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Solution
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X X, +otx,

Let P(n) be the statement > (x,x,..x, ) for ne {2, 22, 23,...} :

n
To prove P(2) is true
Since (x, —x,)* >0

2 2
X" +2xx, +x,” 2 4xx,

2
(x, +x,)" 24xx,
X, + X,
——2 2> /xx,
2

Therefore P(2) is true
Assume P(2")is true for somem e N, i.c

XX, X, i
2m Z (x1x2"'x2/n )2 ___________ (1)

To prove P(2"™") is true, i.e.

X+ X, X, .
Y > (xlxz...xzm )2 ------- (2)
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o [ H Xt A X ) (X T Xy F et X —3)
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> 2 2" e
N )
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_ 2m+l
= (xlxz.--xzm RS S )

1{xl+xz+...+x2m X, X +...+x2m+l}

Hence P(2™') is true, by principle of mathematical induction, P(n) is true for all n € {2, 27, 23,...} .
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2(a)

2181
Z no. of permutations where
T the ith object is in the ith position
= z (n—1)!
i=1
=n(n—-1)!
=n!
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—2(n—).

=2 _2),( =2)!

_n!
o

no. of permutations where the ith & jth

object are in their original positions
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Solution
3(a) 14 1 :
(1+ki)
_(1+ki)2+1
(1+ki)2
_(1+ki)2—1
(1+k1')2
1+ (= D[+ (K +1)i]
(1+k1')2

f(n):2|:1+ ! }[1 ! }{H%}
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3(b n
®) tan[Zarg(lJr ! ﬂz 36

+kiy )| 37
36
= tan| arg(f(n)) |[=——
[arg(F0m)] =~
—n*—-n 36
—~ T
n+n+2 37
=>n=38
Solution
4@ | a, = i

X y z
-0, =, = —F—,a4, = and
Xty ’ Ytz ’ Nz+w * w+Xx
blz x+y7b2=\/y+zab3=\/Z+W,b4=\/W+X

Applying Cauchy Schwarz inequality,

2
(a12 +a,’+a +a,’ )(bl2 +b,° +b +b, ) > (ab, +a,b, +a;b, +a,b,)
Hence

2 2 2 2
(x IR S J(2w+2x+2y+2z)2(w+x+y+z)2 —(1)

X+y y+z z+w w+x

2 2 2 2
X z w w+x+y+z
+2 4 + > Y

X+y y+z z+w w+x 2

4(b) | Using Arithmetic-Geometric inequality,

+x+y+ 1 +x+y+ 1
Hence

2 2 2 2 1

G A S >2(wxyz)+ - (2)

X+y y+z z+w w+x

4(c) | wxyz =8I
From (2),

2 2 2 2
X z w
Ly + >6
xX+y y+z z+w w+x
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However, since for Arithmetic-Geometric Progression,
equality only holds if w=x=y =z =3. However since wx =27, yz =3, the equality condition is

not met.
2 2 2 2
X z w
c + Y + + >6
xt+y y+z z+w w+x

Solution
5(a)
2r X
G1 Correct y=2 or y=-1 with endpoints
G1 Correct y =1 with endpoints
G1 Correct y =0 with endpoints
G1 Correct points (377[, —2} and (%, —2) indicated.
S(b) For 2sin(nx) , period = 2—”
n
From graph,
2z
2z . — .
. IO (2 sin (nx)—| dx = n_[o" (2 sin (nx)—| dx
VA
2 |- - D)
1 : 1
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. : Lo
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Jjﬂ (2 sin (nx)—’ dx

. j?[zsin(nxﬂdx
é{(};ﬁ}z(éﬁii’iﬂéﬂ(ﬁm

=7 (k=1)
5(c¢) | From graph in (a),
e V4
J.O [n s1n(nx)—|dx = (;jn
=7
Solution
@O | Given 26 (x)- f(lj _3x 1)
X
Replace x with 1 in equation (1)
X
1 3
2f(;j—f(x)—; )
6(a)(ii) | 2 x(1) +(2):
3f(x)=6x+ 3
X
f(x) :2x+l, x#0
X
6(b
P ewreen-g( 1)y ———
Replace x with —x:
g2+ 2(x) —g(—ij - @
(1) - Q@)
-
X X
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Replace x with l:
X
2
g(=x)—g(x) =~ 3)

X

Taking (3) — (1):

1 2
2g(x) —g(—] =X—— 4)
X X
1
Replace x with —:
X
1 1
2g| - |-g()=—=2x ——()
X X
Taking 2x(4) + (5):
3
3g(x)=——
X
1
g(x)=-—
X
Solution
T@) | XP+1=(x+DE*-+x*—x+1)
Assume that m has an odd divisor 2k + 1 > 1.
Let m = (2k + 1)r for some positive integer . Then
2m +1 — 2(2k+l)r +1
N\ 2k+1
=(2) +1
=(27+1)[ 277 20 4 427 -2 41
This contradicts the primality of 2" +1. Hence m cannot have any odd divisor. So m must be a
power of 2, i.e. m = 2%, where k € Z.
7(d) | 1f p divides 2* +1, then

2% +1=0 (mod p)

2% =—1(mod p)
Squaring both sides,
2" =1 (mod p)
Let d be the smallest positive integer such that 2 =1 (mod p).
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So d divides 2"*!, but does not divide 2" (since 2> =—1mod p).
Sod=2""

By Fermat's Little Theorem, 2”~' =1 (mod p)

Since d divides p — 1, so p — 1 = k2"*! for some integer .
Hence p = k2""1 + 1, where k € Z.

7(c)

Let p and ¢ be prime factors of F, =2 +1.
By (ii), p=r2"""'+1and g =s2""' + 1 for some r, s € Z.

Since (12" + 1)(s2" 1 + 1)

=2 +r+5)2m 4+ 1
is also of the form A2 + 1.

Hence any factor of F, = 2% +1 , whether prime or composite, must be of the form A2"*' + 1,

where k € Z.

7(d)

641 =5+ 21
= 5*+2%=0 (mod 641)
— 54928 1 232 = 92854 1 2%) = ) (mod 641)

641 =5027) + 1
= 527) + 1 =0 (mod 641)
=528
— [52214 4 1] [52 214_ 1]
= [522M4+ 1] [5(27) + 1] [5(27) — 1] = 0 mod 641

Subtracting, we get 2°% + 1 = 0 mod 641
That is, 641 divides Fs =23+ 1.
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8 a n__.n
@ ()= @) —x
! (g—1Dx
_(¢" D’
(g—Dx

_ (=D +q" D)

qg-1
=(q¢""'+q" +..+Dx
. n\ _ 1: n—1 n-2 n-1
lqlillqu(x )—lqlil}(q +q +...+l)x

n—1

=nx""
=1'(x)
8(b) . 1Y
e=lim| 1+—
n—oo n
. 1Y
Ine= lnhm(1+—j
n—»00 n

since f(x)=Inx is continuous,

1= limln(lJrlj
n—»0 n

Let = l , we have
n

1
1=limIn(1+7)"

h—0
In(1+4
1= i 1)
h—>0 h
8 _
© lim D, (In x) = lim 1)~ 10X
g1 -1 (g—-Dx
lnﬂ1
=lim——
g—1 q_l X
_ Ly Ing
xalg—1

Let h=g—1, we have
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limD (Inx)= 1 lim Ing
g1 1 xalg—1
_ llim In(1+4)
X0 h
1
x
=f'(x)
B0 | ) (12 g00)] = 1020~ T )
(g—1Dx
_ f(gx) g(gx) —1lgx) g(x) + fgx) g(x) — f(x) g(x)
(g=Dx
_ Hgx)g(gx) —fgx) g(x) . fgx) g(x) —flx) g(x)
(g=Dx (g=Dx
g(gx) —g(x) f(gx) — f(x)
=f(gx) (4D +g(x) (4 —Dx
=f(gx)D, g(x) +g(x) D, f(x)
f(gx) g(gx) —f(x) g(x)
D, [f(x)g(x)] D
_ fgx) g(gx) —(x) g(gx) + fx) g(gx) — fx) g(x)
(g=Dx
_ g9 g(@n) - {0 g ) glgn) - e)
(g—Dx (g—Dx
f(gx) —f(x) g(gx) — g(x)
P | P
= f(x)D, g(x) + 8(q2)D, f(x)
8(d)(ii) | The product rule for the first principle shows symmetry while the product rule of q-derivative

is asymmetric.
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8(e)()

D _f(.X) =D f(.X) —1
g(x) g(JC)
1

1
=f(qgx)D. | — |+ ——D fi
() q{g(x)}rg(x) o 1)

1 1

_eoglgn) g 1
T T

g E g 1 &b, )
(g—Dx glgx)glx)  glgx)g(x)
_ —flgx)D, g(x) . g(gx)D, f(x)
g(gx) g(x) g(gx) g(x)
_ 8(g")D, flx) —f(gx)D, g(x)
g(gx) g(x)

Or
b [&}D {f(x);}
] g(x) ! g(x)

1 ]
—f(x)D | —— D fi
2 q{g(x)}g(cm o 1)

1 1
e [ CALIN - C B e
(g-Dx  glgo) *
f(x) glx)—glgx) 1 +g(x)Dq f(x)
(g—Dx glgx)glx) glgx)g(x)
_ —f(x)D, g(x) N g(x)D, f(x)
glgx)g(x)  glgx)g(x)
_ gD, f(x) ~f(x) D, g(x)
g(gx) g(x)
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Alternatively,

flgx) _f(x)
b [ fx) } _ ) )
" e) (g—Dx
f(gx) g(x) — f(x) g(gx)
g(gx) g(x)
(g—Dx
f(gx) g(x) — f(x) g(gx)
(g—Dx
g(gx) g(x)
f(gx) g(x) — fgx) g(gx) + f(gx) g(gx) — f(x) g(gx)
(g—Dx
g(gx) g(x)
f(gx) g(x) —flgx) g(gx)  f(x) g(gx) —1(gx) g(gx)

(g—Dx (g—Dx

g(gx) g(x)
flgx)[g(x) - g(gx)]  [f(x) —fgx)]g(gx)
(¢g—Dx (g—Dx
g(gx) g(x)
_flgm)[glax) —g(x)] |, [f(gx) ~fx)]e(gv)
(g—Dx (¢g—Dx
g(gx) g(x)
_ 8(gx)D, f(x) — f(gx) D, g(x)
g(gx) g(x)

Or
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flgx)  f(x)
b [ fx) } _ e g
"L ex) (g—Dx
f(gx) g(x) — () g(gx)
g(gx) g(x)
(g—Dx
f(gx) g(x) — f(x) g(gx)
(g—Dx
g(gx) g(x)
f(gx) g(x) — 1(x) g(x) + f(x) g(x) — f(x) g(gx)
(g—Dx
g(gx) g(x)
f(gx) g(x) —f(x) g(x) f(x) g(gx) — f(x) g(x)
(¢ —Dx (g —Dx
g(gx) g(x)
g()[flgx)—f(x)] [g(x)—g(gx)]f(x)
(g—Dx (g—Dx
g(gx) g(x)
_ 8(x)D, f(x)-f(x)D, g(x)
g(gx) g(x)

8(e)(ii)

As g —1,
i g(gx)D, f(x) —f(gx)D, g(x)
m
g1 g(gx) g(x)
1qi§11 g(gx)D, f(x) —f(gx)D, g(x)

lim g(qx) g(x)
lim g(qx) lim D, f(x) ~Lim f(gx) lim D, g(x)
B [T
_ g f (@) -fx)g')
[e(0)]

Or
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g(x)D, f(x) - f(x)D, g(x)
s g(gx) g(x)
1i£r11 g(x)D, f(x) - li_I}} f(x)D, g(x)

lim g(gx) g(x)
g(x) linll D, f(x)—1f(x) lin} D, g(x)
) [e)]

_ g f @) -fx)g')
[e(0)]

As g —1, the quotient rule for g-derivative aligns with the quotient rule from the first

principle.




