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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show 
all working. 

 

Section A 

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines if necessary. 

1. [Maximum mark: 4] 

      Solve the following equation 
23𝑥𝑥−2 = 5(3−𝑥𝑥). 

       Give your answer in the form ln𝑎𝑎
ln𝑏𝑏

, where 𝑎𝑎 and 𝑏𝑏 are integers. 
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2. [Maximum mark: 4] 

        It is given that 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 3
2
, where 𝜋𝜋

2
< 𝜃𝜃 < 3𝜋𝜋

2
. Find the exact value of 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 
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3. [Maximum mark: 7] 

(a) Show that  

�(2𝑟𝑟 − 1)
𝑛𝑛

𝑟𝑟=1

= 𝑛𝑛2 

             [3] 

(b) Hence, find the value of 11 + 13 + 15 + ⋯+ 99. [4] 
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4. [Maximum mark: 7] 

The expansion of (𝑥𝑥 + ℎ)7, where ℎ is a non-zero rational number, can be written as 
𝑥𝑥7 + 𝑎𝑎𝑥𝑥6 + 𝑏𝑏𝑥𝑥5 + 𝑐𝑐𝑥𝑥4 + ⋯+ ℎ7 where 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝑅𝑅. 

Given that 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 are three consecutive terms of an arithmetic sequence, find the 
possible values of ℎ. 
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5. [Maximum mark: 9] 

(a) Use mathematical induction to prove that for any real number 𝑥𝑥, |x|<1, and any 
positive integer 𝑛𝑛, (1 + 𝑥𝑥)𝑛𝑛 ≥ 1 + 𝑛𝑛𝑛𝑛.       [6] 

(b) Hence, show that 0.9994 > 0.996.       [3] 
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6. [Maximum mark: 6] 

The graph of 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) is shown in the following diagram. The curve intersects the 𝑥𝑥-
axis at (−2,0) and it has a stationary point at (4,0). The equations of the asymptotes 
are 𝑥𝑥 = 0 and 𝑦𝑦 = 2(𝑥𝑥 − 6).  

  

Sketch the curve 𝑦𝑦 = 1
𝑓𝑓(𝑥𝑥)

 , indicating clearly the equations of any asymptotes, 

coordinates of any intercepts with the axes and any stationary point(s).  
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7. [Maximum mark: 10] 
 

In the following diagram, the points 𝐴𝐴, 𝐵𝐵,  𝐶𝐶 and 𝐷𝐷 are on the circumference of a 
circle with centre 𝑂𝑂 and radius 𝑟𝑟. 𝐴𝐴𝐴𝐴 is the diameter of the circle. 𝐵𝐵𝐵𝐵 = 𝑟𝑟, 𝐴𝐴𝐴𝐴 = 𝐶𝐶𝐶𝐶 
and 𝐴𝐴𝐵𝐵�𝐶𝐶 = 𝐴𝐴𝐷𝐷�𝐶𝐶 = 90°.  

 

(a) Show that cos (𝐵𝐵𝐴̂𝐴𝐷𝐷) = √3−1
2√2

.       [5] 

(b) Hence or otherwise, show that the area of triangle 𝐴𝐴𝐴𝐴𝐷𝐷 = 3+√3
4

𝑟𝑟2.  [5] 

   

   

   

   

   

   

   

   

   

𝑟𝑟 

𝑟𝑟 
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8. [Maximum mark: 6] 

Consider the following functions: 

𝑓𝑓(𝑥𝑥) = 𝑥𝑥2 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏 

𝑔𝑔(𝑥𝑥) = 𝑎𝑎𝑥𝑥2 + 2𝑏𝑏𝑏𝑏 − 2 , 

where 𝑎𝑎 and 𝑏𝑏 are positive integers.  

It is given that the solution of 𝑓𝑓(𝑥𝑥) ≥ 𝑔𝑔(𝑥𝑥) is −5 ≤ 𝑥𝑥 ≤ 1, find the values of 𝑎𝑎 and 𝑏𝑏. 
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Do not write solutions on this page. 

Section B 

Answer all questions in the answer sheets provided. Please start each question on a new page. 

9. [Maximum mark: 19] 

 Consider the function 𝑓𝑓(𝑥𝑥) =  1−2𝑥𝑥
𝑥𝑥+1

, 𝑥𝑥 ≠ −1. 

(a) Sketch the graph of 𝑓𝑓(𝑥𝑥), indicating clearly the equations of any asymptotes  

         and coordinates of any intercepts with the axes.     [3] 

(b) Given that 𝑔𝑔(𝑥𝑥) = 3𝑓𝑓(𝑥𝑥 + 1), find the range and domain of 𝑔𝑔(𝑥𝑥).  [2] 

(c) Find the inverse function 𝑓𝑓−1, stating its domain.     [4] 

(d) Find 𝑥𝑥 where 𝑓𝑓(𝑥𝑥) = 𝑓𝑓−1(𝑥𝑥), giving your answers in the form 𝑎𝑎±√𝑏𝑏
2

, where 𝑎𝑎          

          and 𝑏𝑏 are integers to be determined.       [3] 

(e) Sketch the graph of  𝑓𝑓(|𝑥𝑥|).       [3] 

(f) On a different set of axes, sketch the graph of 𝑦𝑦 = [𝑓𝑓(𝑥𝑥)]2, indicating clearly  

          the equations of any asymptotes, coordinates of any intercepts with the axes  

          and any stationary point(s).       [4] 

 
 
 
10. [Maximum mark: 20] 

Three points A, B and C in three-dimensional space are defined by position vectors 
𝐚𝐚, 𝐛𝐛 and 3𝐚𝐚 − 2𝐛𝐛, where 𝐚𝐚 and 𝐛𝐛 are non-zero and non-parallel vectors.  

(a) Given that OAB is an equilateral triangle, show that 2𝐚𝐚 ∙ 𝐛𝐛 = |𝐚𝐚|𝟐𝟐.  [2] 
(b) By considering the vectors 𝐀𝐀𝐀𝐀�����⃗  and 𝐁𝐁𝐁𝐁�����⃗ , give a geometric interpretation of the 

relationship between points A, B and C.       [3]   
(c) The point A has coordinates (2,0, 𝑡𝑡), where 𝑡𝑡 is a real and positive constant. 

It is given that the angle between 𝐎𝐎𝐎𝐎������⃗   and the 𝑥𝑥-axis is 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 1
√3

.  

Show that 𝑡𝑡 = 2√2.         [3] 

 

 

 

[Turn the page over] 
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[Question 10 continued] 

 
(d) Consider the lines 𝑙𝑙1 and 𝑙𝑙2 defined by  

𝑙𝑙1: 𝒓𝒓 = �
1
2
4
� + 𝜇𝜇 �

ℎ
2
−2

� , 𝜇𝜇 ∈ 𝑅𝑅 

𝑙𝑙2 : 6−𝑥𝑥
3

= 𝑦𝑦−𝑘𝑘
4

= 𝑧𝑧 + 1,       where ℎ and 𝑘𝑘 are constants. 

Given the lines are perpendicular, show that the value of ℎ = 2.  [2] 
i)   For 𝑘𝑘 = 3, find the foot of the perpendicular from the point 𝑫𝑫(6,0,−2) to 𝑙𝑙2.
           [5] 
ii)  For 𝑘𝑘 ≠ 7, prove by contradiction that the lines are skew.     [5] 
 
 

11. [Maximum mark: 18]  

The complex numbers 𝑢𝑢 and 𝑤𝑤 satisfy the equations 

2𝑢𝑢∗ = 𝑢𝑢 + 1 − 3𝑖𝑖 

𝑢𝑢𝑢𝑢 = 7 + 𝑖𝑖 

(a) Find 𝑢𝑢 and 𝑤𝑤, giving your answers in the form 𝑎𝑎 + 𝑖𝑖𝑖𝑖, where 𝑎𝑎 and 𝑏𝑏 are real 
numbers.            [5] 

(b) Given that 𝑢𝑢 = 1 + 𝑖𝑖 and 𝑤𝑤 = 4 − 3𝑖𝑖 are the roots of the equation  
(𝑥𝑥2 + ℎ𝑥𝑥 + 𝑘𝑘)(𝑥𝑥2 + 𝑚𝑚𝑚𝑚 + 𝑝𝑝) = 0, 

find the values of the real numbers ℎ, 𝑘𝑘, 𝑚𝑚 and 𝑝𝑝.    [3] 

 Let 𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.  

(c) Prove that  𝑧𝑧𝑛𝑛 + (𝑧𝑧∗)𝑛𝑛 = 2𝑐𝑐𝑐𝑐𝑐𝑐(𝑛𝑛𝑛𝑛), 𝑛𝑛 ∈ 𝑍𝑍+.     [2] 
(d) Write down the binomial expansion of (𝑧𝑧 + 𝑧𝑧∗)3 in terms of 𝑧𝑧.   [3] 
(e) Hence, show that 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 = 4𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 − 3𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and find the exact value of 

𝑐𝑐𝑐𝑐𝑐𝑐135°.          [5] 
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