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Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case
of angles in degrees, unless a different level of accuracy is specified in the question.

You are expected to use a graphing calculator.

Unsupported answers from a graphing calculator are allowed unless a question specifically states
otherwise.

Where unsupported answers from a graphing calculator are not allowed in a question, you are
required to present the mathematical steps using mathematical notations and not calculator
commands.

You are reminded of the need for clear presentation in your answers.

The number of marks is given in brackets [ ] at the end of each question or part question.
At the end of the examination, slot any additional 4-page Answer Booklets used in your 12-page

Answer Booklet and indicate on the 12-page Answer Booklet the number of additional 4-page
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. . . X +X,+..+Xx 2
1. For ne {2" ke Z*} , prove by mathematical induction that =—=—"—" > (x,x,...x, )",
n

where x,,Xx,,...x, are positive real numbers. [6]
2. Let S: be the set containing all permutations of 7 objects where the i object is in the i

position, i.e. the i™ object is in its original position.

(a)  Find the values of »'|S,| and Z‘Sl. A Sj‘ in terms of 7. [4]

i=1

i<j

A derangement is a permutation of the elements of a set in which no element appears in its

original position.

(b)

(©)

Using the principle of inclusion-exclusion, show that the number of derangements

of n objects, p. :‘Emg_zm_m?n‘ is given by

1 1 1 |
| —_— — —
n.(l 1!+2! 3!+...+( 1) j [3]

n!

n

State the value of lim in exact form. [1]

n—w p l

3. Letf(n):2{1+ ! Ml ! j|...|:1+ ! },wherei:\/—_l.

(@

(b)

©& Hcl 2025

(1+1)° ’ (1+2i)° (1+ni)?

1 [+ e=Di][1+ (& + D]
(1+k) (1+4i)’

By showing 1+ or otherwise, find an expression

of f(n), leaving your answer in Cartesian form in terms of n. [6]

Using the fact that if w,z e C, then arg(wz) = arg(w) +arg(z), find the value of n

d 1 36
such that tan arg| 1+ =——. 3
{Z g[ (1+ki)zﬂ 37 Bl

k=0
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4. Let w, x, y and z be positive real numbers.
2 2 2 2
(@) Showthat — 4+ 4 Z W S WIXTyEz 3]
X+y y+z z+w w+x 2
2 2 2 2 1
(b) Deducethat =~ +-2 4y 2 4 W > 2(wxyz)4 2]
X+y y+z z+w w+x
xZ y2 ZZ WZ
(c) Suppose wx =27 and yz =3, show that + + + >6. [3]

xX+y y+z z+w w+x

5. Let (x—| denotes the smallest integer greater than or equal to x. Then the function
f:R —>7Z where f(x) = fx—| is called the ceiling function. For example, f(7) = |77Z—| =4,
f(—4.5)=[-4.5]=—4 and f(3)=[3]=3.

(a)  Sketch the graph of y = (2 sin(2x)—| ,for 0<x<2rx. [4]

(b) By considering the period, show that
J‘:” [2 sin (nx)—‘ dx=knr

for all n e Z", where k is an integer to be determined. [3]
() Hence, deduce the value of J-:” [n sin (nx)—I dx in terms of 7. [2]
6. (a) The function f, for x # 0, satisfies the equation
1
2f(x)-f| — |=3x.
()-t(1)

@) Explain why

Zf(lj—f(x)=%. 0

(ii) Hence find f (x) [2]

(b) The function g, for x # 0, satisfies the equation
1

g(x)—kg(—x)—g(;j:x.

Find g(x). [6]
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7. (a) Factorise x>+ 1.

Prove that if 2” +1 is prime, then m must be of the form 2% | where k € Z. [3]

(b)  Letp be a prime factor of F, = 2% +1.

By considering the smallest positive integer d such that 2 =1 (mod p), or
otherwise, prove that p must be of the form k2"*! + 1, where k is an integer. [You

may use Fermat's Little Theorem: ¢”~' =1(mod p), where a and p are coprime] [3]
(c) Deduce that any factor of F, = 2% +1 must be of the form k2! + 1, where k € Z.

[2]
(d)  Using the fact that 641 = 5% + 2% = 5(27) + 1, show that 5* 22 + 232 = 0 (mod 641)
and 54228 — 1 = 0 (mod 641).

Deduce that F, =27 +1 is divisible by 641. 3]
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8. Differentiation from First Principles and the (-Derivative: A Comparative
Perspective
The concept of the derivative, as we understand it today, was formalised in the 17th century
through the independent work of Isaac Newton and Gottfried Wilhelm Leibniz, marking
the birth of calculus. Central to this development is the first principle of differentiation,
which defines the derivative of a function f at a point x as:

f(x+h)—1f(x)

h
This expression captures the idea of the instantaneous rate of change or the slope of the

Fio=lin

tangent line to the curve at a given point. For example, to find the derivative of f(x)=x"
using the first principle of differentiation, we have

. (x+h)"-Xx"

m—

10 =tim
n n n—1 n n-212 n n
x"+ x""h+ X"hT+..+h"—x
. 1 2
=lim
h—0 h
. n n—1 n n-2 n—1
=11m( jx J{ jx h+..+h
h—0o{ 1 2
h—0
:nxn—l

While powerful, this approach assumes the ability to take infinitesimal increments # — 0,
which is inherently tied to the real number continuum. In the 20th century, especially in
the study of quantum calculus — calculus without limits — mathematicians explored finite
difference analogues. One of the most prominent constructions is the -derivative,
introduced by Frank Hilton Jackson in 1908. The q-derivative of a function f(x), for a real
number g #1, is defined as:

D f(x)= fgx)—f(x)
! (g—Dx
Unlike the classical derivative, which relies on an additive increment 2 — 0, the g-

derivative uses a multiplicative increment by scaling the input. This gives rise to a discrete-
like calculus that becomes classical in the limit g —>1:

lim D, f(x) = £ '(x).
g—1

The g-derivative provides a window into discrete versions of continuous phenomena,
playing a critical role in gq-series, quantum mechanics, and non-commutative
geometry. It exemplifies how foundational ideas — such as the derivative — can be
reframed and generalised when the underlying assumptions (like continuity or limits) are
re-examined.
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(a) For f(x)=x", show that lin} D, f(x)=1f'(x).
q—>
[3]
(b) Using the definition e = lim(l + lj , show that %m(}ln(l—_i_h) =1. [3]
n—»0 n n—>

[You may assume that In (%1_{13 f(h)) =lim In(f(#)) when f(%) is continuous.]
(c) Using the result in part (b), show that lqlil’ll D, f(x)=1"(x) for f(x)=Inx. [3]
(d) The product rule from the first principle of differentiation is
% [f(x) g()] = £ '(x) g(x) + f(x) g'(x).

(i) Show that for g-derivative, the product rule is

D, [f(x) g(x)] =fgx)D, g(x) +g(x)D, f(x) or f(x)D, g(x) +g(gx)D, f(x) [4]

(ii) State a difference between the product rule from the first principle and

from the g-derivative. [1]
(e) The quotient rule from the first principle of differentiation is
d [ fix) } _ ') e -fx)g')
dr | g(x) [e(x)]
(i) Find the quotient rule for the g-derivative. (4]

(i) Comment on the result in part (1) as ¢ — 1, showing clearly your
reasoning. [2]

f(x) _ lim f(x)

X—a

[You may assume that limf(x) g(x) = limf(x)limg(x) and lim -
xX—>a xX—a xX—a xX—a g(x) }(IAI)I‘} g(x)

when both limf(x) and limg(x) exist and are finite.]
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