2024 NYJC JC2 Common Test Exam 9649/2 Solution

SOLUTIONS:

Qn Suggested Solution

1(a) | Equation of line /is y =(tan®)x.

e . [cosé@
Unit direction vector of /is | . .
sin @

o 1 1) (cos@) | cos@
Projection of onto /= 4 .
0 0)\sin@ )|\ sin@
cos @
=cosf|
sin &

. 0 0) (cos@)|(cos@
Projection of onto / = 1. _
1 1) \sin@ )|\ sin@

, (cos QJ
=sinf| .
sin &
A= (A(el )) A(ez ))

A :[ cos’ @ sin @ cos HJ .

sinfcos®  sin’ 0
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(b) cos’@  sinfcosf)(x) (0
sinfcos®  sin’@ )\ y 0
cos’ Ox +sinfcosfy =0
x=—tan@y
. ) —tan @ 1
Basis for nullspace for 7' is [or ]
1 —cotd
Alternatively,
Note that all position vectors that are perpendicular / will be mapped to the
zero vector.
Gradient of / = tan @
Equation of line perpendicular to / : y =(—cot8)x.
1
Basis for nullspace for 7 is {( )} .
—cotd
(©) 3+543
cos’d  sin@cosf (1) 4
sinfcos@®  sin’@ )\5 J3+5
4
cos’ @+5sinfcosd = 3+j\/§ —
sin@cos @+ 5sin’ @ = \/§4+ > —(2)

Method 1:
(1)x5+(2): 5+26sin00056’:i(20+26\/?_>)
13sin26’=%(x/§)

sin29=£:>6?=

Y

V2
or —
3

(\\‘l\)

When 6 = g,LHS = cos’ %Jr SSin%cos% =2.42, RHS =2.92 for (1), thus

rejected. Thus 6 = %

Method 2:

\/§+5

(2)  sinO(cos@+5sinf) 6’( 4 ]_ B+s 1

(1) cos0(0059+55in9)_tan _(3+5\/§]_\/§(\/§+5) Na

4
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Qn Suggested Solution
2 1 1 1
@) Since A|1|=0=0|1|, A has eigenvalue 0 and corresponding eigenvector | 1 |.
1 1 1
(b) Since nullity(T) = 1, rank(T) = 2. Need to link to range
-5 2 3 space of T.
Since | -2 |=—| 0 |—| 2 |, take 2" and 3™ columns of A as basis of range space of T. iuitlss?zéi%ﬁé?:é are
-4 2 2
2 1 3 1 1 1 1
Since |0 (=20 and |2 |=2|0|+| 2 |,hence | 0| and | 2 | form a basis of the
2 1 2 1 0 1 0
range space of T.
(c) 1 1
Since | 0 | and | 2 | are basis of the range space of T,
1 0
p 1 1
Al q |=k|0|+m|2
r 1 0
—Sp+2q+3r k+m
—2p+2r |=| 2m
—4p+2q+2r k
Thus k=—4p+2g+2r, m=—p+r
p 1 1
Al q |=k|0|+m|2
r 1 0
Apply A" to both sides of equation
p 1 1
A"l g |=kA" 0 |[+mA""| 2
r 1 0
P 1 1
A" g |=k(=2)"|0 |+m(-1)"|2
D S U

Thus A =(~4p+2q+2r)(=2)", u=(~p+r)(=)""

Page 3 of 15




2024 NYJC JC2 Common Test Exam 9649/2 Solution

@ | B=4A(A-T)

8

Thus the eigenvalues of B are 0, 2 and g .

3 Source: RVHS FM Promo 2025 Qn 8

(a) f(x,y)=xy-3yIn(x+1)

_ 3y
T (x+1)°
fyy:
fxy:fvx: _i
’ x+1

(b) | For stationary points, f, =0 and f, =0.

- y(l——j=0
x+1

= y=0 or x=2
f,=0 = x—In(x+1)=0
= x=0 or x=5.71144

.". Stationary points occur at (5.71, 0) and (0, 0) (reject as we want x > 0).

At (5.7, 0), D=f.f —(f,) =-0.306<0.

Hence, (5.71, 0, 0) is a saddle point.

() | At(2,1), f(x,y)=2-3In3,f =0 and f, =2-3In3

Equation of tangent plane:
z=2-3In3+2-3In3)(y-1)
Therefore, an approximate the value of £(2.05,0.98)
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=2-3In3+(2-31n3)(0.98-1)
=—-1.27 (to 3 sf)

Suggested Solution

|
]

o8 8 g g 5 - -3

|
[+

(-5! -2)

]

()

Equation of the perpendicular bisector

y-1_2
x+3 3
2
—1=-Zx-2
Y 3
2
=——x-1
=73

: 2 L
The foot of perpendicular from (—7,1) to y:—gx—l will give the

minimum |Z +7- i|

2
Consider D?, the square of the distance from (—7,1) to y z—gx—l ,

D? =(x+7)2+(y—1)2
2 , » (2 ’
Butyz—gx—l, So K=D :(x+7) + —Ex—2

d—K=2(x+7)+2(zx+2j(gj=%x+@
dx 3

3 9 3

50x9 75
Set — =0 ,wehave x=-— =_-

26x3 13

__2(_5) L3
Y R 13
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d°K 10 . .75 37,
=" 0 minimum K, hence the complex number is —— + —1
dx 3 13 13
Alternative
-3 1
Eqn of perp bisector: ¥ =| 1 |+A| -2/3
0 0
To find shortest distance from (—7, 1, 0) from the line
We have
-3 1 =7 1
I [+A]-2/3|—| 1 ||e|-2/3|=0
0 0 0 0
4 1 1
O+A|—2/3||e|-2/3|=0
0 0 0
4+ 1 1+ﬂ =0 :ﬂz—ﬁ
9 13

Thus the position vector on the line is
_75
-3 1 % 3
_36 _ —| 37
U+ ) —2/3|=| 3%,
0 0 0

Alternative:
Equation of | bisector:

2
Line with grad=— 5 passing through (—3, 1)

y=1==3(x+3)(1)

A line passing through (—7,1) . grad= %
y—lz%(x+7)~-(2)

Solving (1) & (2), we have

—%(x+3)=%(x+7)

—4x—-12=9x+63
75 37

X=——, th =—
130 YT

.75 37.
Therefore the complex number is ——+—1

13
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(b)

AC=(-8+3) +(3-2) =
Hence angle CAB = ¢ =sin™' (

Angle CAD = § =tan™' (%]

_ tana—tan
1+tana tan S

tan (o - f3)
1——

4
6

Thus max arg(z+8—3i) =a—f=tan” (%j

Qn

Suggested Solution

5(i)

Given that x kg be the amount of salt in the tank # minutes.

dx
In 1 min, 2 kg of salt is going into the tank. — =2

dt lin
Since 2 gallons of mixture is flowing out per min, hence amount of salt flowing out per
o dx 1

minis —x, Thus — =—-——x

100 dt |out 50

dx 1
Thus —=2-—x

dt 50

f >0 dxzjdt
100— x

~501n[100-x|=1+C
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1 1

—— -—cC
100—x=Ae ® where 4=e %
When t=0,x=0, 4=100

_1,
x=100-100¢ >°

e

(i)

Given that x kg be the amount of salt in the tank t minutes.

: o dx
In 1 min, 2 kg of salt is going into the tank. — =2

t in
At time t, amount of mixture in the tankis 100+ 2¢ —¢ =100+¢ gallons.

Since 1 gallon of the mixture flows out of the tank per minute,, amount of salt flowing

out of the tank is X kg.
0+¢
dx 1
Hence we have the DE: — =2 — X
dr 100 +¢
dx 1
—_— X =
dr 100+¢

j ! dr
100t {100+

IF= @ =100+7  Multiplying the DE by IF gives

%[x(looﬂ)]:z(looﬂ)

x(100+t)=ZJ(100+t) dr
=(100+1)*+C

Sincewhent=0,x=0, C=-100".

Thus the particular solution is

1(200+1)

2(100+1)=(100+¢)° ~100> = x =
100+

When amount of mixture is 150,100+7 =150 =1¢=50.

50(200+50)

~83.3 kg.
100+50

Amount of salt in the tank at this instant =
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(iii)

1(200+1)

100+¢  _
100+¢

Using G.C. t =216.23 min

Qn

Suggested Solution

(2)

a is the PrOPOrtion of adults of breeding age in the previous month that become ageing adults.
[ is the proportion of ageing adults that died in the previous month.
y is the proportion of children in the previous month that become adults of breeding age.

O is the proportion of adults of breeding age in the previous month that gave birth to one offspring
each.

OR

Since each adult of breeding age only give birth to one offspring at most per month under this
model, there may be insufficient adults of breeding age eventually to breed and replace those that
aged and died.

(b)

x,=4x,,—-5x,,

Auxiliary Equation: m° —4m+5=0

L _4x16-20

=2+
2
General solution: X, = A(2+i)n +B(2—i)n
X, =A+B=2

x,=A(2+i)+B(2-i)=2
= 2(A+B)+i(A—(2—A)) =2

= A=1+i, B=1-i

(1+i)(2+i) +(1-i)(2-i)

(1+i)(2+i) +(1-i)(2-i)
= \/Ee%i (\/gegi )n + \/Ee_%i (\/ge_gi )n where 6 = tan™ (%)

_otsid ) gise e}

xn

'xn

_ 2%52 (e[szﬁ)i N e—[Z+n€)i)

1 n
=2252 (2 cos (% + nHD
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3 n
= 2252 cos| Z 4+ ntan™ 1
4 2

Alternative
T .. T
1+: :ﬁ(coszilslnzj

2ii=\/§(cos6iisin6’) where 0 = tan™' l

2
X, = \/E[cos%+isin%j(x/§(cost9+isin 9))”
T .. T .. n
+x/§(c0sz—1smzj(\/§(cos9—1sm6))

1 n

x, =2252 (cos % +isin %)(cos n6 +isin nd)

1 n

+2252 (cos % —isin %)(cos nd —isinnd)

1 n
x, =252 cos(£+n9j+isin(£+n6’j
4 4
1 n
+2252(cos(z+n9j—isin(£+n6’n
4 4
Ln T 3on P 1
x, =2|2252cos| —+nf | |= 2252 cos| —+ntan"' —
4 4 2

sn X | — 00. (1ven a finite map area, this 1s not realistic.
(d) A ; Gi fini p his i listi
Qn | Suggested Solution
7
(a) | — =-—2sint+2sin2t
t
dy

=2cost—2cos 2t

t

dy dx )’
()8

(2cost—20052t) +(—2sint+2sin2t)2

=4cos’ t—8cos2tcost+4cos’ 2t +4sin’ t —8sin 2 sint + 4sin® 2¢
4(cos t+sin t)+4(cos 2t +sin® 2t) 8(cosZtcost+sm2tsmt)

=8—8cos(2¢—1)

=8(1—cost)= 8(2Si1’12 %j
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2
FOEGE
dt dr
‘f16sm — dt

dt

f
S,

t
= J‘ sin — dl‘ since Sin—>0 for 0<¢t <27
0 2 2

~

sin —

N |

2z
- —8{005%} = —8(-1-1)=16

0

(b)

Surface Area about x-axis

(o[ &T (]

:I 27[(2sint—sin2t)4sin% dr
0

= 87Z'I (2sin¢—sin 2t)siné dr

0

= 87rf (2 sin¢sin L sin 2¢sin —j dr
0 2 2

Using cos P—cosQ = —2sin (%j sin (%j

(" 3 t 1 5 3
=87Z' —COS—f+COS—+—| cOS—Ff—CcoS—¢ dl‘
2 2 2 2 2

J o

(3 3 t 1 5
=8 ——cos—f+cos—+—cos—¢ |df
2 2 2 2 2

Jo
—87{1 2+1} 1287r
5 5

.3 .t 1.57
=8| —sin—t+2sin—+—sin—¢
2 2 5 24

(©)

x=2cost—cos2¢t—1

y=2sint—sin2t

¥y 2sin¢ —sin 2¢
x 2cost—cos2t—1
~ 2sinz(1—cost)

 2cost—2cos’t
~ 2sint(1—cost)
- 2cost(1—cost)

=tant
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But Z=ta.nt9,henc~e 0=t
X

rr=x"+y
=(2cost—2c0s2t)2+(2sint—2sintcost)2
:4coszt(l—cost)2+4sin21‘(l—cost)2
=4(1-cost)’

r=2(1-cost)=2(1-cos®) since >0 and t =6

@ Area = 2><%J‘:(2(1—(:039))2 de

:4j0”1—2c0s0+cos20d9

:4j 1—2cose+#de

0

=4 i6’—2sin¢9+lsin26} =6rx
2 4

0
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Suggested Solution

Using GC, x =1.5, s* =1.5657
Since X and s’ is approximately the same, a Poisson distribution is a possible
model for x.

To test H,, : X ~Po(1.5) models the data
H, : X ~Po(1.5) does not model the data

Significance Level: 5%
Combining adjacent cells with expected frequencies < 5

x [0 1 2 3 >4

o | 22 | 37 | 20 | 13 8

e, | 22313 [ 33.470 | 25.102 | 12,551 | 4.707+1.412+0.445
= 6.564

Degree of freedom = 5—-1-1=3.

5 _ 2
Under H,, X* =Z%~ZZ(3)-
i=1 ;

Reject H, if p-value < 0.10
Using GC, y.,.=1.74, p-value = 0.627
Since p-value > 0.10, we do not reject H, . There is insufficient evidence at 10%

significance level, to conclude that the number of thunderstorms does not have a
Poisson distribution with mean 1.5.

Suggested Solution

(a) From GC, the unbiased estimate of population mean and variances are
X =55 and s> =17.9355" =321.68 =322 (3 s5.f)

(b) Let X be the survival times (in days) of a randomly chosen guinea
pig in the farm, with population mean z.

H,: u=60
H,:u<60

To perform a t-test at 10% significance level.
X -60

—~1(19) .

S/~20 )

Reject H, if 7, <—1.3277

cal —

From sample, x =55, s =17.9355 and n =20
;- 55-60
“17.9355/420

Under H, T =

=-1.2467

In hypothesis testing, it is
required for you to “work
out the test statistics” and
“show the values that you
use in the calculation”.
Note:

p-value =0.11382
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Since ¢, >—1.3277, we do not reject H, and conclude that there is

insufficient evidence, at 10% significance level, that the average/mean
survival times of guinea pigs from the farm is not at least 60 days.

(c) The data seems to be skewed to the right (i.e. longer tail at the right)
and hence does not seem to come from a normal distribution. The data
seems to be not symmetrical around the mean which suggest that a
normal distribution may not be appropriate.

Qn
10

Suggested Solution

(a)

P(Tgt):P(#St)

=P1-X=e™)
=P(X<l-e™)

At

=1-¢”, t>0

There T ~ exp(A)

(b)

T ~Exp(2), E(T)=0.5, Var(T)=0.25
Since n = 60 is large, by Central Limit Theorem,

I, +T, +...+ T, ~ N(30, 15) approximately
P(T,+T, +...+ T, <40) = 0.99509 = 0.995

(©)

P(Y<y)=P(T <y)+P(T 21)P(T < y)+[P(T > 1)]2 P(T < y)+...
—P(T < y)[1+P(T >1)+[P(T 21] +]
:(l—e’zy)(1+e’2 +e +)

1-e™

l—-¢™
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@ E(W)zgzrz—lp(wgrz—lj
:Z":Zrz—lp(r 1<V <r)
:gzrz—l(p(r)_vs(r—l))
—>(F()-F(0))
+3(F)-F(1)
+2(F(3)-F(2)
2 (F(k)-F(k-1))
=-F(1)-F(2)-F(3)-...—-F(k-1)+ %F(")
_2k- 11) )+..+F(k=1)]
{1 ) k—2) + +1—L}
el
. + [(k 1) +(k—- 2) +...+1}
_1 1 k-1
e

For students reference If we further evaluate

l k-1

T I
1

=—+—|(k—-1)(2k—-1

L T

_ 3k 2K’ =3k+1

6k 6k

k1
_+_
3 6k
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