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Section A: Pure Mathematics [50 marks]

1 The sequence {a,} is givenby a,,, +a,, +a, =0, where n>1, a,=landa, =2.
(a8  Find a, in terms of n, giving your answer in the form Pcos(na )+ Qsin(na) where P,
QO and o are constants to be determined. [4]
(b)  Determine the set of all possible values that a, can take as n varies. [1]

2026
() Deduce the value of Z a,. (2]
n=1
2 (a) Consider the gradient function % =f (x) . By applying the trapezium rule to
approximate the integral of f(x) over the interval xe [kh,(k +1) h] , derive the
improved Euler formula y,,, = y, + g[f (kh)+f((k+1) h)] where y, denotes the value
of y when x =kh. [3]
1
(b) A function y satisfies %:—4‘— , where y =2 when x=3. Use two steps of the
Xy
improved Euler method to calculate an approximation of the value of y, when x=3.2,
giving your answers to three decimal places. (4]
3 @ (@) If z is a complex number and z* is its conjugate, show that zz* = |z|2 : [1]
(i) Let z and w be complex numbers which do not lie on the unit circle. Given that
272w , find the value of |z|. [4]
2—z%w

(b) The complex number z=x+iy where x, y are real, satisfies the locus L, which is

© HCI 2026

defined by |Z - k| = |Z - 2ki| where k is a positive real constant.

(>i) Show that the cartesian equation of the locus L can be expressed as
4y-2x=3k. [2]

(i)  Acircle C is defined by the equation |z +3—6i|= J20. It is given that the point

on L which is nearest to the origin lies on the circumference of circle C. Find
the possible value(s) of k. [4]



4 Let 7:R’ — R’ be the linear transformation representing the anticlockwise rotation about the

y axis through an angle @ and let e,,e, and e, be the standard basis vectors of R’, where

1 0 0
e,=/0|,e,=|1|ande,=|0|.
0 0 1

The diagram below illustrates the transformations of e; and e; to T'(e;) and T(e3)

respectively.
Y
T(e1)
9 P
%
z T(e3) X
cosé sind
(a) Explain why T(el) = 0 , T(e3) =| 0 | andfind T(ez). [3]
—sin @ cos@

S:R* — R’is a linear transformation that scales a vector by non-zero scale factors of and f

along the x and z axes respectively. Let A and B be the matrices representing 7 and S

respectively.

(b) Give a geometrical interpretation of A~ and hence find A~ and B™'. [3]
A curve C, in the xz-plane has an equation 2x” +z> =36. Another curve C, is obtained by
rotating C, 30° anticlockwise about the y-axis followed by scaling parallel to the x-axis and z-
axis by scale factors of 2 and 3 respectively.

(c) Hence find a cartesian equation of C,, leaving your answer in a simplified form. [4]
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S (a)

(b)

(©)
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d , . :
Solve xau —2u =x’e" leaving your answer for u in terms of x. [3]

Sketch, on a single diagram, three distinct members of the family of solution curves. [2]

o d? .
Use the substitution y = xz to show that x? ﬁ —2z=xg(x) can be written as

d’y ,dv
x§—25=xg(x). [2]
Solve the differential equations
2
i i % —2z=x%", [4]
o 2 dzz 4
(i) x'o-2z=1. [4]

giving each answer for z in the form z = f(x) .



Section B: Probability and Statistics [S0 marks]

6 A publisher is interested in testing whether the number of printing errors per 100 pages follows
a Poisson distribution. The observed frequencies from examining 400 randomly selected sets of
100 pages are as follows:

Number of errors 0 1 2 3 4 5 6 7 8

Frequency 80 100 86 67 33 25 6 2 1

(a) Test at the 5% level of significance whether the Poisson distribution provides a good fit
for the number of printing errors per 100 pages. [5]
(b)  Referring to the two largest contributions to the test statistic, discuss what the test

indicates about the printing errors. [1]

7 The probability density function (p.d.f) of a normal distribution is given by

(x-p)’

- 2
e 2 ,xelR

f(x) =

1
\2no?
where 1 and & are the mean and variance of the normal distribution respectively.

(a) Using the given p.d.f, show that J:o e dx= g . [2]

A continuous random variable X has its probability distribution given by
S
0 otherwise,
where £ is a constant.
(b)  Sketch the graph of g(x). [1]
(©) Using the result found in part (a), find the value of % . [1]
(d) With the value of &k found in part (¢), find Var(X), leaving your answer in exact form.

[3]
(e) Find the median value of X. [2]
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8 A biased blue die is rolled. The probability that “1” is obtained is 0.4 . Let X be the number of
attempts to obtain the first “1” on the blue die.
(a)  Find the probability that at least 3 attempts are required to obtain a “1”. [1]
(b)  Given that no “1” was obtained in the first 6 attempts, find the probability that the first
“1” is obtained on the 10th attempt. [2]
Another biased red die with the same probability of obtaining “1” is rolled independently.
Let Y be the number of attempts to obtain the first “1” on the red die. Let W be the minimum

of X and Y.
(¢)  Find P(W =w), in terms of w. Hence or otherwise, find P(W =2). [4]
(d) Let T=X+Y.Find P(T=4). [2]

(e) Using your result from parts (c¢) and (d), show that 7 and W are not independent.  [2]

9 A sugar company produces bags of sugar with a target weight of 1 kg per bag. The mass of the
packaging is negligible. A quality control team randomly selects 40 bags and records the mass

of the sugar in each bag in grams. The data are summarized as follows.

D x=39889.4 > x* =39779879.2
(a) Construct a 95% confidence interval for the mean mass of the sugar based on the data,
leaving your answer correct to two decimal places. [4]
(b) State, with a reason, what conclusion the control team should reach. [2]

After receiving feedback from this initial assessment, the company makes changes to the
production line.

(©) The quality control team calculated the 95% confidence interval for the mass of the sugar

after the change in production line. The confidence interval is (998.01 , 1000.59). By

comparing it with the confidence interval found in part (a), state if it can be concluded
that there is a change in the mean mass of sugar. [1]
(d) Subsequently, another 40 bags of sugar are randomly sampled, and their masses are
recorded in grams. The sample mean mass is 999.3 grams while the sample variance is
16.799 grams®. Using this sample and the data from part (a), test at 5% level of
significance whether there is evidence that the mean mass of sugar differs before and

after the production line change. [4]
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10 AceDrink and BrightDrink are two popular drinks. A company carried out a survey to determine

which drink is preferred by consumers. Ten consumers who took part in a taste test were asked

to rate the two drinks on a scale of 1 to 10, 10 being the best. The following scores were recorded.

(a)

(b)

(©)

(d)

(e)

© HCI 2026

AceDrink 9 4 7 8 3 6 9 |10 |10 | 5
BrightDrink | 3 6 4 4 8 5 2 2 1 5

Give one reason why a paired-sample #-test may be inappropriate in testing whether
consumers prefer one drink to the other. [1]
Use the Wilcoxon signed rank test to determine whether consumers prefer AceDrink to
BrightDrink at the 5% significance level. (4]
Explain why it is generally better to use a Wilcoxon matched pair signed rank test than
a sign test. Give an instance where a sign test has to be used instead of a Wilcoxon signed
rank test. [2]
Suppose that the company carried out a similar survey on »n participants, and 20 of the
participants gave a higher score for AceDrink as compared to BrightDrink. The company
used a one-tailed sign test at the 5% level of significance and was able to conclude that
consumers prefer AceDrink. Assuming no ties, find the largest possible value of n. [3]
In a separate survey, 20 participants were asked to indicate which of the two beverages
they prefer. 13 of them indicated a preference for AceDrink, and 5 indicated a preference
for BrightDrink, and 2 of them have no preference. Use a sign test to determine at the
5% significance level if this shows a significant difference in the preference for either
drink. [3]

~END OF PAPER ~
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Section A: Pure Mathematics [50 marks]

1 The sequence {a, }is givenby a,,, +a,,, +a, =0, where n>1, ¢, =landa, =2.

(@  Find g, in terms of n, giving your answer in the form Pcos(na )+ Qsin(na) where P,

Q and « are constants to be determined. [4]

(b)  Determine the set of all possible values that a, can take as n varies. [1]
2026

(o) Deduce the value of Z a,. [2]

n=1

Suggested Solution

(a) The characteristic equation
¥ +x+1=0
Roots are
2r . . 2% 2 . . 2m
X, =cos—+1sin— and x, =COS———1SIn——.
3 3 3 3
r=1

2
3

0

Therefore

a,=r"[ Pcos(nf)+Qsin(nd)]

= Pcos (2’177[) +Osin (ZnTﬂj

When n=1, a, =1: P(—%)+Q[£J:1

2

When n=2, a,=2: P[—%)JFQ(—QJ:Z

2

Solving: P=-3,Q= —?.

Alternative:

2z .. 2« 27 .. 2%
a, =4 | cos—+isin— | +4,| cos— —1isin—
3 3 3 3

n
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27 .. 27 27 .. 2z Y
a,=A|cos—+isin— | +4,| cos— —1sin—
3 3 3 3

2nzr . . 2nw 2nr . . 2nw
= A, | cos——+isin—— |+ A4, | cos —1sin
3 3 3 3

Substitute @, =1 and a, =2:

=4, = P
-9+431
Then 4, = 3 ,
6
Therefore
—9+\/§i 2nw . . 2nw —9—\/§i 2nr . . 2nrm
= 6 COS——+1SiIn—— |+ 6 COS——ISIHT

2nrw \/5 2nw
:_3COST_TSIH_

3

(b) | When n=1, aq =1

n=2, a,=2

n=3, a,=-3

n=4, a,=1

n=s, a;=2

n=6, a;,=-3

So possible set of values are {1,2, -3}

© zi:éan = Z()Z_Z:an +

= a,,,

=aq,

-1

© HCI 2026
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d
2 (a) Consider the gradient function ayzf (x) . By applying the trapezium rule to
approximate the integral of f(x) over the interval xe[kh,(k+1)h] , derive the

improved Euler formula y,,, = y, + g[f (kh)+f ((k + l)h)} where y, denotes the

value of y when x=kh. [3]

(b) A function y satisfies %:l+l , where y=2 when x=3. Use two steps of the

Xy
improved Euler method to calculate an approximation of the value of y, when x=3.2,

giving your answers to three decimal places. [4]

Suggested Solution

@) d_y = f(x)

Ly= If(x)dx
(k+1)h
Virt =Yk :th f(x)dx

(k+1)h
= [ e ()

By the trapezium rule,
(k+1)h h
[, f(x)dr= E[f(kh)+f((k+1)h)]
Hence, y,,, =y, + g[f (kh) + f((k + 1) h)] , which is the improved Euler formula since in this

case f'is a function of x only.

® [dv 11

dx x y

1 1
f(x,y)=—+—
(r)=2+7

x,=3,%,=2,h=0.1

u, =y, +h L+L 2+01(1 lj=§
X, 3 2) 12

Y, =2+ K j ( H 2.081796 = 2.082
y1+h[—+—J
1
1
=2.081796+0.1| —
31 2.081796

=2.162090
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y2=2.081796+E L+; +(L+;
2 |\3.1 2.081796 3.2 2.162090

=2.160694
=2.161
3 (a) (@) If z is a complex number and z* is its conjugate, show that zz* = |z|2 . [1]
(ii) Let z and w be complex numbers which do not lie on the unit circle. Given that
-2
27" I_1 | find the value of || [4]
2—z%w
(b) The complex number z=x+iy where x, y are real, satisfies the locus L, which is
defined by |z — k| = |z — 2ki| where k is a positive real constant.
(>i) Show that the cartesian equation of the locus L can be expressed as
4y —2x =3k. [2]
(ii) A circle C is defined by the equation |z +3-— 6i| =420. It is given that the point
on L which is nearest to the origin lies on the circumference of circle C . Find
the possible value(s) of k. [4]
Suggested Solution
(a)(d) | Let z=x+1y
7z = (x + iy)(x — iy)
- yz
2
=
@G | | z-2w |
2—-z%w

2-20f =2z wf

(z—2w)(z—2w)* = (Z—Z*W)(Z—Z*W)*

(z—2w)(z* —2W*) = (2—z*w)(2—zw*)

2z =2zw =2wz +4ww =4-2zw -2z w+zz ww
Zz+dww =4+z2 ww'

ol + 4l =4+ |2l

of + 4wl ~a— " of =0

(-4)vf 1)

|z| =2 ( |w| # 1)
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®)G) | |z k[=|z 24
Let z=x+iy

|x+iy—k|:|x+iy—2ki|

(x—k) +y* =x"+(y—2k)’

X' =2kx+k*+y’ =x" +y* —dky + 4k’
2kx+k* +4ky—4k> =0

k>0

4y —-2x =3k ('.'k>0)

(b)) | 4y—2x=3k
13

=—x+—k
YRy

.". the point nearest to the origin lies on the line y = —2x.
Substitute y =—2xinto 4y—2x =3k,

4(—2x) —-2x=3k

x=-0.3k

The coordinates of the point nearest the origin is (—0.3k,0.6k )

Since this point lies on the circle C,

(~0.3k +3)" +(0.6k —6)" =20

0.09(k—10)"+0.36(k—10)" =20
20

k—10) =—
(k=10) 0.45

10 50
=—or —
3 3

k
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4 Let 7:R* — R’ be the linear transformation representing the anticlockwise rotation about the

y axis through an angle @ and let e,,e, and e,be the standard basis vectors of R*, where

Y
T(e1)
P
0
0

z I(e;) X

cos @ sin &
(a)  Explainwhy T(e)=| 0 |,T(e;)=| O |andfind T(e,). [3]

—sinf cost

S:R’ — R’is a linear transformation that scales a vector by non-zero scale factors of « and S

along the x and z axes respectively. Let A and B be the matrices representing 7 and S

respectively.

(b) Give a geometrical interpretation of A™'and hence find A™'and B™". [3]
A curve C, in the xz-plane has an equation 2x”+z* =36. Another curve C, is obtained by
rotating C, 30° anticlockwise about the y-axis followed by scaling parallel to the x-axis and z-
axis by scale factors of 2 and 3 respectively.

(c) Hence find a cartesian equation of C,, leaving your answer in a simplified form.  [4]

Suggested Solution

(a) Let P be the coordinates of the point by  rotating (1,0,0)
anticlockwise about y axis through an angle @. By referring to the following right-angle
triangle,

© HCI 2026 [Turn over



y
T(el) P
0 sin @
- cosd
x
cosd
P(c0s8,0,—sinf)=T(e,)=| O
—sinf
Y
z
sin @
Similarly, 7 (e;) = 0 = 0
cos@ cosé
0
Since e, is invariant by T, T'(e,)=| 1 |.
0
(b) The geometrical interpretation of A" is the anticlockwise rotation about the y axis through
an angle —6 (i.e. clockwise rotation about the y axis through an angle ).
cosf 0 sinf a 0 0
A= 0 1 0O |, B={0 1 O
—sinf 0 cos@ 0 0 B
cos(-0) 0 sin(-0) cos® 0 -—siné
A= 0 1 0 = 0 1 0
—sin(-0) 0 cos(-0) sind 0 cos6

© HCI 2026



l 0 0
a
B'=|0 1 0
0 0 l
p
(c) X X
Let ST:|y|—>| Y
z y4
X
y|=A"B'| Y
z y4
l 0 0
cosd 0 —sinf)| o X
= 0 1 0 0O 1 0|Y
sind 0 cos@ 0 0 l Z
B
cosd 0 —sin @
a p X
= 0 1 0 Y
sin @ 0 cosd |\ Z
a B
_ cosHX_s1n92
a B
y=Y
2251n9X+COSHZ
a
Since the curve is in the xz-plane, y=0, ¥ =0.
2x?+2z2 =36
) 2 i 2
N cos@X_smé?Z N sm6’X+cos¢92 _136
a B a B
When 6=30",a =2, =3,
2 2
2 ﬁX—lZ + lX+£Z =36
4 6 4 6
2 i)(z—ﬁ)(ZJriz2 + L)(2+£)(Z+iz2 =36
16 12 36 16 12 36

© HCI 2026
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10

7 NE) 5

— X XZ+—7°=36
36

16 12
7 3 5
Hence the equation of Cz is — x” —£xz +—2z"=36
16 12
du - ) )
5 (a) Solve xa —2u=x"¢", leaving your answer for u in terms of x. [3]

Sketch, on a single diagram, three distinct members of the family of solution curves. [2]

2
(b)  Use the substitution y = xz to show that x’ % —2z=xg(x) can be written as

d’y ,dy
)CF— EZXg(X). [2]
() Solve the differential equations
2
i X % —2z=x%", [4]
2
(ii) x2¥—22=1. [4]

giving each answer for z in the form z = f(x ) .

Suggested Solution

(a) du

Xx—-2u=x¢"
dx

du 2u , .
=x"¢
dx «x

: ax o1
Integrating Factor: eI <o gk o X" =—

2
X

X

2
x> dx ¥

d(u .
i)™ "

1 du 2u
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11

X
(b) y=Xxz
Differentiating w.r.t x :
b &,
dx dx
d’y d’z dz dz d’z _dz
—S = X—t—+t—=x—+2—
dx dx~ dx dx dx dx
2
Substitute into given DE ng—h:xg(x):
d’y _dz
x| —=-2—|-2z=xg(x
d’y dz
x—-2 x—+z|=xg(x
e (dx ] g(x)
d’y dy
x——-2—=xg(x
o e g(x)
c)( 2
OO 1oLz v
d’y dy 5.
Bypart (b), xy—2a=x3e
d
Let—y=u
dx
xd—u—2u=x3ex
From part (a),
© HCI 2026
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u=xe +Cx’

12

& =x"e" +Cx’
dx

y= szex +COx? dx

Cx’

=x’e" —Ier" dx +

3
= x’e" —2xe" +I26" dx+CTx

Cx’
=x’e" —2xe* +2e"+—+D

3

=(x2—2x+2)ex+cx +D
3

3

(x2—2x+2)ex+ci+D
3

( 2) . G D
z=|x-2+— | +——+—
X x

Xz

©@) | &

dx
dzy dy
y part (b) xdx2 -
Letd—y—u
dx
dx
du_2u_1
dx X X
d_u_2u+1
dx  x

ol
2u+1 X

%ln|2u+l|:ln|x|+c

In|2u +1|=2In|x|+2C
2u+1

In|——[=2C
x

2u+1
2

Il
¢l

X
2u+1

2

=+e¢
x

2”+1:Ax2’ WhereA:iGZC
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13

2V -y
dx
dy _ Ax* -1
dx 2
Ax’ x
== 4B
Y76 2
3
Xz = A x B
6 2
A7 1B
6 2 x
Section B: Probability and Statistics [S0 marks]
6 A publisher is interested in testing whether the number of printing errors per 100 pages follows

a Poisson distribution. The observed frequencies from examining 400 randomly selected sets of

100 pages are as follows:

Number of errors 0 1 2 3 4 5 6 7 8
Frequency 80 100 86 67 33 25 6 2 1
(a)  Test at the 5% level of significance whether the Poisson distribution provides a good fit
for the number of printing errors per 100 pages. [5]
(b)  Referring to the two largest contributions to the test statistic, discuss what the test
indicates about the printing errors. [1]
Suggested Solution
@ 178 197
400
Ho: The number of printing errors can be modelled by a Poisson distribution.
Hi: The number of printing errors cannot be modelled by a Poisson distribution.
Number of| 0 1 2 3 4 5 6 7 8
errors
Frequency 80 100 86 67 33 25 6 2 1
Expected 55.8 1109.9 | 108.3 | 71.1 35 13.8 | 45 1.3 0.3
Since the expected value for number of errors between 6 and 8 inclusive are less than 5, combine the
three cells
© HCI 2026 [Turn over




14

Numberof | 0 1 2 3 4 5 xX>6
errors

Frequency | 80 100 86 67 |33 ] 25 9
Expected | 55.8 1109.9 | 108.3|71.1 35| 13.8 6.1

2
Test statistic ;(2 = Z(O_—E)

E

Degree of freedom =7-1-1=5

2
~ X5

7> =268 p-value = 6.24x107

Since the p-value is less than 0.05, reject Ho at 5% level of significance. There is sufficient evidence
to conclude that the number of errors per 100 pages is not consistent with a Poisson distribution.

(b)
Number of | 0 1 2 3 4 5 x>6
errors The two largest
Frequency 80 | 100 86 67 33 25 9 contributions to the test
Expected 55.8[109.9 | 108.3 | 71.1 | 35 13.8 6.1 | statistics are 10.5 and
Contributions | 10.5 | 0.892 | 4.59 |0.236 | 0.114 | 9.10 | 1.38 | 9.10 which come from
0 error and 5 errors. The
Poisson distribution underestimates the number of pages without any error and the number of pages
with 5 errors.
7 The probability density function (p.d.f) of a normal distribution is given by

f(x) =

2no

(x-n)”
2
e 2 ,xeR

2

where u and o are the mean and variance of the normal distribution respectively.

(@)

Using the given p.d.f, show that J.: e dx =

(L

.

2]

A continuous random variable X has its probability distribution given by

where £ 1s a constant.

(b)
(©)
(d)

(e)

Sketch the graph of g.

Using the result found in part (a), find the value of k.

g(x)=

—2x?
ke ™,

0

x>0,

otherwise,

[1]
[1]

With the value of k found in part (¢), find Var(X), leaving your answer in exact form.

Find the median value of X.

[3]
2]

Suggested Solution
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a 1
@) Note that for the normal distribution with mean 0 and variance — , its probability function
. 1 _ﬁ 2 2%
1S e = \/;e , and we have
2n(3)
J‘_OO 267 dy =1
Since the normal distribution is symmetrical about 0,
0 2 1
2 —2x - _
RS
oy’ U
I e “dx= \/: (Shown)
0 8
(b)
y
k

v

(© [ g(x) dr=1
0+j: ke dx =1

kjwe‘zxzdle

0

From (a), k&

N—
Il
p—

Therefore k =

= ==
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16

@ B0 = [ xe ™ dx

"4 on

(e) Let m be the median of X.
m > 1
8 —2x —_
‘/ﬂjo e dx 5

Using GC,
NORMAL FLOAT AUTO REAL RADIAN MP n

Flotl  Plotz Plots

X
l\'\"iEJ—Bﬂ:L[e'“z]dT

INY 2B1 22
InY 2=0
INY 4=
INY 5=
“Ye=
INY 7=

© HCI 2026




17

MORMAL FLOAT AUTO REAL RADIAN HP u

CALC INTERSECT
'5" asl/2

Intersection
W=B, 3372449 ¥=0.5

m=0.337

8 A biased blue die is rolled. The probability that “1” is obtained is 0.4 . Let X be the number of
attempts to obtain the first “1” on the blue die.
(a) Find the probability that at least 3 attempts are required to obtain a “1”". [1]
(b)  Given that no “1” was obtained in the first 6 attempts, find the probability that the first
“1” is obtained on the 10th attempt. [2]
Another biased red die with the same probability of obtaining “1” is rolled independently.
Let Y be the number of attempts to obtain the first “1” on the red die respectively. Let W be

the minimum of X and Y.

(c) Find P (W = w) , in terms of w. Hence or otherwise, find P(W = 2) . [4]
(d Let7=X+Y.Find P(T=4). [2]

(e) Using your result from parts (c¢) and (d), show that 7 and ¥ are not independent.  [2]

Suggested Solution
(a) Let X be the number of attempts needed for the first “1” to be obtained.

P(X >3)=P(X>2)=(0.6)=0.36
Alternatively,
Let X be the number of trials needed for the first “1” to be obtained.

X ~ Geo(zj
5

P(X>3)=1-P(X <2)=0.36

(b) Let X be the number of attempts needed for the first “1”” to be obtained.

X~ Geo[zj
5

P(X =10|X >6)=P(X =4)=0.0864
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(© | P(W=2w)=P(X2w)P(Y=w)

=—(0.36)"

Alternative method:
P(WZw):P(X:me>w)+P(X>me:w)
+P(X=me=w)

BE

P(X:me>w):

P(X:me:w):
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(d | P(T=4)=P(X=1nY=3)+P(X=2nX=2)
+P(X =3nY=1)
SEIEEE
=2 = |x| = Z |+ = il
5 5 5 5 5
108
625
(© | P(W=2nT=4)=P(X=2nY=2)
=Gl
5 5
_36
625
But
P =2)xP(T=4)= 22, 198 _ 6308 30
625 625 625
Therefore T and I are not independent.
9 A sugar company produces bags of sugar with a target weight of 1 kg per bag. The mass of the

packaging is negligible. A quality control team randomly selects 40 bags and records the mass

of the sugar in each bag in grams. The data are summarized as follows.

> x=39889.4 > x* =39779879.2
(a) Construct a 95% confidence interval for the mean mass of the sugar based on the data,
leaving your answer correct to two decimal places. [4]
(b) State, with a reason, what conclusion the control team should reach. [2]

After receiving feedback from this initial assessment, the company makes changes to the
production line.

(©) The quality control team calculated the 95% confidence interval for the mass of the sugar

after the change in production line. The confidence interval is (998.01,1000.59). By

comparing it with the confidence interval found in part (a), state if it can be concluded
that there is a change in the mean mass of sugar. [1]
(d) Subsequently, another 40 bags of sugar are randomly sampled, and their masses are
recorded in grams. The sample mean mass is 999.3 grams while the sample variance is
16.799 grams®. Using this sample and the data from part (a) , test at 5% level of
significance whether there is evidence that the mean mass of sugar differs before and

after the production line change. [4]
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Suggested Solution

(a) | Let X be the mass of the sugar in grams
x =997.235,
2
39889.4
2 = L1 307708702 398894)
39
=19.830538
2
Since n =40 is large, by Central Limit Theorem X ~ N( ,u,O-—J approximately.
n
X —
7= S £_oN (0,1) approximately
Jn
Critical value: 1.95996
Confidence interval for population mass of sugar is
997.235-1.95996 x w,997.235+1.95996x /w =(995.85,998.62)
V" 40 40

(b) | Since 1kg does not lie within the confidence interval, there is sufficient evidence at 5% level
of significance that the mean mass of the sugar is not 1kg.

(¢) | No, it cannot be concluded that there is a change in the mean mass of sugar. When the
confidence interval overlap, it is inconclusive if the mean mass is different at 5% level of
significance. It is only conclusive when the confidence intervals do not overlap.

(d) | Let g4 and u, be the population mean mass of the sugar before and after the change

respectively
Let Y be the mass of the sugar after change in production line
Ho: gy — 1 =0
HIL: 4y — 1 20
¥=9993 s = ﬂ(16.799) =17.23
739
m =n, =40

X =997.235, 52 =19.83
Since n =40 and n,=40 are large, by Central Limit Theorem

- = o x2 O-y2 .
X —-Y ~N| iy — tp,——+—— | approximately.
M
Under Ho,
X-Y
7 =

B N(0,1) approximately
S¢Sy
o

z—value =—2.15, p — value=0.0319 <0.05
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Therefore reject Ho. There is sufficient evidence at the 5% level of significance that the
population mean mass of the sugar after a change in the production line is different from the
population mean mass of the sugar before the change

10

AceDrink and BrightDrink are two popular drinks. A company carried out a survey to determine

which drink is preferred by consumers. Ten consumers who took part in a taste test were asked to

rate the two drinks on a scale of 1 to 10, 10 being the best. The following scores were recorded.

(@)

(b)

(©)

(d)

(e)

AceDrink 9 4 7 8 3 6 9 |10 | 10 | 5

BrightDrink | 3 6 4 4 8 5 2 2 1 5

Give one reason why a paired-sample #-test may be inappropriate in testing whether
consumers prefer one drink to the other. [1]
Use the Wilcoxon signed rank test to determine whether consumers prefer AceDrink to
BrightDrink at the 5% significance level. [4]
Explain why it is generally better to use a Wilcoxon matched pair signed rank test than
a sign test. Give an instance where a sign test has to be used instead of a Wilcoxon signed
rank test. [2]
Suppose that the company carried out a similar survey on »n participants, and 20 of the
participants gave a higher score for AceDrink as compared to BrightDrink. The company
used a one-tailed sign test at the 5% level of significance and was able to conclude that
consumers prefer AceDrink. Assuming no ties, find the largest possible value of n. [3]
In a separate survey, 20 participants were asked to indicate which of the two beverages
they prefer. 13 of them indicated a preference for AceDrink, and 5 indicated a preference
for BrightDrink, and 2 of them have no preference. Use a sign test to determine at the
5% significance level if this shows a significant difference in the preference for either

drink. [3]

Suggested Solution

(@)

The difference in the consumers' preference may not be normally distributed.

(b)

Let D = score for AceDrink — score for BrightDrink.
Let m be the actual median of D.

Ho:m=0
Hi:m>0

Level of significance: 5%
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AceDrink [9/4(7|8[36/9[10[10]5
BrightDrink |3| 6 |4|4[8 |5|2]2 |1 |5
d 6[-213/4|-5[1]7/ 81910
|d| 6/2(3/4|5(1]7/8]9]0
Rank 6/2(3/4|5]1(7/8]9
Signed rank [6(-2|3(4|-5|1|7| 8|9

S+=38and S.=7

So test statistic £ =7

Since t = 7 < 8, we reject Hy at the 5% significance level. Hence there is sufficient evidence to
conclude that consumers prefer AceDrink to BrightDrink.

(©)

The Sign Test ignores the magnitude of differences in the data.
A sign test has to be used if

e the magnitudes of the differences are unknown
e there are too many tied ranks in the Wilcoxon signed rank test

(d)

Let D = score for AceDrink — score for BrightDrink.
Let m be the actual median of D.

Ho: m=0

Hi:m>0

Level of significance: 5%

Under Ho, S ~ B(n, 0.5),
p-value = P(S > 20)

Since Ho is rejected, p-value < 0.05,
so P(§>20)<0.05
1 -P(§<19)<0.05

From GC,

n 1-P(§<19)
30 0.0494 <0.05
31 0.0748 > 0.05
So largest n is 30.

(e)

Let d be the difference in the preference of the drinks.
Ho: d=0

Hi: d#0

Level of significance: 5%

Sample size = 18
Under Ho, S ~ B(18, 0.5),
p-value =P(S<50r§>13)=2xP(§<5)=0.0963

Since p-value =0.0963 > 0.05, we do not reject Ho at the 5% significance level. There is
insufficient evidence to conclude that there is a difference in the preference for either drink.
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