H3 MATHEMATICS (9820)
SEQUENCES AND SERIES

4)D
Gl

Syllabus Content
e Sequences and series, e.g. general terms, sum, limiting behaviours, bounds
e Summation of series by the method of differences
e Integration by Reduction formulae

1 Method of Differences

Consider the sum Z[f (r)y—f(r— 1)] for some function f. By writing it as an explicit sum, we

r=1

can see that many terms cancel when evaluating this:

n

D [ —f(r=D]=[f(1)—£(0)

+(2) - £(1)
+(3)-f(2)

+...
+H(n-2)—f(n-3)
+H(n-1)-f(n-2)
+(n)—f(n—1)]

= f(n)—£(0)

This is called the method of differences because u, is a difference of two functions in r.

Example 1

Find z 31 using the method of differences.
=l



2 Integration by Reduction Formulae

Example 2 [2017/PJC/Prelim/Q3]

2
Letun:J 3x dx
0o X +1

(i) Evaluate, in exact form,
(@) uy +u, [3]
(b) uy—u; +u, [2]
(¢) u, [2]
(i)  Deduce the value of u, and u,. [2]
(iii) Show that u, ., = 7'1_””-1 . [3]



Example 3

I . -1
If I, :Icos” x dx, show that /, = —sinxcos"" x+n—ln_2 forn=2,neZ".
n n

4 LE
Hence find (a) [cos’ xdx and (b) jo cos® x dx.



3 Convergence of sequences and series

In university, you will learn the epsilon-delta definitions of limits and convergence. Here, we will
content ourselves with an intuitive understanding of convergence. Roughly speaking,

A sequence u,, u,, u,,... converges to a limit L if all later terms get arbitrarily close to L.

We write this as limu, =L, or u, - L as n— .

n—0

If there does not exist such a limit L, we say that the sequence diverges.

1 o
Example: u, = o does not converge to —1 because later terms do not get arbitrarily close to —1.

In fact, for all values of &,

u, — (—1)| >1. The sequence converges to 0 because |uk — 0| approaches
Oas k—>o0.

A series u, +u, +u, +--- converges to a limit L if the sequence of partial sums converges to L:

That is, the sequence u,, (u, +u, ), (u, +u, +u;), ... converges to L

0 n
We write this as Zur =L,or Zur — L as n—> .

r=1 r=1

o= 1 . .
Example: The series Z—k refers to the sequence of partial sums ,eer . SINCE

i=1

3

e
+
»—:|>—¢
+
N | =
N

e
| =

.owe 1
that sequence converges to 2, we write Z—k =2.
i=1

Algebra of Limits
Assume that (a,) and (b,) are sequences such that (a,) converges to L and (b,) converges to
M. Then the following hold as n — o

(1) (addition) a,+b, > L+ M

(i1) (subtraction) a, -b, > L-M

(i11)  (scalar multiplication) ca, — cL for any constant c.

(iv)  (modulus) |a,| > |L|

(v) (product) a b, - LM

. . a, L .
(vi)  (quotient) E - v if M#0

(vii)  (powers) a,* — L° for any constant .

The following results are useful tests for convergence of a sequence/series:

The first result says that an increasing sequence bounded above is convergent.

If a sequence u,, u,, u,, ... satisfies:
o u <u,<u;<..,and

e thereisaksuchthat u <k foralln

then the sequence is convergent.




The second result is a squeeze theorem for sequences:

Given three sequences (a,), (b,), (c,) such that a, <b <c, for eachn,

if both (a,) and (c,) converge to a limit L then (b,) also converges to L.

The third result is a squeeze theorem for series:

Given three sequences (u,), (v,), (w,) such that u, <v <w, for eachn,

if both Zur and z w, are convergent then Zvr is also convergent.

r=l1 r=l1 r=l1

A corollary is the comparison test:

Given two series (a,), (b,) such that 0<a,  <b, for each n:

o If Zar diverges, then Zbr also diverges.

r=1 r=1

o If Zbr converges, then Zar also converges.

r=1 r=1

Two well-known results follow from these. You are expected to be familiar with both the results
and their proofs.

Example 4

Prove that the series 1+ 1 + 1 + L +--- converges.
4 9 16

Example 5

Prove that the harmonic series 1+ % + % + i + % +--- does not converge.



Example 6 [2020/RI/Prelim/Q1b]

Let S, =1——+1 L Ly
3 5 7 2n+1
(i) State the sum of 1—x* +x* —---+(=1)"x"". [1]

2n+2

(i)  Hence show that S = A4+ (-1)" _[; dx, where 4 is a constant to be determined.  [3]

X
1+ x?

(iii)  Deduce that |S, — 4| < , and hence determine the limit of the sequence S, . [3]

2n+3



Tutorial Questions

1.

Find z in terms of n.
47 +8r+3

By applying the method of differences to the function f defined by f(n)=2n’ +3n° +n,

k
show that Zrz = k(k+1)6(2k+1) .
r=l1

@ 2n

Itisgiventhat[n=J dx, O<a<l,n=0.

2
0 1—x

Show that 2(n+1)1,,, =(2n+ 1)1, —a*"'N1-a’ .

Differentiate

—— with respect to x.
cos" x

' sint
os" 't

Hence, given that /, = J +(n-2)I

— dx, prove that (n—1)/, =
0 cos”" x c

If I, = I()l x"e™ dx, prove that 21 =(n-1)I,_,—e"' for n>2 and evaluate I,.

Hence or otherwise, find the exact value of .

n-2"

By considering the magnitudes of x" and e for 0<x<1 and n>0, show that

0 <, <1 and deduce that %<e<ﬁ

22

[2017/Q2]
(1) Let y be a differentiable function of x. For any positive integer n, prove that
n n n-1
d—(xy) = xd—y+n d i}
dxﬂ dxn dxﬂ
(i1) For any non-negative integer n, define

y, = e* :):n (e*xz) .

(a) Find y,, y, and y,.

(b) Prove that y,,, +2xy,., +2(n+1)y, =0, for n>0.

n+2 n+l

(c) Hence prove that d(l(ym) —2(n+1)y,, for n>0.

[5]

[3]
[4]

[3]



7.

Determine whether each of the following sequences converge or diverge.
(@) u, = sin%, n=1,2,3,...

3

(b) u:Z— n=1273,...

n

© u =”—|, n=1273,...
n!

sinn

d) u, = ,n=1273,...

[N2002/QS (S Paper)]

The geometric progression U has terms u,,u,,u,,..., with common ratio », where

|r|<1.Itis given that v, =u’ for i=1,2,3,....

n 2n
(i) Show that Zvl. =4 Zui :
i=1 l+r5

It is given further that w, =v, —v _, for i=1,2,3,....

n 2n
(ii) Show that Z w,=u,(1- r)z u, .
i=1 i=l

Let §, =iui, S, =ivi and S, =iwi . Show that

i=1 i=1 i=1

(iii) S +L:£,
S, S,
@iv) S, :ulz.

(i) Sketch the graph of y =sinx and determine the largest constant a and the smallest
constant b such that ax <sinx <bx for 0<x < %
(ii) Hence determine for every positive integer £, if the series
sin* l+ sin” l+ sin” l+
1 2 3

is convergent or divergent.



10.

11.

12.

The " term u, of an arithmetic progression U is given by
u =a+(r-1d, forr=1273,...
The progression is such that there exists a term of U equal to a”. Given that a and d

are positive integers, show that

(a) for each term u, of U , there exists a term of U equal to u_,
(b) for each term u, of U , there exists a term of U equal to u’,
(¢) all the terms of the geometric progression a,a’,a’,... are terms of U .

If a and d are not required to be positive integers, show, by giving a counter-example,
that the result in part (i) is not necessarily true.

[DHS-EJC/2019/Q3(part)]
a) Let x, v, z be real numbers such that 0 < x < y < z. Show that x*, y*, z* are three
(a) y y y

: . . ) o1 1 1
consecutive terms of an arithmetic sequence if and only if , , are
y+z x+z Xx+y

three consecutive terms of another arithmetic sequence. [3]
(b) An infinite sequence of integers, a,, n€Z", is defined by a, =a, =1 and

2

a +2
a,, =—" , =2,
an—l
. a.,+a, a . +a
(i) Show that —2——n = —ntl__nl for 5> 2, [2]
an+1 an

(i1) Hence or otherwise, show that a,, =4a,—a, , and explain why a, is an

odd integer for all neZ". [2]

[2018/Q1]
For any positive integer n, the function F, is defined by
n (r2 —r)x2 +(2r2 +4r—1)x+1

F,(x)=2

p r(r+1)((r—1)x+l)(rx+1)

(1) Find F (0) and describe the behaviour of F (0) as n tends to infinity. [5]
(i1) It is given that the rth term of F, (x) can be expressed as
1 1 2 2
—— + - .
ror+l (r—l)x+l rx+1
(a) Find F, (x). [3]
(b) Describe the behaviour of F (x) as n tends to infinity. [3]



13.

[2019/ASRJC/Prelim/Q7]

Two sequences u,, u,, u;, ... and v, v,, v,, ... are given by
u=Lv=4Lu, =u +3v,v , =2u +7v , for positive integers n. The sequence

n> “n+l

%, by, 1,... 18 such that », =— for positive integers n.

n

(i)  Use induction to prove that 2u,> —3v > +6u,v =5 for all positive integers 7.

[4]
It is given that as n — o, v — o and r, — L for some real constant L.
(ii) Using the results in (i) or otherwise, show that L = %(—3 +/15 ) [3]

(iii)  Describe the behaviour of the sequence 7, r,, r,,..., justifying your answer by

considering 7,,, —r,. Hence, show that 15 lies within the interval [2 % 2r, + 3}
r,+

for all positive integers 7. [4]

(iv)  Deduce that % <J15< % [2]

10



H3 Sequences and Series Tutorial Suggested Solutions

1.
Find z in terms of n.
4r* +8r+3
i 2
~Ar* +8r+3
_ Z 11 j
—\2r+1 2r+3
n n-1
_1 N 1 Z 1 1
3 S 2r+l1 5 2r+3 2n+3
1 & 1 SE| 1 . o
=—+ using substitution s =r+1
3 = 2r+1 = 2s+1 2n+3
= 11 since the sums are identical with a different dummy variable
3 2n+3
2. | By applying the method of differences to the function f defined by f(n)=2n"+3n" +n,
k k(k+1)(2k+1
show that Zrz = ( )6( ) .
r=1
Notice that f(n—1)=2(n-1)"+3(n-1)" +(n—1)=2n"~3n> +n.
By method of differences,
k
Y[ -f(r=D)]=1(k)-£(0)
r=I1
k
= Y [(27 43+ r) (20" =37 +7) | = (2K + 3K + k)~ (0)
r=1
k
= > (6r7)=2k"+3k> +k
r=l1
k 3 2 k(2k* +3k+1)  k(k+1)(2k+1
-3 243Kk _k( ) k(k+1)( ) (shown)
6 6
3. a xZn
Itisgiventhatlnzj 2dx,0<05<1,1120.
0 1-x

Show that 2(n+1)1,,, =(2n+1)[, —a*""'J1-a’.

We have

a 2n+2

—dx
0 \/1—x2




2041 )l) f ( 142 )(Zn n 1)( ) dx  using integration by parts

=(V1=a’ (@) +(2n+1) L (1% )
:—a2"+1M+(2n+1) ' z\n/_zmdx

=—a”""'\1-a® +(2n+ 1)1,, —(2n+1)1,,,
Rearranging,

(2n+2)1,,=(2n+1)1,—a’"'V1-a* as required.

I
1
—_

|

p—
|
=
[SS]
S~
—_
=

Differentiate —— with respect to x.
cos" " x
' sint
Hence, given that /, = J — dx, prove that (n—1)/, =———+(n—-2)I_,.
0 Cos" x cos" ¢
d sinx COS X . —(n-1)(-sinx
————=—"—+(sinx) ( )(n ) by product rule
dxcos" x cos" x cos” x
1 sin® x
= n-2 + (n - 1) n
cos" " x cos” x
1 1-cos” x
= n-2 + (l’l - 1) n
cos" " x cos” x
1 1
:(l’l—l) n +(2_n) n—-2
cos” x cos" " x

Integrating both sides with respect to x from x=0 to x=¢,

sinx | o |
|: n—lx:l():(n_l)J n dx+(2_n)f n—2xdx

COS 0 COS X o COS

sint
(

= n—l)]n+(2—n)1n_2
%qn_z)znz = (n—1)1, (shown)

1 2
If I, = IO x"e™ dx, prove that 21 =(n—1)I, ,—e"' for n>2 and evaluate I,.

Hence or otherwise, find the exact value of .




By considering the magnitudes of x" and e for 0<x<1 and n> 0, show that

0 </, <1 and deduce that 6—5<e<§.
24 22

L-[xe

0

= —%Ll ()c"’1 ) (—2xe”Yz ) dx

S (G| S RS (E

= _L + . l In—2
2¢ 2
Rearranging,

21, = (n —1)1}172 —e”' (shown)

. 1 ] 1 1
11 ='[1xe—x dx=|:—§e_x:| =§—2—
0 (&}

Using the result repeatedly,

PR RNy
21 e|] 2 e
IR
20 e | 2e
1] 1] 8
L =—6l——|=3——,
T2l e e
I =tlsr-L]=12-%
20 e | 2e

For 0<x<1,wehave 0<x" <1 and 0< e <1 , so the integrand lies strictly between
1 1 2 1

0 and 1 in this interval. Hence 0= J.O 0dx< J.O x'e™" dx< Iol dx =1 as required.

Thus, 0< 7, <1

O<12—§<1
2e

12—1<§<12
2e

65 <e< 65 (shown)
24 22




[2017/Q2]
(1) Let y be a differentiable function of x. For any positive integer n, prove that

dn dny dnfly
xXy)=x +n 5
dxn ( y) dxn dxn—l [ ]
(i1) For any non-negative integer n, define
x? d”l —x?
n=e L)
(a) Find y,, », and y,. [3]
(b) Prove that y, ., +2xy, ,+2(n+1)y,=0,for n>0. [4]
d
(c) Hence prove that 3(%’*‘ )=-2(n+1)y,,for n>0. [3]
dn dn dnfl
(1) We use mathematical induction. Let P, be the statement o (xy) = xﬁ +n o _)1}

for positive integers #.
. d d T, _ .
Base case: Since a(xy) = xay + » by product rule (implicit differentiation), £ is true.

Suppose F, is true for some positive integer k. Then considering F,,,, we have
dk+l d |: dk

e @(XJ’)}

dx—} using induction hypothesis

k
- y+(k+1)3x—;v=RHS

dxk+1

so B, is true.

Since £ is true, and P, implies F,,,, by mathematical induction, P, is true for all
positive integer 7.

(ii)(@) y, =1, y,=-2x, y, =4x" -2

(ii)(b)




n+l ) ) dn )
e’ |-2(n+l)e’ —(e”“ )
dxn+l ( ) (n ) dxn
:_2xyn+1 _2(n+l)yn
hence y,., +2xy,, +2(n+1)y, =0 (shown)

2
=-2xe*

(i1)(c) We have
d d 2 dn+l e
Lo o)

) dn+l ) ) dn+2 )
_ X —X X —X
- 2xe dxn+1 (e )+ € dx)1+2 (C )

= 2xyn+1 + yn+2
But from the result of part (ii)(b), this is equal to —2(n+1)y,. (shown)

Determine whether each of the following sequences converge or diverge.

@) u, zsin%, n=123,...

(a) This sequence is 1,0,—1,0,1,0, -1, 0, 1, ... which is divergent. (Periodic, period 4)

(b) Discussion: A result that we (should) know is that “exponential growth dominates
polynomial growth”, and so this sequence converges to zero. The intuition is that

exponential functions are like infinite polynomials.

This can be proved using Maclaurin series as follows:

3 3 3
n n n

YR TET “ltrantbn+..
3

< n_4 (delete all other terms, note that all coeff. >0)
cn

— 0 as n — oo (since n° is dominated by n*)

(using Maclaurin series of &™)

<
Il
|




This means that u,,u,,u,,u,,... is a decreasing sequence of positive numbers. This

must converge to a limit (say L). But it is easy to see that the original sequence

u, Uy, Uy, u,, ... must also have the same limit L, so it converges.

(c) Note that

NXNXNX.. XN

n

C Ix2x3x..xn

>

— |3

(this is obviously true for n =1, and for n>2 we can “cancel” each denominator term
with a term that is at least as large from the numerator)

Since u, > n for all n, this is clearly divergent.

(d) Define
a, =—l, b, =l. Then we have a, <u, <b,,and lima, =limb, =0,
n n n—» n—o

so u, 1s convergent (with limit 0).

[N2002/QS (S Paper)]

The geometric progression U has terms u,,u,,u,,..., with common ratio r, where

|r|<1.Itis given that v, =u’ for i =1,2,3,....

n 2n
(i) Show that ZVI. = LZui .
il 1+r3

It is given further that w, =v, —v, , for i =1,2,3,....

n 2n
(ii) Show that z w,=u,(1- r)z u, .
i=l i=1

Let S, =iui , Sy, :ivl. and S, :iwi . Show that
i=1 i=1

i=1

(m)&4+3—:33
S, S, u
(iv) S, =u;.

(1) Note that




2

. 2 i-1
v, =u’= (ulr’*l) =u’ (rz) i.e. the v, form a geometric progression with first term

1 l

u,” and common ratio 7, so

ul 2n
RHS = u.
1+r; ’

_ U Xul(l—rz")
4 1-r

ulz(l_(rz)")

2

1-r

= > v.=LHS (shown)

i=1

(i)
Using method of differences,

n

n
Zwi = Z(Vi Vi ) =V =V
=

i=1

_ ”12 —u12r2"
_ “12 (l_rzn)

2n
=u, (l—r)xM

1-r

2n
=u,(1-r) Zui (shown)
i=1

Alternatively,

n n n
S -S-Sn.
i=1 i=1 i=1
n n
_ 2
= Z vi—r Z Vi
i=1 i=1

n

:(l—rz)Zvl.

i=1




2n

=(1—r2)>< “ Zui

1+7r45

2n
=u, (1 - r) Zui
i=1

(111) Clearly S, = 1”1 using the formula for sum to infinity of GP. Furthermore, taking

n — oo in part (i) we get S, :LSU,i.e. S—UZH—F
1+7 S,
Then LHS:S—U+L:H—F+1_—r:£:RHS (shown)
Sy Sy u iy
(iv) Taking n —> oo in part (ii) we get S, =u, (1-r)S, =u, (1-r)x lul =u’.
—-r

Alternatively, since Y w, =Y (v, —v,,)=v,—v,,,, taking 7 — 00 we immediately get

i=1 i=l1

(i) Sketch the graph of y = sinx and determine the largest constant a and the smallest
constant b such that ax <sinx <bhx for 0<x < g
(ii) Hence determine for every positive integer £, if the series
P DT D |

sin” —+sin” —4+sin” —+...
2 3

is convergent or divergent.

(1) <graph omitted>

a= z ,b=1
T
(i1) The series diverges if k =1, and converges if £ >2.
) ) .1 281 ) )
When k =1, since sin x > 2x , we have Z sin—>— Z— but the latter tends to infinity
T r=l1 r T r=1 7

< 1
as n— 0. So, by comparison test, we must also have Zsin— tends to infinity, i.e.
r

r=l1
diverges.
When & =2, we have




sin® x = (sinx)" <x* (using part (i))

S .l & ] (1 . . .
Therefore Zsmk—SZ(—kJS Z(—z] By comparison test, since the right-hand
ro =\r r

r=l1 = r=1

series converges, the given series must also converge.

10.

The »" term u, of an arithmetic progression U is given by
u,=a+(r-d, forr=123,...
The progression is such that there exists a term of U equal to a”. Given that a and d
are positive integers, show that
(a) for each term u, of U , there exists a term of U equal to u,
(b) for each term u, of U, there exists a term of U equal to u,

(c) all the terms of the geometric progression a,a’,a’,... are terms of U .

If a and d are not required to be positive integers, show, by giving a counter-example,
that the result in part (a) is not necessarily true.

By definition of U, x is a term of U if and only if x =a+kd for some non-negative

integer k. Since a” is a term of U, we can set a’ = a+bd for some non-negative
integer b. We will use these for each of the three parts.

(a) We can write

u,’ =[a+(r—1)d]2 =a’ +2a(r—1)a’+(r—l)2 d’ =a+[b+2a(r—l)+(r—l)2 d}d
which is in the form a +kd . The term in the square brackets is a sum of three non-
negative integers, so u,” is a term of U.

(b) Let u,> =a+c,d for some non-negative integer c,. Then

u’= [a+(r—1)d][a+crd]

=a’ +a(cr +r—1)d+cr (r—l)af2

= a+|:b+a(cr +r—l)+cr(r—l)d]d

where again the term in the square bracket is a sum of three non-negative integers. So
u’ is a term of U.

(c) We have

a=a

a*=a+bd

a’ :a(a+bd):a2+abd:a+bd+abd

at :a(a+bd+abd)=a2+abd+a2bd:a+bd+abd+a2bd

and in general it can be shown inductively that
n=2

a" = a+b(2arjd
r=0

Since this is precisely in the form a +kd, a" is a term of U.




For a counter-example, set @ =1 and d =—1. Then a’ =1 is a term of U, so the
conditions for the sequence are satisfied. But u,” =(~2)" =4 is not a term of U, so the

result in part (a) is false.

11. | [DHS-EJC/2019/Q3(part)]
(a) Let x, , z be real numbers such that 0 < x < y <z. Show that x°, y°, z* are three
1 1
consecutive terms of an arithmetic sequence if and only if , , are three
y+z x+z x+y
consecutive terms of another arithmetic sequence. [3]
(b) An infinite sequence of integers, a,, n € Z", is defined by ¢, =a, =1 and
2
2
a,. T , h=2.
an—l
: + -
(i) Show that D T _ Gen Tt o 5 [2]
n+l an
(i1) Hence or otherwise, show that a,,, =4a, —a, , and explain why a, is an
odd integer for all neZ". [2]
(a) 1 1 1

b 9
y+z x+z x+y
are three consecutive numbers of an AP

1 1 1 1
= — = -
xX+z y+z x+y x+z

(y+z)—(x+z):(x+z)—(x+y)
(x+z)(y+z) (x+y)(x+2)

- y-x . z=y
(x+z)(y+z) (x+y)(x+2)

o =)ty) _ (z=y)r+2)
(x+y)(x+2)(y+2z) (x+y)(x+z)(y+2)

- yz_xz _ Zz_yz
(x+y)(x+2)(y+2) (x+y)(x+z)(y+2)

<:>y2—x2=ZZ—y2

<~

2 2 2 .
& x°, y°, z° are three consecutive numbers of an AP




(b) &, +2
+a
(l) n+2 + a — an '
an+1 an+1
_ a., +2+a
an+1an
a +2
n+l
— n+l
an
— n+1 + a , N > 2
al’l
(b) a+2 1P+2
4
a,, +a, _a3+a1_3+1_4
” — "
a, =4a,—-a, ,nz2.
Therefore a,,, has the same parity as a, , since 4a, is even. Since both ¢, and a, are
both odd, by induction,
a, is an odd integer forall neZ".
12 | [2018/Q1]

For any positive integer n, the function F, is defined by
P —r)x* +(2r +4r—1)x+1
r r+l ((r—l)x+1)(rx+1)

r=l1

(1) Find F (0) and describe the behaviour of F, (0) as n tends to infinity. [5]
(11) It is given that the rth term of F, (x) can be expressed as
1 1 2 2
R + J— .
r r+l (r—l)x+1 rx+1
() Find F, (x). [3]
(b) Describe the behaviour of F (x) as n tends to infinity. [3]
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(b) Forall x#0,as n— o we have nx+1— too and thus "
nx -+

I, x=0

Therefore, F, (x)— {
3, x#0
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Two sequences u,, u,, u,, ... and v, v,, v,, ... are given by

wu=Lv=Lu, =u,+3v,v,. =2u, +7v, for positive integers n. The sequence

n> “n+l

r

1> 125 13

%,... 1s such that » = L for positive integers n.

n

(i)  Use induction to prove that 2u,> —3v, >+ 6u, v, =5 for all positive integers n.

[4]
It is given that as n — o, v, — o0 and r, — L for some real constant L.

(ii)  Using the results in (i) or otherwise, show that L = ( —3+4/15 ) [3]

(iii)  Describe the behaviour of the sequence 7, r,, 7;,..., justifying your answer by

considering ,,, —r,. Hence, show that J15 lies within the interval ( 15 % 2r, +3j
r,+

n

for all positive integers 7. [4]

(iv)  Deduce that % <15 < % [2]

(i) Let P, be the statement 2u,> —3v * +6u,v, =5 for neZ".
Forn=1, LHS=2u’ —3u,’ + 6u,v, =2(1)-3(1) + 6 =5=RHS. So P, is true.

Assume that P, is true for some k€ Z*, i.e. 2u,” —3v,” +6u,v, =5.




LHS OchH = 2uk+l2 _3vk+12 + 6uk+1vk+1
=2(u,” +6uv, +9v,)=3(4u,” +28u,v, +49v,7 )+ 6(2u,” +13u,, +21v,7)
=2u,’ -3v,” +6u,y,

=5. So B istrue = B, is true.

Since P; is true and B, 1s true = P, is true, by the Principle of Mathematical

Induction, P, is true forall neZ".

(ii) For 2u,’ —3v,* +6u,v, =5, dividing throughout by v * yields 27> -3 +6r, —i
v?

n-n
n

Since lim (v, )=o0 and lim(r,)=L,

n—x n—>0

2I2-346L=0 = L=— (3+J—) or—( 3—\/3).

However, as r, >0, its limit LZ must be non-negative. Therefore, L = %(—3 + \/E ) .

u,+3v, u

i) 7, —r = —
) 70 =7, 2u +7v, v,
Cuv, +3v,=2u—Tuy,
- v Cu, +7v,)
2u, +6uy, —3v’
v, 2u, +7v,)

= > <0 (since u

v, Qu,+7v,)

v, >0).

So the sequence {r,} is strictly decreasing and tends to the limit —( —3+4/15 )

ST, >%(—3+\/E)

=27 +3>15 - (2)
1

1
= <—F=
2r,+3 415
= <15 -—(3)
2r,+3

By taking intersection of (2) and (3), we have the result.

. Uy _ 31 15 213 275
iv == . So 15<2r,+3 :>— <4/15
) 7, 71 2r, +3
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