Paper D Sec 3 Higher Paper Solutions for students

Qn Solutions

1(ai) | x*+4y*

=x* +4xPy? +4y" —4xPy?

=(x* +2y2)2 —4x2y?

= (x2 +2y2)2 —(2xy)2

(x2 —2xy+2y2)(x2 + 2xy+2y2)

1(aii) | 5%+ 2°
(52)4+4(2)“
:(252—2><25><2+2><22)(252+2><25><2+2><22)

=533%x733

=13x41x733
Hence, the distinct prime factors are 13, 41 and 733.
2 Marks if students leave the answer as 533 and 733.

1(bi) | —1<cosx<1

1(bii) | 1—tan®x =sec® x

1=sec® x+tan® x

From (i), 0 < cos® x<1 = sec® x = >1

cos® x

stan® x> 0=>sec® x+tan® x>1 Alternatively,
= It can only be possible that sec® x =1 and tan®x = 0.
i.e. cos®x=1andtan®x =0

cosx=zxlandtanx=0

x =-360°,-180°,0°,180°,360°

1—tan® x =sec® x

Lety = tan® x.

1-y° =(1+ y)3 (apply tan® x+1=sec® x)
=1-y*=y>+3y* +3y+1

2y°+3y* +3y =0

3y(2y2 +3y+3):0

y =0 or 2y +3y+3=0 (no solution)

tan®x =0

x =-360°,-180°,0°,180°,360°




20| 2o+ 45 +JB- 445
- 2\/5(\/8+2\/1_2 +\/8—2J1_2)
2 2
:mw(@ﬁ) N j
= 2J6(V6+v2+6-2)
=24
Alternatively, students may try squaring the expression first,
2
24(\/8+4\/§ +J8—4J§)
_ 24(8+4\/§+2\/8+4\/§\/8—4\/§ +8—4J§)
- 24(16+2,[64-16(3))
=24(16+8)
=247
N \/ﬂ(\/8+4\@ +\/8—4\@)= 24
2(bi) | Transformation I: scaling of the graph along the x-axis by factor of 2
(stretching).
Transformation 11: scaling of the graph along the y-axis by factor of
% (compression).
Transformation I1: translation of the graph to the negative direction of x-
axis by 1 unit.
Alternatively,
Transformation I: translation of the graph to the negative direction of x-axis
by 1 unit
5 :
Transformation 11: scaling of the graph along the y-axis by factor
of% (compression).
Transformation I11: scaling/stretching of the graph along the x-axis by factor
of 2.
Alternatively,
Transformation I: translation of the graph to the negative direction of x-axis
by 1 unit.
Transformation Il: translation of the graph to the positive direction of y-axis
by 3 unit.
Transformation I11: scaling of the graph along the y-axis by factor of
1 .
— (compression).
T (comp )
2(bii) | The translation of the graph does not change the area enclosed by the graph

and x-axis (1 mark) but the scaling does. The area will increase and decrease

2




proportionately with stretching and compression respectively.(1 mark)

Hence, the area enclosed = %x 2><% :g units?

3@ | y?2-ax—2y+5=0=(y-1)° =4(x-1)
The parabola has vertex (1, 1).
Since the x-coordinate of the point is always equal to its distance from the
fixed point (focus point) Q, we can infer that the directrix is x = 0 . Hence,
the focus point Q has coordinates (2, 1).
300D Lz—l (x=-1or2)
(x+1)(x—-2)
2X
——————+1>0
(x+1)(x-2) "
2x+(x+1)(x-2) N
(x+1)(x-2)
X2+ X—2 _XHX=2 g
(x+1)(x-2)
(x-1)(x+2)
(x+1)(x=2)
Multiply both sides with (x +1)2 (x—2)2 ,
(x=1)(x+2)(x+1)(x-2)=0
=>Xx<-20r —1<x<lorx>?2
3(bii) =

>-1

(e +1)(1-2¢e7)

Multiply both numerator and denominator by e,
2e”

(1+€*)(e* -2)

Lety=e*, we have

B

(L+y)(y-2)

From (i) y<-2or —1<y<lory>?2

>-1

ie.e*<-2o0r —1<e*<lore*>2
Since e” is always positive,

=0<e*<lore*>2
S X<0 or x>In2




4(a)

Lety = 2x+4.
X—2
y-o=-2
y
y’+2y-3=0

2X+4

y=1ory=-3(N.A.since
X—=2

>0)

2x+4:1
X—2
2x+4
X—2
2X+4=x-2
X=-6

1

Note: Minus 1 mark if student did not reject % while using other methods

such as squaring the equation.

4(b)

sin X+ €os X N sin X 4+ cos X
tan x cot X
cosx(sin x+cosx) sin x(sin x+cosx)
= +

sin X COS X
2 ; £02 ;
€os” X(€os X +sin x) +sin x(sm X +COS X)

sin X cos X
(sin x +cos x)(sin2 X + C0s? x)

Sin X Cos X
_ sinX+Cos X
~ sinXxcos X
_ sin X N COS X
SIN XCOSX  SiN XCOS X

1 1
SINX COSX
=RHS

Alternatively,




sin X +C0oS X +sin X + C0OS X
tan x cot x
= (sin X +€0S X ) cot X + (Sin X +€os x)tan X
cos®x sin®x
~ "4
sinX  CoOSX

sin®x ) (cos®x .
=| cos X + +| ——+sinXx
COS X sin x
_coszx+sin2x+sin2x+coszx
sin x COos X
1 1
sinx  cosX

=RHS

=CO0S X + +sin x

Accept any other equivalent methods.

5(i) Let f (x) = P(x)—x*—2x+86.

Since x* —x—2=(x-2)(x+1) and
X*+x-2=(x-1)(x+2),

from given conditions, by remainder theorem,
P(2)=3(2)-4=2

P(-1)=3(-1)-4=-7
P(1)=(1)-4=-3
P(-2)=(-2)-4=-6

f(1)=P(1)-(2)"-2(1)+6=0
P(-2)=P(-2)-(-2)"-2(-2)+6=0

By factor theorem,

(x—=2),(x+1),(x-1) and (x+2) are all

factors of f (x).

Hence P(x)—x*—2x+6 has both factors x> —x—2 and x* +x—2.
Alternatively,




Let P(x):(x2 —x—2)Q1(x)+3x—4.

= P(x)-x*—2x+6
=(x*=x-2)Q(x)+3x-4-X* —2x+6
:(xz—x—Z)Ql(x)—x2+x+2

:(x2 —x—2)[Q1(x)—1]

. P(x)—x*—2x+6 has factor x* —x—2.
similarly, let P(x) = (X" +x—2)Q,(x) + x—4.
= P(X)-x*-2x+6
:(x2+x—2)Q2(x)+x—4—x2—2x+6
:(x2+x—2)Q2(x)—x2—x+2
:(x2+x—2)[Q2(x)—1]

. P(x)—x*—2x+6 has factor x* + x— 2.

= P(x)—x* —2x+6 has both factors

xX?—x—2and x> +x-2

5(i)) | From (i), since P(x) is a degree 4 polynomial and each of x*—x—2 and
x* —x—2 has degree 2,
and the leading term of P(x)—x*—2x+6is x*,
P(X)—X* =2x+6=(x"-x-2)(x*+x-2)
P(x)=(X"—x=2)(X" +x-2)+x*+2x-6
:(x2—2)2—x2+x2+2x—6
=X —4x* +2x-2
Note: Minus 1 mark if students never explain using the degree of
polynomial/leading term.
6(a) | 45° =75 =15°

45215 and 75 =15
15§ ><15% =45x75=15°
152 ~15°
;g+6:3

Alternatively,




Let 452 =75° =15° =k >0
= In45* =In75" = In15°
i.e.aln45=bIn75=clInl5
c Ind5 ¢ In75
a In15' b Ini5
cC C
a

+_
b

In15 In15
_ In(45x75)
~ In15
=3

6(bi)

3
fg(x)= 2[3 x;l} —1=x

~.fand g are inverse functions.

6(bii) | fg...fgfg(x)=g7*(x)

2017'fg"
x=97"(x)
x="F(x)
x=2x*-1
2x*—=x-1=0
When x =1, 2(1)’ -1-1=0.
By factor theorem, (x—1) is a factor of 2x° —x—1.
(x=1)(2¢* +2x+1)=0
=x=10r 2x*+2x+1=0
A=27-4(2)(1)<0
= No solution

ox=1
Y Gradient of OX = 0-1 -1
0-(-1)
Mid-point of OX: (—l EJ
2 2

Equation of perpendicular bisector of OX:

s
2 -1 2

y=x+1

Gradient of OY = E =1
0-7




2
Equation of perpendicular bisector of OY:

m—
2 1 2

y=-X+7

Since the centre of the circle is the intersection of the two perpendicular
bisectors of the chords, we have

y=x+1

Mid-point of OY: G Zj

y=—-X+7
Solving the simultaneous linear equations,
x=3andy=4

= Centre of the circle: (3,4)

Radius of the circle = v3* +4? =5
.. equation of the circle:

(x—3)2 +(y—4)2 =250rx*+y*—6x-8y =0

7(ii)

Greatest distance occurs when (2, 6), centre of the circle and the point on the
circumference lie on a straight line. Hence,

Greatest distance = 5+\/(2—3)2 +(6—4)2 —5+./5
Note: Minus 1 mark if answer is left as \/30+10\/§ )




7(iii)

From the sketch, one of the tangent lines ZP is parallel to y-axis. (only
needed when student uses tangent later)

CZ = (~2-3) +(-8-4) =13

sinACZP:% ortan/CZP = 5 :E

4-(-8) 12

/CZP =22.62°
— /CZQ=22.62°x2=45.2° (1 d.p.)




