H3 MATHEMATICS (9820)

UNCTIONS ED
F <l

1 Even and Odd Functions

If f(—x) =f(x) for every x in the domain, then f is called an even function. The graph of an even
function is symmetric about the y-axis.

The following functions are examples of even functions:

© |

e x¥,where neZ

® Cosx
The sum of any two even functions is also even, and the product of any two even functions is
even.

Example 1

Given that f,(x) are even functions of x, show that f(x) = Zfi(x) is even.
i=1

Solution:

-2 = 1)

= Zfi(x) (" f.(x) are even functions, i.e. f,(—x) =f,(x))
i=1

=f(x) (shown)

If f(—x)=—f(x) for every x in the domain, then f'is called an odd function. The graph of an odd
function is symmetric about the origin. i.c. we can obtain the entire graph of y = f(x) from

itself by rotating through 180 " about the origin.

The following functions are examples of odd functions:

o x™' where neZ

e sinx
The sum of any two odd functions is odd. However, products work slightly differently: the
product of two odd functions is even, and the product of an odd function and an even function is

odd.



Example 2 [2019/NJC/Prelim/Q5 (modified)]
) | an odd function, iff(—x) = —f(x)
A function f:R > R is . for any real value of x.
an even function, if f (—x) =f(x)
(a) It is given that f: R — R is an odd function. Determine with justification, whether each
of the following functions is even or odd:
(i) the composite function ff, [2]
(ii) the derivative of f, given that f is differentiable everywhere on R. [3]
(b)  Prove that for every function g:R — R, there exists a unigue decomposition into the
g(x)+g(~x)
2

sum of an odd function and an even function. (Hint: consider

) [4]

(¢)  Let the decomposition of ¢" be sinh(x) and cosh(x) where sinh and cosh are odd and

even functions respectively.
2

Show that y = Asinhx+ Bcosh x is a solution to the differential equation ?bc); =y. [3]




2 Convex and Concave Functions

Before we dive into convex and concave functions, a brief note on increasing and decreasing
functions.

The definition of increasing (and decreasing) functions is not based on their derivatives. Non-
differentiable functions can also be increasing. We can determine if a function is increasing by
comparing its values, but there are two differing conventions:

A function fis increasing on an interval / if:
e (Convention A): f(x,) <f(x,) forall x, <x, in/

e (Convention B): f(x,) <f(x,) forall x, <x, in/

Proponents of Convention A tend to call Convention B “strictly increasing”, while proponents of
Convention B tend to call Convention A “non-decreasing”. Always look at the definition or
context to determine which convention is being used.

It is not true that f(x,) <f(x,) forall x, <x, in [ (i.e. Convention B) corresponds to “the
derivative is always positive”. Here are two canonical counterexamples:

Example 3

1
The function g(x)= x? is strictly increasing in x € R. g'(0) is undefined.

The function h(x)=x’ is strictly increasing in xeR. h'(0)=0.

A function f'is convex if for any two points x,, x, in the domain of the functionand 0 <7 <1, we

have
f(tx, +(1—t)x2) <t f(xl)—i-(l—t)f(xz)
Note that equality holds when x, = x,.

A function f'is strictly convex if the inequality in the previous definition is strict.

tf(x)+(1-1)f(x,)
O |
£, +(1-0)x,) p---mmmmmmmmmo > (xzaf(xz ))

Graphically, if f is convex, then the line segment joining two points on the curve lies above or on
the curve.

The inequality f(#x, +(1—1)x,) <7 f(x)+(1-7)f(x,) is sometimes called Jensen’s Inequality.

3



A function f'is concave if —f is convex.

Again, convex functions need not be differentiable. However, a sufficient condition for a
function to be convex is that its second derivative is non-negative.

Example 4 [2019/NYJC/Prelim/Q4]
The tangent at the point (x, y) on the curve with equation y =f (x) passes through the point

(a,x), where a is a positive constant and x < a.

(1) Show that

dy
a-—x =x-y. 2
(a-x) or y [2]
(i) By making the substitution y = (a - x) z, obtain a differential equation in x and z. [3]

(ii1))  Solve this differential equation and, given that the curve y=f (x) passes through the

origin, show that

f(x)=(a—x)1n(“_xj+x. [6]

a

(iv)  What can you say about the concavity of the curve y =f(x)? Justify your answer. [3]

(v)  Given that f(x) —>a as x — a, explain why f f(x)dx< %az : [2]
0



3 L’Hopital’s Rule

sin x

How would we find the value of lim ?
x—0 X
2
sin(x)
-2 e 0 1 2 3 4 5 _——6 7 3

The issue here is that both numerator and denominator tend to zero as x — 0 . Fortunately, we
have a practical result that helps us in such circumstances.

Suppose we want to find lim %, and we have either:
x—>a g x
lim f(x) =lim g(x)=0

or:
lim f(x) = to0 and lim g(x) = +.

Then the limit can be computed using
f(x) f'(x)

Xx—a g(x) x—a g (x)
Example 5

Using L’Hopital’s rule, find (i) 1in3w, (i) lim xInx, (i) lim xe" .
x— X x—0"

x—>—0

Note: What does this tell you about how polynomial, exponential and logarithmic growth rates
compare?




4 Improper Integrals

b
In H2 Mathematics, definite integrals are usually taken over finite intervals jf (x) dx.

In H3 Mathematics, you may have to extend this notion to determine infinite integrals:

If f(x) is continuous on [a,oo) for some a € R, then the improper integral of f over [a,oo) is:
[£x) de =lim [ £(x) d

If £(x) is continuous on (—o0,b] for some b€ R, then the improper integral of f over (—o,b] is:
b b
[ £0x) dx = lim [£(x) d

—00

If .[ f(x)dx and I f(x) dx are convergent for some ¢ € R, then the improper integral of f over R is:

T £(x) dx = j £(x) dx+Tf(x) dx

—o —0 c

Limits can similarly be used to determine integrals over discontinuities:

If f(x) is continuous on (a,b] , then the improper integral of f over (a,b] is:

jf(x) dx = lim jf(x) dx

If f(x) is continuous on [a,b) , then the improper integral of f over [a,b) is:

jf(x) dx = lim jf(x) dx

Example 6
1

X

© © 0 1
Find, if possible, (i) [ 1 dx. i) | izdx, (iif) | izdx, (iv) [—=dx
1 X 1 X 0 X 0

=



4 Integration by Substitution and other Techniques
In H2 Mathematics, we learnt how to integrate by substitution when the substitution is given.
How can we recognize the substitution when it is not given?

By the chain rule, %f(g(x)) = f'(g(x))g’(x) = _[f’(g(x))g'(x) dx = f(g(x))+c.

Equivalently, when u = g(x), g'(x):% S0 If’(g(x))g'(x)dx:J.f'(u)%dx:-[f'(u) du .

Example 7 [(ii): 2019/ASRJC/Prelim/Q3a]

Find (i)jxcosxzdx, (ii)Ide

sin x — cos” x



In more abstract situations, the functions and limits of integration can provide hints on the
intended substitution.

Example 8

Prove that Ihf(x)dx=.fbf(a+b—t) dt.

7P
Hence prove that, if 0 < 8 <§, then J ( al j dx = ﬂln(cotgj .

B Sin x



Example 9 [2019/RI/Prelim/Q4]

®

(i)

(iii)

(iv)

It is given that 4, B and C are real numbers. Show that the quadratic function
h(t) = At + 2Bt +C is non-negative for all real values of ¢ if and only if 4>0 and

AC > B>, [2]

Let f and g be continuous functions on the interval [a,b] . By considering

Jj(ff(x) + g(x))2 dx, show that

( [ (Y dx)(j:(g(x))2 dx) > ( [ f(x)g(x)dx)2

and determine when equality holds. [3]
I 5
Hence show that jo VI+x dx < % i [3]

Let k be a continuous and differentiable function on the interval [0,1] such that k(1) =0.
Show that

( j; k(x) dx)2 Sé( I;(k'(x))z dx)

and determine when equality holds. [4]



Tutorial Questions

1.

The function f': [O, 7[] — R is such that f(0)=a.

It is given that f is twice differentiable and that
jo”[f(x) +£"(x)]sinx dx = b
where b is a real number.
By considering J.O” f"(x)sin x dx, or otherwise, determine the value of f(7), expressing

your answer in terms of a and b.

[2019/DHS-EJC/Prelim/Q2(i)]
b b
(i) Prove that J f(x)dx =I f(a+b—t)dt for any function f which is continuous on

the domain [a,b]. [1]

(ii) Using the result in (i), show that J.OZ In (1 + tan 0) do = j4 ln(1 t2 9} dé. [2]
0 + tan

(iii) Hence, by using an appropriate substitution, find the exact value of

"In(1+
1+ x°
0
1
(iv)Use the result in (i) to also find the exact value of S [3]

L
o COS X—Z

It is given that » is a positive integer. Using the identity

1-x" E(l—x)(1+x+x2+...+xn—l)

or otherwise, show that - (11_ x) = l—lx + rz::% Hence find J—x” (ll—x) dx.

Using a similar method, or otherwise, find
(1) J;dx (ii) J;dx
) e,

Evaluate lim L—L )
=\ x—-1 Inx

[2017/TJC/Prelim/Q7(i)]
Let n be a positive integer. A sequence of functions f, is defined as

10



L;(l—t4yzdt
j;(l-—t4)" dr

f (x)= for —-1<x<1.

(a) Show that f (x) is an odd function. [2]
(b) Show that f (x) is an increasing function of x for 0 <x <1.
2]
(c) Show that the gradient of f (x) is a decreasing function of x for 0 <x <1.[1]
(d)  Sketch the graph of { (x). [2]
[2020/HCI/Prelim/Q3]
(i) Show that, for m >0,
2 )3
[ x_dx:wﬂnm, ;3]
Um x 41 2m
(ii) Show by means of substitution x = l, that

u
n—1
[ ;dxzj-m " du 2]
b x"(x+1) Va y+1

(iii) Hence or otherwise, without using calculator, evaluate

_[2 X +x +1
Lo (x+1)

[3]

[2017/NYJC/Prelim/Q4]
Throughout this question, n denotes a non-negative integer.

Let znzj O
0

5—4cosx

Prove that

I =

n

a
COS nx .
J ————dx, miseven,
0

5+4cosx

[3]

T
coS nx )
—J ————dx, nisodd.
0

5+4cosx

Hence or otherwise,

@

(i)

find, in the case when # is even, the exact value of
j " Ccos xCosnx
0 25—16cos” x
showing your working clearly, [3]

show that
T 2 T
Jszdx:lj _cosx
o 25—16cos” x 4)05-4cosx

o X .
and use the substitution ¢ = tanE to evaluate the integral

11



10.

11.

T 2
J cos” x i
o 25—16cos” x

Exactly, giving your answer in the form k7 where £ is a rational number
to be determined. [7]

Given f:R — R such that for all x,yeR\{O}, f)=fx)+1(»).

Find the value of f(I) and f(—1). Hence show that f'is even.

Give an example of a (non-constant) function that satisfies the above properties and

sketch its graph.

[2021/HCI/Prelim/QS8]
Let f:Q — Q be a function satisfying the functional equation

f(x+y)=f(x)+f(y) Vx,yeQ

(i)  Verify that £(0)=0. [1]
A function g is known as an odd function if it satisfies g(—x) = —g(x) .
(i) Show that f is an odd function. [2]

(iii)  Using Mathematical induction, show that f (nx) =nf (x) forall neZ". [3]

(iv)  Using the result in part (iii) or otherwise, show that f (1) :if (x) for all

m) m
mel" . [2]
) Given that the graph y =f (x) passes through (1, 3), show that f (x) =3x,x€Q
is the solution to the function equation. [2]

[2021/CJIC/Prelim/Q2(a)]
For any real number x, the largest integer less than or equal to x is denoted by I_xJ . For

example, |_3.7J =3, I_SJ =5, and |_—nJ =—4,

) Use a sketch graph of y =| x | to evaluate jSLxJ dx [2]
. :

(ii)  Useasketch graphof y = Le"J to show that J-Olnn Le"J dx=nlnn—-In (n !) , Where

n is an integer [3]

(iii)  Hence, show that n!>n"e"™. [3]

[2017/Q4]

Let I = J‘Z” tan” x dx .

0

(1) For n>1,provethat I +1 ,= Ll [4]
n f—

(i1) Justify the statement that tan x < ix on [0, %7[] . [2]
V4

(111) Hence prove that /, tends to zero as n tends to infinity. [3]

(iv) Find the sum of the infinite series 1 -++1—-1+... . [4]

12



12.

13.

[2018/Q7]
The differential equation

dy dyY
—=x|—=1| +1, for x>0 1
ydx x[dxj D

. d’y . .
has a solution curve S such that J); 1s non-zero at all points of S.

(1) By substituting ¢ = % into equation (1) and then differentiating with respect to x,

show that S has equation y* =4x.

[6]

(i) Show that a straight line is a tangent to the curve S if and only if it is itself a solution

of equation (1).

[2019/DHS-EJC/Prelim/Q1]
(i) Find the general solution of the differential equation
dx (c + t) x

dt 1-¢ (A)

where ¢ is a constant.

(ii) Make the substitution y =#x in the differential equation

dy _ax+by

, B
dx bx+ay ®)

where a and b are constants and a # 0, and show that the resulting equation is
equivalent to equation (A).

(iii) Hence show that equation (B) has solutions of the form

b-a

9

|x—y|b+a =D|x+y

where D is an arbitrary constant.

13

[6]

[5]

[3]

[3]



H3 Functions Tutorial Suggested Solutions

1.

The function f: [O, 7r] — R is such that f(0)=a.
It is given that f is twice differentiable and that

jo”[f(x) +£"(x)]sinx dx=b
where b is a real number.
By considering J: f"(x)sinx dx, or otherwise, determine the value of (), expressing

your answer in terms of a and b.

jo“ £"(x)sinx dx = [f'(x)sin x]] - jo"f'(x) cos x dx
_ 0—[[f(x) cosx] ~ [~ (x)sinx dx}

= —[—f(n) —a+ jo“f(x) sin x dx} =f(n)+a— jo" f(x)sin x dx
Rearranging,
jo“ £(x)sin x dx + jo”f(x) sinx dx = f(n) +a

b=f(n)+a
f(n)=b—-a

b b
Prove that J f(x)dx =I f(a+b—t)dt for any function f which is continuous on the

domain [a,b].

Using the result in (i), show that J.OZ ln(l + tan 6’) do= f4 1n(1 t2 9} de.
0 + tan

1
In(1+
Hence, by using an appropriate substitution, find the exact value of f %

1
o COS X
Use the result in (i) to also find the exact value of | ——— dx.

T
o COS x—z

Using the substitution y =a+b—x, we have

j" £(x) dv= [ ~f(a+b-y) dy
=["f(a+b-y) dy
=['f(a+b-x)dx  (shown)




[#in(1+tan6) do

T

"1 -
= In 1+tan(——9j do
J 0 4
%
tan(;tj—tane
=| In|l+ do
1+tan(than6?
J 0 4
| 'm 1+1‘tan‘9j d6
Jo 1+tan@
o 5
=| In j dé (shown)
Jo 1+tan@

'In(1+x) u . I
e dx = L;‘ In(1+tan @) d6 by using the substitution x = tan 6.
0 x

'In(1 i
Also,wehavejll(—JrZ)C)dx:J4ln[ 2 jd@.
o l+x 0 1+tané

Summing up both equalities, we have

I - z
2J tn(l+) dx = [*In(1+tan 0) d¢9+J4ln( 2 jde

o 1+x° s \l+tan@

= [#In(1+tan6)+In2-In(1+tan0) do

:Plnz d0=L1m2
0 4

1
J n(42) e T
o 1+x 8




EN

T (‘ T[
4 cos(4—xj
COS X Ay = de
0 4 Jo 4 4
s L (T .
4 CoSs (4) COS X +SIn (4jsmx
dx

CoS (—x)

J 0

K
("2

cosx+Tsinx
2

= dx (cos x is an even function)
COS X

-

J 0

.
= ¢ 1 Ltanxdx

.)Oﬁ \/_

T

1n|sec x@

{f f :
(4f Nel UDO
4[ fln‘ﬂ
:m+ﬁln2

—1In

It is given that » is a positive integer. Using the identity

I=x" E(1_’6)(1+x+x2+---+x”*l)

or otherwise, show that = (ll—x) = - ;x_ Hence find J—x” (ll—x) dx.

Using a similar method, or otherwise, find

1 1
(1) szn (1_x2) (11) Jx(l_l_xz )n




=1 1
= _t

= x 1-x
= RHS

Hence,

Jx"(l ) J;T
-3 e i

1n|x|—ln|1—x|+C n=1

B 1n|x| 1n|1 x| Z—+C n=2

purl 54

[Substituting the variable x within a “dx” integral also requires that the final x be
substituted. In this question, since the phrasing is “using a similar method”, the idea is
to do the substitution before taking integrals.]
(1)

1

Replace x with x> in — = Z— "
r=1 X

x2n(1 x)_z

2
pri S

1 1]
Jﬂ(l—x) sz_

_ 1 |l+x| 1
- 1|1 x| 2(2;" 1)x2”+c

r=l1

(i)

Replace x with I+x* in ——— =) —+——:
xX'1-x) = x 1-x




1 I 1
) E (1)

Hence,
e [
_J%_i(u;)r &

1n|x|—%ln(1+x2)+C, n=1

= n—

) 1
———+C, n22
1

ln|x|—lln(l+x2)+
2 r= 2r(1+x2)r

Evaluate lim L—L .
=1\ x=1 Inx

) X 1 . oxInx—x+1
lim| ——-—— |=lim———
x—1 Inx) =1 (x—l)lnx

. 1-1 . .
=lim axrl-l using L’Hopital’s Rule
=1 Inx+=t

) In x
=lim—
=l nx+1-1

1
zliml -
x—1 ;_|_)TZ

using L.’Hopital’s Rule

1
2

Let n be a positive integer. A sequence of functions f, is defined as
X 4 n

i) @
1 4\"

[ (1) ar

(a) Show that f (x) is an odd function.

(b) Show that f (x) is an increasing function of x for 0 <x <1.

f (x)= for -1<x<1.

(c) Show that the gradient of f (x) is a decreasing function of x for 0 < x <1

(d) Sketch the graph of f (x).

[2]
2
1
[2]

—_




Let k, be the constant % for each n. Then f (x) = kn'[x(l—t4 )n dr.
[(1=et) de ’

(2)

Using the substitution s =—¢,
£, =k, [ (1-1) dt

=k, [ (1=(=5)") (1) as
=k, | "(1-s")" ds

which has the same numerical value as —k, J‘Ofx(l —t* )n dt =—f, (-x)

Hence f, is an odd function.

(b) We know that 0 < (1—t4 )n <1 when 0<¢<1, for any n. So, for any x,, x,

satisfying 0< x, <x, <1,
f (x,)—f (x)=k, [ [T(=) a=[ (12t dt]
S a
>k j 0 dr

=0
Thus, f, is an increasing function for 0 <x <1.

(c)
The gradient function is f/(x) =k, (1 —x* )n [by fundamental theorem]
Since
d |: 4 Vl} 4 n-1 3
—l| k, (1-x =—4nk (1-x X
oLk (1) (1=)
is negative for 0 <x <1 wn>0,k, >0, (l—x4 )n_1 >0,x>0

we conclude that the gradient function is a decreasing of x for 0 < x <1.

(d)




[Drawn graph must look like it has rotational symmetry about origin. |

Show that, for m >0,

Im Xy m=D (D)

5 nm.
Um x +1 2m

o 1
Show by means of substitution x =—, that
u

J-a J-l/b u
bx(x+1) 1/“u+1
Hence or otherwise, without using calculator, evaluate

J-Z X +x+1
Lo (x+1)

m xz m 1
Jl/z;zx_l_l dx:-[l/m(x_l)+x+1 dx

:{%z—x+ln(x+l)}

1/m

4 2
_m —1-2m(m l)Jrln m+1

2m’ R
m
_ (m2 —1)(m22—2m+1)+1n(m2 +m}
2m m+1

:(m—1)3(m+1)+1n

2m’




—_

a 1 1/a
e e e

5 3 1 5 1
[ i de= [ da [t [ dx
ox’(x+1) L x’(x+1) L x’(x+1) L x’(x+1)

2
:.[2 al dx+J-2 ! dx+J.23;dx
b (x+1) b (x+1) b x'(x+1)
2
:Iz al dx+[ln(1+x)]2+jz3;dx
o(x+1) P X (x+1)
2 2
=I2 al dx+lni+_|.1 “
L (x+]) 2 92 (u+1)
2
=7 dx+In2
2 (x+1) 2
_1\3
_2ZDCHD o2
2x2? 2
:§+m3
8
Throughout this question, n denotes a non-negative integer.
Let 1n=J SO i«
0o S—4cosx
Prove that
jsc?%dx, n 1s even,
I - o” +4cosx 3]
—J _SOM 4, nis odd.
0o S+4cosx

Hence or otherwise,
(i) find, in the case when # is even, the exact value of




J * cosxcosnx
0 25—16cos” x
showing your working clearly, [3]

(i) show that
T 2 1 T
J cos x2 dx=—J cosx
o 25—16cos” x 4)05—-4cosx

- X .
and use the substitution ¢ = tanE to evaluate the integral

s 2
J cos” x i
0 25—16c¢cos” x

Exactly, giving your answer in the form kz where £ is a rational number
to be determined. [7]

I =J cosmx .
0o S—4cosx

r0

cos|n(r—t
_S—4cos(r—1)
(" cos[n(r—1)]
o S—4cos(w—1)
(" cos n cos nt +sin nr sin nt

= dt
Jo 5+4cost

T
(" cos nx cos nt
Jo S+4cost

” cosnt
:cosnﬁj —dt
o S+4cost

V4
coS nx
:cosnﬂj —dx
0o S+4cosx

V4

cos nx .

J ——dx, niseven
0o S+4cosx

—J _COSY 4y, nisodd
0o S+4cosx

(1)
[It is tempting to write the integrand as a product, but then what would we do with it?
We cannot easily split it that way since J. uv dx # (Iu dx) . (Iv dx) in general.]

" COSXxcosnx g COS X COS 11X
J —————dx= dx
0 25—16cos” x 0 (5—4cosx)(5+4cosx)

Using an idea similar to partial fractions, we can write




cos X _ A N B
(5-4cosx)(5+4cosx) 5—4cosx 5+4cosx

for some constants 4, B. Re-writing the RHS as a single fraction and comparing

coefficients, we obtain 4 = é, B= —l , and so

J” COS X COS nX 3  cosnx _ cosnx
0 25-16¢cos’ x o 8(5—4cosx) 8(5+4cosx)

- (using the previous result)

_J” cos nx cos nx
o 8(5+4cosx) 8(5+4cosx)

=0
when 7 is even.
(i)
J” cos’ x (" COS X COS X
— % =
o 25—-16c¢o0s” x Jo (5—4cosx)(5+4cosx)

rT

COS X COS X

Jo 8(5—4cosx) 8(5+4cosx)

cosXx N cosXx
Jo 8(5—4cosx) 8(5—4cosx)

:lj COS X d
4.)0 5-4cosx

where the second step uses the same splitting as in (1).

When ¢ = tan%,

2
cosx=2cos?>—1= 22 —1= 22 —1= 22—1=1—t2 and
sec” 5 I+tan” 3§ 1+1¢ 1+1¢
d—:lseczle(l tz):>dx 22,
dx 2 2 dr 1+¢
J cos® x dx:l cosx .-
25—-16cos* x 4)05-4cosx

3 (l+t )
5_4 -1 1+t
o 1+1¢2




IR R ) dt
2, (1+)(1+9¢%)
:ler 5 &
2 ), 4(1+7) 4(1+97)
i

= —é[tan1 t]: + 25—4[tan1 3t]: =4

Given f:R— R such that forall x, y e R\{0}, f(xp)=f(x)+f(»).

Find the value of f(1) and f(—1). Hence show that f'is even.

Give an example of a (non-constant) function that satisfies the above properties and

sketch its graph.

SO =D+ (1)

= f(1)=0

SO =fED+f(=D)
= 0=2/(-1)

= f(-1)=0

Forall x=0,
S0 = F (D)
= f(-D+ f(x)
=0+ f(x)

= f(x)

and so f'is even.

A possible function is f(x) = 1n|x|

Let f:Q — Q be a function satisfying the functional equation
f(x+y)=f(x)+f(y) Vx,yeQ

@) Verify that f(0)=0. [1]

A function g is known as an odd function if it satisfies g(—x)=-g(x).

(ii) Show that f is an odd function. [2]

(iii)  Using Mathematical induction, show that f (nx)=nf(x) forall neZ*.  [3]

(iv)  Using the result in part (iii) or otherwise, show that f (iJ =if (x) for all
m) m

meZl' . 2]




w) Given that the graph y=f (x) passes through (1, 3), show that (x) =3x,xeQ
is the solution to the function equation. [2]

(1) We have f(0)=1(0)+f(0) so subtracting f(0) from both sides yields the result.
(1) Substituting y =—x we get

0=1f(0)="f(x)+f(—x) i.e.

f(x)=—-f(—x)

so fis an odd function.

(iii) Let P, be the statement f (nx)=nf (x) for positive integers n.

P, is true since both sides are equal to f(x).

Suppose £, is true, then consider P, ;.

LHS = f((n+1)x) = f(nx+x) = f(nx)+f(x) = nf(x)+f(x) =(n+D)f(x)=RHS so
B, is true.

Since £ is true, and B, = F,,,, by Mathematical Induction, P, is true for all positive
integer n.

(iv) First set 7=m in the result of part (iii), obtaining f (mx)=mf (x). Since x is an

arbitrary rational number, we can replace x with ~ which yields f (x) =mf (ij
m m

Dividing both sides of this equation by m gives the required result.

(v) We divide into 3 cases: (A) x is positive (B) x is negative (c) x is zero.

Case (A): Let xe@Q". Since x is rational, let x = P where p,q<Z". Then
q

_ lf (p)  (using part (iv))
q

=Lpf(1)  (using part (i)
q

—3.2_3y.
q




Case (B): x is negative
From part (ii), since f is odd, if xe Q" then f(x) = —f(—x) = —(—3x) =3x using the
result in Case (A).

Case (C): if x=0 then f(0)=0=3-0.

So we have shown f(x)=3x for all 3 cases.
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For any real number x, the largest integer less than or equal to x is denoted by LxJ . For
example, L3.7J =3, LSJ =5,and L—nJ =—4,

@) Use a sketch graph of y =| x| to evaluate J. ’ | x| dx [2]
. .

(i) Use a sketch graph of y = Le"J to show that J.:n Le’“J dx=nlnn- ln(n !) , where

n is an integer [3]

(iii) Hence, show that n!>n"e'™". [3]

@)

Jos | x |dx = Sum of areas of the rectangles shown

=0+1+2+3+4
=10

(i)




In2 In3 In4 .. Inn

Inn

Jo e Jar
= Sum of areas of the rectangles shown
=1(1n2—ln1)+2(ln3—1n2)+3(ln4—ln3)+...+(n—1)(lnn—ln(n—1))
=—Inl-In2-In3-...—In(n—-1)+(n—-1)Inn
=—(ln1+ln2+ln3+...+lnn)+nlnn
=nlnn—ln(1-2-3-...~n)=nlnn—ln(n!)

(iif) Since | * |<e”,
Inn

J-;nntexjdxg ) e dx

- —ln(n!)+nlnn£|:ex}x:mn
x=0
:elnn —GO
=n-1
= In(n)>nlnn+1-n

In(n!) > Inn" +Ine™

In(n!) > In(n"e'™")

1-n

n!'>n"e (shown)
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Let [n = J(j” tann X dx X

(i) For n>1,provethat I +1 =L1
n_

[4]




(i1) Justify the statement that tan x < ix on [O, %7[] . [2]

V4
(ii1) Hence prove that /, tends to zero as n tends to infinity. [3]
(iv) Find the sum of the infinite series 1 -4 ++ -1 +... . [4]

Il +1 ,= Ijn tan” x +tan" "~ x dx
= Jjn tan"~’ x(l +tan’ x) dx

in
= I; tan" " xsec’ x dx

1

B tan"" x |1

n—1 o
b
n—1

(i1) The function f(x)=tan x is convex in the interval [0, %7[] because
f(x) = %(sec2 x) =2sec’ xtan x > 0 in the interval.
Therefore, the line joining the endpoints (0, 0) and (%, lj lies completely above the
C o 4 4
graph y =tanx . But this line is simply y =—x, thus tanx<—x.
T T

iii) Since 0 <tanx <—x in the interval |0, 1 7|, integrating over this interval yields
- 1 g g y

joo dx < jo tan” x dx < J(‘%j dx

0
n n+l i
0<1 s(ij al
" \m) | n+l .

0<] <
" 4+

As n— oo, the RHS tends to zero as well, so by squeeze theorem /, — 0.

) _ k+1
(iv) This infinite series is Z( D™
k=1 Zk _1




(_ 1)k+1

Since each term can be written as (~1)*"'(1,,_, +1,, ), the partial sums of the

first n terms is given by

n (_1)k+1 B n "
o 2k—1 _;[(_1) (]Zk—z"'lzk)}

=1,+(=1)""I,, since all the intermediate terms cancel using Method of Differences

n+l

Taking n —» o, (-1)""1,, — 0, and so

T

l—3+1-%+...=1, =J-0ﬂ1dxzz

W=

12.

The differential equation

dy dyY

—=x|—1] +1, for x>0 1

ydx x(dxj M
2

. d’y . .
has a solution curve S such that a); is non-zero at all points of S.

(i) By substituting ¢ = % into equation (1) and then differentiating with respect to x,

show that S has equation y° =4x. [6]

(i1) Show that a straight line is a tangent to the curve S if and only if it is itself a
solution of equation (1). [6]

(1)

yt=xt>+1
Differentiating,

£ +y£: 21 ox 3
dx dx

dt
—2xt)—=0
(y xr)dx

2

d’y
-2 =0
(y Xt)dx

2

2
Since d )2} is non-zero on S, y = 2xt¢
(-
2x

Substituting this into y¢ = xt> +1, we get

2 2
YWy
2x  4x

2 2
L X

2x_E




V' =4x (shown)

(i) Differentiating y* = 4x with respect to x produces 2 y% =4 .

Let (xo, Yo), %, #0 be a point on S . The equation of ¢, the tangent to S at that point

1S

iy, :[iJ(x_xo)

Yo

E:y:££]x+[y0—2ij
Yo Yo
2

Since (x,,,) lies on S, we have x, = )jTO ,and so

oy

The equation of ¢ thus satisfies

=]
2

= x(m[ )2 +1 where m, is the gradient of ¢

1.e. ¢ satisfies the given differential equation.

Conversely, suppose a line L satisfies the given differential equation. Let the line have
gradient z. Then, substituting into the given D.E., we have

1
yt=xtz+1:>y=tx+;

If L is tangent to the S, since S satisfies Y = 2 , L must be tangent to S at
y
2 2
I=—S y=—.
y t




o 2 1 L :
Substituting y, = p weget (:y=tx+ 7 which is exactly the equation of L.

So we have checked that L is tangent to Sat y = 2 , Where ¢ is the gradient of L.
¢

13.

Find the general solution of the differential equation

dx (c + t) X (A)
e 1-7 "
where ¢ is a constant.
Make the substitution y =#x in the differential equation
dy ax+b
LT (B)
dx bx+ay

where a and b are constants and a # 0, and show that the resulting equation is
equivalent to equation (A).

Hence show that equation (B) has solutions of the form

b-a
s

|x—y|b+a = D|x+y

where D is an arbitrary constant.

%_ (c+t)x
dt  1-7

l%_ (c+t)
xdt  1-7

[
X 1-t= 21—t

Infy—d = St - Lnfi—r
2 2

1-1¢

o hnf(1 ) (1-0)f

x =—————, where p is an arbitrary constant.




dr ax+b(tx)
dr bx+a(tx)
dr a+b(t)
A b+at
xg— a+b(t)

t+x

t+x

dx b+at

dt a-at’
X—=

dx b+at
l%_ b+at
x dt a(l—tz)

, )

@ 1-7

Q

. .. : : : b
and the resulting equation is equivalent to equation (A) with ¢ =—.
a

b

é+1 é+1 é—1 é—1

_a a _a
o =[] 2
ﬁ+1 é—1 Lrl é—1

a a a
= =iy

a
2

|X||X—y X

a
2 2 2

|x||x—y X

b-a
2a

b+a
e = 2 =[] [+ >
Il = o™ =&l
|x—y|b+a = D|x+y

x|

b+a b-a

xX+y
b-a

X




