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Mathematical Formulae

1. ALGEBRA
Ouadratic Equation
For the quadratic equation ax?+bx+c¢=0,

_ —b+Ab* —dac

X o=
2a
Binomial Expansion

¢ 3
(@=b) =a" + " " b+ "l +...+(n ja""rb’" ER L
1 \2 I
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2. TRIGONOMETRY
Identities

sin?A4 + cos?d =1

cosec’4 = 1 -+ cot?4
sin{A+B)=sindcos B+cosdsinB

cos(AxBy=cosdcos B T sind sin B

tan (A+B)= tan Axtan B
IFtan Atan B

sin2d4=2smdcos 4
cos24d=cos? A—sinf A=2cos? A4 ~1=1-2sin> 4

2tan A4

tan 24 = 220
1—tan® 4

Formulae for A ABC

a b c

sin 4 - sinB  sinC
a’ = p? + ¢? - 2bccos d
A= sabsinC



(a) Without using tables or calculator, find the value of & such that
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(b)  Given that log, x =7 and

2x
Hence, evaluate log, — .

log, x
log, y

¥

= ~§, find the value of log, y.

(b)

log, xp =7

log, x+log, y=7---(1)
log, x =-8log, y--(2)
Sub (2)into (1):
-Rlog, v+log, y=7
log, y=-1

Hence from (2),

log, x=8

2 <F
log, ;_"‘; =log,2+log,x ~3log,y
1

+8-3(-1)
log, 4 (

~111
2




The population of polar bears in the arctic is given by the formula
t

N = 8000(2+3e— 50 ) , where ¢ is measured in years. Find
(i) the initial population,

(i) |Whent=0,N=28000(2+3e")

=40 000

(ii) the population after 50 years,

[1]

[1]

(i) | When ¢ =50,
t

N =8000(2+3e %0)

_50
=8000(2+3e 50)
=8000(2+3e™1)
=24829.10 -
= 24800 '

(iii)  the least number of years it would take the population to exceed 20 000,

[3]

(iii) L
20000 = 8000(2+3e %0)
4
(2+3¢ )= 20000
8000
!
-7 1
50 — =
* 7%
LIS
50 6
1
t=-50ln=
6
=89.587
=89.6
Hence it will take at least 90 years.




(iv)

the rate at which the polar bears is decreasing when ¢ = 10, [2]

(v}

[}

N =8000(2+3¢ 50)

¢
ﬁ:mooo(mije 50
dt L 50

!

=—480e 0
When ¢ =10

=-393
The population of the polar bears is decreasing at a rate of

393 polar bears /year.

)

t

From the formula N = 8000{2+ 3¢ 50 }, explain why the population of the polar
bears can never fall below 16000. (2]

(v)

Ast —» o,
i
e 0 .50
SN —» B000( 2} =16000
Hence the population of the polar bears will never fall below 16000.

Alternative Method
Use graph to explain
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(vi)  Sketch the population-time curve in the grid below. [2]

S

\ population

S~

N =16 000

40 000

~

-
time

- 3. Given that the expression 2x> + ax® + bx — 6 is divisible by (x* — 2), find the value

of aand of b. 41"

Let f(x) =2x* +ax* +bx—6
V) <2(4) ol ) -o(4)-6-0
4(v2)+2a+(\2)b-6=0--(1)
) --2(8) ol -o(5) =0
—4(V2)+2a—(V2)b-6=0--(2)
M+(2)
4a-12=0
a=3
M-
8(v2)+2(v2)b=0

()
b=

2(v2)




Alternative Method -
Let f(x) = 2x* +ax* +bx —6 = (x* ~ 2)(px+q)
258+’ +hx—6=px’ +gx* -2px -2g
Comparing coefficients of X’ : p =2
{Comparing constant terms: g = 3}

Soa=3
b=-2(2)
=4
Hence,
(i) solve the equation 2x” +ax® +bx — 6 = 0, giving the exact value(s) of x. (3]

@ | f)=2+3x"—4x-6=0
(x*~2)(2x+3)=0

(x+sf§)(x-—\/5)(2x+3)z()

x=-2 0rx=\/5 or xz——mi—

Alternative Method ‘

2% 43 ~4x~6=0

(O =2)px+q)=0

Comparing coefficients of x’ : p=2
Comparing constant terms :  ~2g =-6
g=3

Fx)=2x" +3x* ~dx~-6=0

(x* = 202x+3)=0

(x+ﬁ)(x-—v'§)(2x~1—3)=0

x=—J2 orx=+2 or x=- _;_




(i)

solve the equation 2 +ay + by? —6y° =0.

(iD)

243y-4y" -6y’ =0

DRORC

1

—_—=X

Yy

l:_\/az\/_:_'3

Yy

y——L ory= L ory=
2 N




(a)

10

Solve 2sinx = tan x for which 0 < x <360,

[4]

(a)

2sinx=tanx

sin x

28inx =
CO8 X

2sinxcosx~sinx=0

sinx(Zeosx—1}=0
simx =0

x=0",180°,360°
x=0",60°,180°,300°, 360°

Or COSX=—
2

or x=60",300

(b) Find all the angles between 0 and 6 for which

2 tan p(tan y+ 1) = 3(2—sec’ ¥).

(b)

2tan p(tan y+1) = 3(2~sec’ y)
2tan” p+2tan y =6~ 3(1+tan’ y)
Stan’ y+2tan y~3=0

(5tan y~3)tan v+ 1} =0

3
tan y =~
BA4A=0.5404195
y=0.540,7+0.5404195

=0.540,3.68

y=0540, 2% 368, 1*
4 4

or
y= 0.540, 2.36,3.68,5.50

or fapy=-1

BA= %- or 0.785398

y= T~ g,thmi{
4 4
=37 TT e 236,5.50
44

10
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(a) Given that cos 4= —% where # < A< 37” . Find , without using a calculator, the

value of
@A) sin ( - A) ,

[1]

(i) | sin(z—A4)=sin4

[1]

__4
5
(ii) cot A,
(i) cot4 =
tan A
_3
4
(iii))  cos 4 .
(ifi) cos A =2 cos’ 4 -1
2
1+cos A
2

11



(b) Prove the identity

2 —sect x

12

_Cosx—sinx

sec’ x+2tanx cosx+sinx

®)

2—sec’ x
LHS & ———r
sec” x+2tanx

1
2- 2
€OS” x
1 2sinx
-+
cos“x  COoSx

_ 2cos’x-1
1+2sinxcosx
cos® x—sin? x

sin® x +cos® x + 2sin xcos x
_ (cosx+sinx)(cos x ~sin x)

(cos x +sin x)*

cosx—sinx

T i 2= RTS8
cosx+sin x

Alternative Method

2—(1+tan’ x)
1+tan® x+2tan x
_l-tan’x

(1+tan x)°
_(I—tanx)(1+tanx)
 (+tanx)
_(l—tanx)

(1+tanx)

sinx

1_.
___ COSX
sin x

1+

coSx
cosx—sinx
m o COSX
cosx+sinx
cosx
_ Cosx-sinx

cosx+sinx

12
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The function 4 is defined, for 0° < x <360°, by A(x)=a cos(bx)+c, where a, b and ¢
are positive integers. Given that the greatest and least values of  are 3 and —1
respectively and the period of / is 720°,

@) state the value of @, of  and of c. [3]

2
1

Q) |a

o)
i

Period, 720° :ﬂ

b=1
2

(ii) Sketch the graph of 4. [2]

—

v
=

180%_ 360°

Ry

13



Express

14

4x° + 7% +49x+14 . .
> in parfid fractions.
Cx+D(x"+9

[6]

2
2% + x° +18x+9)4x3 +7x% +49x +14

dx’ +2x* +36x+18
4x3+7x2+49x+14:2+ 5x° +13x—4
Q2x+DEE+9) (2x+1)(x" +9)
55 +13x—4 _ A +Bx+(:'
2x+D+9)  2x+1 £ +9
S5 +13x—4 = A+ +(Bx+ C)2x+ 1)
= (A4+2B)x" + (B+2C)x+94+C
Comp aringcoefficients:
A+2B=5(Q)
B+2C=13(2)
9A+C =—4--(3)
A=
B=3
C=$5
447 +49x k1 1 3x+S
(2x+ (" +9) 2x+1 x*+9

14
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Two points 4 and B have coordinates (1, 2) and (-3, 6) respectively. A pomt P(x,y)is

such that 4P and BP are perpendicular.
(a) Show that P lies on the circumference of a circle.

(@) | Since AP L PB (given), ZAPB=90"
Hence P lies on the circumfereng:e of a semi-circle

( Right angle in semi-circle)

Find
(b) the coordinates of the centre of the circle and the radius of the circle,

(b) | From (a), we know 4B is a diameter of the circle
Centre of circle,

of1=3 2+6
27 2
= (-4
Radius, 7 = /(1+1)* +(2-4)

-
=22

(c) the equation of the circle.

© | G+ + -7 =(VE)
(x+1)*+(y—4)* =8

(d) Explain why the tangents to the circle at 4 and B are parallel.

(d) | Since 4B is a diameter of the circle,

both tangents to the circle at 4 and B are perpendicular to 4B
(radius is perpendicular to the tangent)

Hence the tangents to the circle at 4 and B are parallel.

2]

[1]

15



(a)

16

+11

2 . .
A curve has the equation y = ad ,X#—1. Show thaty is a decreasing

function.

(3]

(a)

_2x+11

T x+l

dy (x+1)2—-(2x+11)

dx (x+1)

-9

(x+1)?

Since (x+1)* >0 and —9 is a negative constant,
dy

- <0, hence y is a decreasing function
X

J

16



(b)

17

Find the coordinates of the stationary point(s) of the curve y = xe™* and
determine the nature of the stationary point(s). 6]

(b)

-2
y=xe "

d_y —2x
dx

=-2xeF +e*

=e?*(1-2x)

. . dy
For stationary points, - =0
e (1-2x)=0

x==
2

1

y=z

. L (1 1
.. the stationary point is | —,— |.
2 2e

2
% =2e¥ - 2(1-2x)e™”
=4 (x-1)

Whenx=l,
2

d’y a1
—d—x_T=4e 1[(5j—l)<0

(%, ) is a maximum point.

17
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10 The diagram shows part of the curve y =4cos % x. Find the area of the shaded region

bounded by the curve, the y-axis and the line y = -2. {6]
y
&
.
1
3§ —X
3
/ - ' X
| // B
/f y=r2
-2

18
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1
=4cos—x
Y 3
1 1
4cos§x=—2 and 2cos—-x=0
1 Vi
cos—x=—— —x==
3 2
Ba=Z i1
3 2
1 27
—X=—
3
x=2r

27

Area of the shaded region = _[0 (4 cosé—x + Z}Zx

1 27
= |:125in§x+2x}

1}

= [12 sin 231 +2Q27)- OJ

B3

=12—+4x
2

= (6+/3 + 47) units®
=22.95
=23.0 units®

Alternative Method
Area of the shaded region

=J‘07ﬂ[4cos%x)a’x +2(27[)—|:-‘[%:[4COS§)C}#}

3z 2

.1 |2 .17

=(12sin—x| +4x+|12sin—x
3 3

3z

=12 sin%—0+47r+12 sin2—7z-—125inz

B3

=4r+12—
2

= (6+/3 + 47) units®
=23.0 units®

19
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11 A particle 4 moves in a straight line, so that, ¢ seconds after leaving a fixed point P, its
velocity, v4 ms™, is given by v  =2=6.
(a)  Find the distance travelled by the particle 4 before it comes to instantaneous rest.
[3]
(a) | Atrest,V, =2t~-6=0 [MI1] V,=0

St=3
3

5= [(t-6)at ors, = jo (2t—6)dt

2 2 7P

=> —6t+c [t Gt]O

t=0,s=0=>c=0 =3’ —6(3)=—9

o5, =t* —6t

When ¢ =3,5, =3° —6(3) =—9m

Hence total distance travelled is 9 m

20



21

A second particle B moves along the same horizontal line as A, and at the same instant that
A begins to move. B starts from O, a point 8 m away from P, with a velocity of 5 ms! and

@

decelerates at 1 ms™.
| |

=z
~

-~

&m ¢
(b) Calculate the distance between particle 4 and particle B when A comes to
instantaneous rest. [3]
(b)
3
sp=(5 -0t or s, =J'O (5 - t)dt
2 2P
—si-Lie 5L
2 2
0
9
1=0,s=8=c=8 =03)-2
2
sp=S5t-L 48 101
2 2
9 1 . 1
When t=3,55 =15 ~5+8 = 185m Distance between A and B = 105+8+9
Distance between A and B = 18% +9 =27.5m
=27.5m

21
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(©) Find the time during the interval 0 < ¢ <5 when the distance between particle
A and particle B is at its maximum. Calculate this maximum distance. [3]
c 2
© ]y =s-Log
2
3¢
8§ =1t —=—+8
o 2
@ =11-3¢
dt
For max distance, s =0
dt
11
St=—
A 3
Whent = H .
3
2
s=11[ D121} g
3/ 243
Max distance is = 28%m
(d) Find the range of values of # for which both particles are moving in the same
direction. [1]

(d)

Hence both particles are moving in the same direction

for the period 3<7<S5.

END OF PAPER

22
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