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FM Statistics 1 - Discrete and Continuous Random Variable — Solutions

The piano shop opens at 9 am every day. The waiting time (in hours) between successive

arrivals of customers at the shop has an exponential distribution with mean % . Records show

that on average, the shop sees no customers in the first 5 minutes on 20% of the days.

(a) Show that the mean number of customers in one hour is 12In5. [2]
(b) Given that the first customer has not arrived by 9.05 am, find the probability that the

shop sees its first customer by 9.15 am. [2]
(¢) Find the probability that the 15th customer arrives after 10.30 am. [2]

Records show that, on average, 1 in 10 of its customers bought a piano.
Let W be the random variable denoting the number of customers served before the customer
who bought the second piano.

(d) Find P(W =w). [2]
(e) By considering the mean and variance of an appropriate geometric distribution, find
E(W). [3]
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(a) | Method 1: Use Exponential Distribution
Let X be the waiting time (in hours) between successive customers.
X ~Exp (/1)
5 M1:
P (X > —j =0.2 )
60 Distribution +
2 Probability
e 2=0.2 Statement
A=12In5
Mean number of customers in 1 hour = 12In 5 AG1: Apply
formula to
Method 2: Use Poisson Distribution show answer
Let be 4 be number of customers arriving in 5 min.
A~ Po [ﬂj
60 Mi1:
P( A= 0) =02 Distribution +
N Probability
e 2=02 Statement
A=12In5
Mean number of customers in 1 hour = 121n5 AGI: Apply
formula to
show answer
(b) | Method 1: Use Exponential Distribution
PXSl—SX>i =1-P X>1X>L M1
60 60 4 12
|
=1-P| X >—
6




1 _12In5
ZP(ngj =l—-¢ ¢ =096 Al
Method 2: Use Poisson Distribution
P(First customer arrives by 9.15 am| 4 =0)
=P (B > 1) where B is the number of customers who arrive at the M1
shop in 10 mins B ~ P0(21n5)
_ 12In5
=l-e ¢ =096 Al
Method 3: Use Conditional Probability
15 5 P(llz <X 411)
P(X <—|X> —j = 1
60|~ 60 P( s j
12
Pl X< 1 -Pl X< i
_ 4 12
1
Pl X>—
)
l—e 4 _ (1 _ e—/l/lz)
- e 12
=0.96
(iii) | Let C be the number of customers arriving in 1.5 hours.
C ~Po(18In5) Bl
P(C£14):0.00162 B1
(b) | Let W be the number of customers served before the customer who
bought the second piano.
For w=1,2,3,...
w w—1 w—1 2
P(W = w)= 1)(0.1)(0.9) (0.1) = w(0.9)"" (0.1) M1 Al
Exactly 1 out of w Need to ensure that the (w+1)th
customers bought a piano. customer bought a piano.
Method 2:
Let Y be the number of customers served up to and including the one
who bought a piano. Y ~ Geo(0.1)




P(W=w)=P(Y,+Y,-1=w)
P(Y,+Y, =w+l)

—

P(Y, =r)P(Y,=w+1-r) since ¥,,Y, are independent

(0 9)™(0.1)(0.9)"" (0.1)
(0 9)""(0.1)°

%/—/
independent of 7

0.9)""(0.1)°

‘Ms EM%

I
2 I

(©)

= ;w-w(0.9w_l)(0.1)2
013 W (0.9)(0.1)

y=1

Consider ¥ ~ Geo(0.1): =iy(o9y1) _Oizlo
y=1

Var ( )[E ]
E(Yz)—Var(Y) +[E()]

wyz 0.97")(0.1) = = 01+102—190
1
=

Thus E(W)=0.1(190)=19

Alternatively, a better method (Note that question specified the use
of mean and variance of geometric distribution, hence we should not
do like this)

Let W=Y, +Y,~1, where V1,7, ~Geo(0.1)
E(W)=E(Y,+Y,-1)=2E(¥)-1

FEx

=19

M1

M1

Al




2* The continuous random variable X has probability density function f given by

2

x+1), -1<x<4,
f(x) = 25( )

0, otherwise.

The random variable Y is defined by ¥ = X2
(a) Show that P(Y < y) :%J} for 0< y<1.

(b) Find the cumulative distribution function of Y.
(¢) Find the probability density function of Y.

[3]

[4]
2]
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(@ | Given Y = X7,
For 0<y <],
2
P(Y<y)=P(X " <y) Bl
=P(—[y <x<\y)
2
—EL/;(x+1)dx Note that for 0< y <1, —1<x<1
z{xz r M1
=—|—+x
2502 7],
21y y
= —| =+ —_(— —
25[2 \/; (2 \/;)}
4
=— shown
25\/;( ) Al
(b) | Note, for (a) we considered 0 <y <1 which corresponds to -1 <x <1,
Now,l1<x<4=1<y<16,
For 1<y<16,
P(Y<y)=P(¥Y <)+ P(I<Y < y)
=P(Y <D+PI< X <\[y) M1
4 2 v
=—Al+— x+1)dx (1< <4
T MICEDL L CRENAED)
2 W
_A L2 x M1
25 25] 2 |,
4 270y 1
=—+—| =+y—-(=+1
25 25[2 b Q )}
Al

=2£5[§+\/;+%j [OR %(y+2\/;+1)}




0, y<0
4
— v, 0<y<l1
GO =1, 25
E(y+2\/;+l), 1<y<16 Al
1, y>16
© 2
T’ 0< y <1
Y M1 -
, differentiate
g =G'(=11] L , 1<y<16
250 Jy
0 otherwise
Al
3 The number of distinct uranium deposits in a given area is a Poisson random variable with
parameter 10. Independently, the number of distinct plutonium deposits in this area is a
Poisson random variable with parameter 5. In a fixed period of time, each deposit is
discovered independently with probability % .
(a) Find the probability that no less than 2 deposits are discovered during this period.[2]
(b) Given that no more than 3 deposits are found in this period of time, find the
probability that there are at least 1 uranium deposit. [4]
(@) |Let U and V' be the number of uranium deposits and plutonium deposits
discovered during this period of time.
U ~ Po(0.2) and V' ~ Po(0.1).
Let T=U+V. T~ Po(0.3). i
Prob.Req'd =P(T >2)
=1-P(T <£1) Al
=0.0369
() | PU=1T<3)
P(U>1and T <3)
= M1
P(T <3)
_PA<U<3andV =0)+P(1<U<2andV =1)+P(U =1land V' =2)
P(T <3) Mi
0.1810065 Ml
=———=0.181
0.9997342 Al




4 A particle moves along a horizontal line, relative to a fixed origin, so that its position at a
given time 7 is x = X, sin¢, where X, is a positive constant.

Let X be the continuous random variable denoting the particle’s position.

(a) Show that the cumulative density function of X is given by

1 X > X,
F(x)= l+lsin_1 x* —Xg < x < X,
2 =n X
0 X < =Xy,
and hence, find the probability density function of X. [5]
(b) Find the exact probability that the magnitude of X is at most %xo. 2]

(¢) Show that the expectation of X is 0, and find the exact variance of X using the
substitution x =X, siné. [7]
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(a) . .1 X
X=XySINt=t=sm —
X0

1
Consider one period. Thus 7~ U(0, 27), f(¢)= Py
V4

If x<-x,, P(Xﬁx)zo

Interval for Negative Range (—xp = x < 0)

X0 - — X=xpsinT

=== Threshold Xx/xg < 0
X=x

n—sin‘l(;";-} 2n+5rr§"'(j—._]
T

n 3n 2n

INEE

P(X<x)=P ﬂ—sin_l(xi)<TS27z+sin_1(xi)
0 0

<0 <0

=] r+2 sin”! (xio) by symmetry
0
<

=14 Lgjp™! (i)
2 X,

0




If0<x<Xx,,

Intervals for Positive Range (0 = x = xo)

x=xpsinT
=== Threshold x/xg > 0

X0 1

X = Xregions

B sin‘lé(%] m—sin~! (é‘l
0 n ! 1} 2n
P(X <x)=P(X <0)+P(0< X <x)
=P( <T<2 +P(0<T<s1n 1(;‘) or ﬂ—sin_l(xi)ST<7r)
+2><—(sm J by symmetry
11 ( j
=—+—sin_
2 n
1 x> X,

1 1
Hence, F() 5+—sm [ J Xy S X< X,

n
0 X <—X,.
F(x) === F(x)
B 1
N
1
_ —nm —Xy <X <X,
0 X < =X, OF X > X,

®) | P(lx|<ix)=P(-Lx <X <1ix)




© E(X):J.OO xf(x)dx

1 %
a2

T —X,

Var(X)=E(x?)-[E(xX)] = [ #*f(x)dx-0

Xo
x2
- /&
2 2
Ly, T Xg — X

2 .2
: 0
:lj &xo cosddé

T X, cos 6
-7
2 2 plg
Xg (5T . Xg (" 1-cos26
== [ sin*0do =" | —=do
T °37 T J ig 2

nl2 4 |, 2

B ﬁ[g_ siHZQTE 32

M1

Al

B1

M1 -
substitution

M1

M1, Al

three scores on the dice.

91
a Show that P(X =6)=—— .
(a) w ( ) 216

5 | Three fair six-sided die are thrown. The random variable X represents the highest of the

(2]

(b) By finding the probability distribution of X, show that E(X) = % and find the exact

weeo{g-4 -5

value of Var (X). [5]
Solution:
(a) , , 5V 91
P(X =6)=1-P(no'6' is obtained) =1-| = | =——

‘ 6 216 M1: use
Alternatively, complement
P(X =6) =P({6,6,6} or {6,6,*} or {6, *,*} or{ 6,%, !})

1 1.1 1.1.5 151 1x°C, x3! Al
=—O)O+—-)EOR)+—-H)HAB)+———=
6(6)(6) 6(6)(6)() 6(6)(6)() e
o1
216
rr-o- (2 - (4] -&
6 6 216
giavccsol,Zt,?&cAormS giavccsol,Zt,;or4IC Bl, 3 Ofthe 6

cases correct




3 3
- -[2) (2] -2
6 6 216
3 3
pac-2-(2) (1] -2
6 6 216
1y 1
P(X=D=|-| =—
( )(J 216
X 1 2 3 4 5 6
POX=x) | L | 7 |19 | 37 | 61| o1
216 | 216 | 216 | 216 | 216 | 216
1 7 19 37 61 91 119
E(X)= +2( )+3( j+4( j+5( j+6(—j=—
216 216 216 216 216 216 24
Var(X)
1 1 1 1 11
[ (G (e G
216 216 216 216 216 216 24
2261

1728

f

B1: All6
correct.

B1:Use of
correct
formulae for
E(X)

B1: Var(X)




