7 ZTx3 - cos(xz)}

0

25

=x T—cos(3n)—0+cos(0)

=21t(7r 3n +1)

(b) | [Note that the function is not 1-to-1, so the surface area formula is modified.]

\/g d 2
Surface Area ={ 27x, |1+ (ay) dx

0

_ Vi 2 2
_L 2nx\/l+[1+2xcos(x )] dx

=87.13478314 =87.135 (3 d.p.)

(c) .

2
New Surface Area =J 2my, [1+ (%j dx
0

:JAJ3T[,7,TE[)c+sin(x2 )]\/14—[1+2xcos(x2 )T dx

0

=97.39467591=97.4 (3 s.f)

Error! Reference source not found.



6 Solution
() 301 2
Let M=| 1 3 2 | be the transformation matrix.
-4 -4 -6
The invariant line or plane corresponds to the eigenvectors of M.

3-1 1 2
Consider det(M - ZI) =0, we have det| 1 3-1 2 =0
4 -4 —6-2

Plotl  Plotz  Plots Y31
INY1Bdet ([AR1-Xidentit4(3)) ' ‘ l ;
ENY 2=
ENY 3=
INY 4=
ENYs=

NYs=
ENY 7=
BNY 8=
ENYg= X=-5

From GC, the eigenvalues are A =—4 or 1 =2

For eigenvector corresponding to 4 =—4, consider (M - 4I) v=0,

NORMAL FLOAT AUTO REAL RADIAN CL n :"I?a"‘;tTELlni;; AUTO REAL DEGREE CL n ;lfau;tTEL'D‘;; AUTO REAL DEGREE CL n
SHLT2 SHLTZ

ausment ([AT-( -4)identitw(3 SYSTEM OF EQUATLONS SOLUTION GET,
),[B1)>[C] _ N xB0-1/4z

[r7 1 2 o1 b+ 1et 2z 0| =p-174z

L 7 2 ol N . - i
L4420
1 “dx+  cdus 2z= (]

LOAD sws Matrix=[CI#

fauIm [MATN TMODE I SYSM S TORET RREF )
1
‘1‘ -1
From GC, the eigenvector is z 2 =1 -1
1 4
-1
So invariant line has vector equation r=A4| -1|, A eR
4

For eigenvector corresponding to A =2, consider (M - 2I) v=0,

(NORMAL FLOAT AUTO REAL RADIAN CL n NORHAL FLOAT AUTOD REAL DEGREE CL n INORHAL FLOAT AUTO REAL DEGREE CL
FLYSHLT2 AFF FLYSHLT2 APF

ausment ([AT-(2) identitw(3) SYSTEM OF EQUATLONS SOLUTION SET,
,[B1)>[C] _ N XB0-y-22
[ 1 2 01 i+ I+ > 0 o=y
i1 1 2 ol . . - =
LIaagon| oo zo0
“4x+ Rl -8z= L5}

LOAD sws Matrix=[C]

rauiTl [MATN | MODE | SYSM ISTOREI RREF |
From GC, x+y+2z=0,
1
So the invariant plane has vector equation r.| 1 |=0.
2
OR
-1 -2
From GC, the eigenvectors are y| 1 |+z| 0
0 1

Error! Reference source not found.




-1 -2
So invariant plane has vector equation r=x| 1 |+y| 0 J, uyeR
0 1
(b) a
@ | The system of equations is equivalent to (M - tI) y|=|b
z c
It has no unique solution when det(M - tI) =0.Sot=—4orr=2.
(b) | Since the eigenvectors are linearly independent,
(ii) -1 -1 -2
x=A| =1 |+u| 1 |+y| 0 |, 4,1,y € R represents all possible vectors in R’.
4 0 1
When t=-4,
a -1 -1 -2 a
[M+4l]x=|b| = (—4+4)A|-1|+(2+4)pu| 1 [+(2+4)y]| 0 |=|b
c 4 0 c
-1 -2 a
= 6ul 1 |+6y] 0 |=|b
0 1 c
a 1
For consistency, | b | lies on the invariant plane r.| 1 |=0,
c 2
and so a+b+2c¢=0.
When r =2,
a -1 -1 2 a
[M-21]x=|b| = (-4-2)4]-1|+(2-2)pu| 1 [+(2-2)7]| O |=| b
c 4 0 c
-1 a
= (-6)A|-1|=|b
4 c
a -1
For consistency, b} lies on the invariant line r=A1.| -1 |,A e R,
c 4
and so —a:—b:% or 4da=4b=—c.
OR
For t =—4 , we have
7 1 2]a 1 7 2|b
1 7 2|p|—222507 1 2|a
-4 -4 2|c -4 -4 2|c
Ry «R,-7R, 1 7 2 b iz ::;Lz}% 1 7 2 b
—RBCRER 0 48 —12|a-Th | ———|0 4 1|(a-7b)/(-12)
0 24 6 |c+4b 0 4 1| (c+4b)/6
For equations to be consistent, we need

Error! Reference source not found.



a-T7b c+4b
-12 6
a+b+2c=0

For =2, we have

1 1 2]a 11 2 a
11 2|b =01 2] b
-4 -4 -8|c 11 2/c/(—4)
For equations to be consistent, we need
a=b=i
—4

Error! Reference source not found.




10

7 Solution
(a) f(l) =-0.99057, f(2) =-0.46058.
Since the trigo function in the numerator is bounded by the interval [—1, 1] , the turning points lie near the
graphs of y= il and hence there can only be an even number of roots in the interval (1, 2) .
X
(b) | There must be a (local) maximum point.
[Note: the maximum  points lie near y= 1 which  will be above the
X
x-axis]
(¢) | The Newton-Raphson equation is
(@) cos(e“x” ) -1. lxne”x” sin(e“x" ) - Cos(el'l"” )
xn+1 = xn - - 2
xl’l x?’l
X, cos(el‘“" )
" 1.1x e sin(e“"" ) + cos(e”x” )
From GC,
X X )
2.842 2.881 2.872
(¢) | Rewriting the Newton-Raphson equation,
(if) X, cos(e”’"x ) 1
T 1.1xe""™ sin(el‘“" )+ cos(e“x” ) T let tan(e””" )+(xn )_l
At n=3,
Y —x o~ 1
4 - 1.161.1(2.8722681) tan(el.l(2.8722681))+ (2.8722681)71
~— L L12545x10"
7970.993
This value is too small to affect the value of the iterations at 3 decimal places.
(¢) | The initial approximation of x, =1 is very close to the turning point at x =0.93921, so the tangent to the
(iii) | curve will have a very gentle slope, leading to an intercept that is very far away and hence the iterations
converges to another root instead of « .
(¢) | From GC, a ~1.409
(iv)
0
(\9)

The graph reveals that as x gets larger, the turning points and the roots of f are packed closely together so it
is difficult to choose an initial estimate that will let further estimates converge to the intended root.

Error! Reference source not found.




8 Solution
(a) -1 -1 2)(«x 0
(@ Solving (A—3I)V=0 ,wehave | -1 -1 =2 y|=|0
-1 -1 2)\z 0
-1 -2
FromGC, v=| 1 |y+| 0 |z
0 1
-1\ (-2
So a basis of eigenvectors corresponding to A =3 is<| 1 |,/ O [;.
0 1
5 4 5\x 0
Solving (B—3I)V:0 ,wehave |4 -4 -4 =0
5 4 5)\z 0
1
From GC, v=|0 |z
1
1
So a basis of eigenvectors correspondingto A =3 is | 0
1
(a) | A is diagonalisable since there are 3 linearly independent eigenvectors, and B is not diagonalisable since
(ii) | there are only 2 linearly independent eigenvectors.
(b) -1 0 1 2
@ , 0 1 2 -1
Consider M = T L o where a, b, ¢ and d are the columns.
2 -1 0 1
From GC, det(M) =32#0.
So the column vectors are linearly independent in R* =V
Hence S spans V. (shown)
Alternatively:
-1 0 1 2 1 -3+ 0 3 1 000
0o 1 2 -l 0o 1 - -1 0100
From GC, M = reduces to or
1 2 -1 0 o 0 1 -3 0010
2 -1 0 1 0 0 0 1 0 0 0 1
So the row vectors are linearly independent in R* =V
Hence S spans V. (shown)
(b) -1 0 1 2 1
(i) _ _ 0 1 2 -10
Augmenting M with u,,we have .
2 -1 0 0
2 -1 0 1 O
| 1 1 3
From GC, we have u, =—§a+—b +—c+gd
(b) | By observing that a, b, ¢, d and u,, u,, u,, u, have the same cyclic nature, we can deduce that
(iii)

Error! Reference source not found.
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u4=—lb+l +ld+§ =§a—lb+l +ld
&8 8

u3——lc+ld+la+§b=la+§b—lc+%d

u2=—1d+l +lb+§(§=l +lb+E —ld

Note: M is an example of a circulant matrix.

Error! Reference source not found.
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9 Solution

(a) | For tangents at the pole, =0
So (l + sin30)(2 +cos :9) =0
Since 2+cos@>0,

1+sin36=0
36’=§n,zn,2n.
2 2
Hzln,zn,gn.
2 6 6
. i Tn Ilx
So equations of tangents at the pole are 0:5, sz and 0=—.

(b) | C has 3 loops.

Plotl  Plot2 Plot2

EINF1E(1+5in(36))(2+cos(8))
ENrz=
ENr3=
ENra=
ENrs=
N\rs=

© | r= (l + sm30)(2 +cos 6’)
[NORMAL FLOAT AUTD REAL RADIAN HMP n [NORMAL FLOAT AUTOD REAL RADIAN MP n [NORMAL FLOAT AUTO REAL RADIAN HFP n [NORMAL FLOAT AUTD REAL RADIAN HP
[CALC HAXIMUH | XIHUM IXIMUM
Yi=ra(¥) Yazra(¥) Yiz=ra(x)

Ploti  Plotz  Plot2

A

From GC, the distances are
5.75 at §=0.488,

2.32 at #=2.51 and

4.11 at 6=4.82.

Error! Reference source not found.
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(d)

(2.32,2.51)

(*E]

=
|
I
I
[}
I
|
1
I
I
I
|
|
[}

r=(1+sin36)(2+ cos @)

(4.11,4.82)

©=5.235987755983

0=6.28318530718

(5.75,0.488)

(e)

[HORMAL FLORT AUTO REAL RADIAN HP _

ra.d

G
: e 2n 190259634
L]
1=
Area enclosed =5Jn6 r*dd =2.19
2
(i) g P 2n
, (dr , (dr
Arc length = re+|— | do+ r-+|—| dg =13.8
. do lix do

11w

I [ raf+ (S (r1)]e) ]de

a

e 18271783441

2w 5

l [ reZ+ [ (1)) ]de [
/6

32062752544 |

6
[HORHAL FLOAT AUTO REAL RADIA!
I [|r12+[%(m|,,=,,] ]de
1iwie

wE
]

32062752544
2

2
(vt ool oo
1

..18.780858636,
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10 | Solution
(a) | Since S is in the opposite direction of the displacement x, S =—kx,
and D is in the opposite direction of the velocity v, D =—bv.
ma=S+D=-bv—kx
=>ma+bv+kx=0
2
=>m d—f + b% +hkx=0
dt dt
(b) _h+ 2
The characteristic equation is mA* +bA +k =0 with roots 4 = w .
m
Pmm]t [477 v 4k ]t
For distinct real roots, b* —4mk >0 and x = Ae + Be o
: (o)
For repeated real roots, b* —4mk =0 and x = (A + Bt)e i
_ , 12
For complex conjugate roots A=atiff= b + iM , b* —4mk <0
2m 2m
2k, NAmk b2 Jamk -
and x=e Asin| —— |t + Bcos| —— |t |.
2m 2m
© | For 5> —4mk >0, note that \/6> —4mk <~b> =b=>—b+[b> —4mk <0
[wﬂ/fﬂ —amk } [71)7 [ J
So the coefficients of #in x = e +Be " are both negative and the displacement decreases
f— f— »\’ 2 —
slowly to zero (since - < b b —dmk < 0) without oscillating.
2m 2m
2 - | o )
For b~ —4mk =0, the coefficient of ¢ in the exponential expression is negative in x = (A + Bt)e ) and the
displacement decreases quickly to zero without oscillating.
For b’ —4mk<0 , the coefficient of ¢ in the exponential expression is negative in
—b), / 72 / 72
x= e[z’”j {A sin [#]t + Bcos[%}] and the displacement oscillates with a decreasing
m m
amplitude before coming to rest.
(d) | Since b* —4mk =0.5 —4(0.1)(1.5) =-0.35<0,
s,
x=e 2| Asin @ t+ Bcos @ t| and
2 2
dr 4| (B35 35 J35) . (B35
—=e 2| A| — |cos| — [t—B| — |sin| — |t
dr 2 2 2 2
3
+ 23 e 2 | Asin @ t+ Bcos @ t
2 2 2
3
=e ? —\/EA—EB cos —\/g t— —\/§B+§A sin —\/g t
2 2 2 2 2 2
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Givenat r=0, x=0.1 and ?:0,

t
L:B andOZEA—é L = 4 !
10 2 2110

2435 2

Hence x=¢** {; sin[@jt + L cos[@}]

(e)

¥Ya=abst¥i)

I06a12Y Y=@.005

From the GC, time taken = 1.306 seconds (3 d.p.)
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