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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c =0,

b VP dac

2a

X

Binomial expansion

n__ _n n n—1 n n-232 h n—rir n
(a+b)'=a"+ . a” b+ 5 a”" bt +..+ a”’b"+..+b",
r

I’lj n! nn-1)..(n-r+1)

where # is a positive integer and = =
r) rlin-r)! r!

2. TRIGONOMETRY

Identities
sin®> A+cos> A=1
sec’ A=1+tan’ 4
cosec’4d=1+cot> 4

sin(4+ B) =sin Acos Bt cos Asin B
cos(A+£ B)=cos Acos B+sin Asin B
tan A+ tan B

tan(AtB)=——
1+ tan Atan B

sin2A4=2sin Acos 4
cos2A4=cos’ A—sin* A=2cos* A—1=1-2sin* 4
2tan A

tan24=————
1-tan” 4

Formulae for AABC
a b c

sind sinB sinC
a’ =b*+c¢* —=2bccos A

A= lbcsinA
2
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1 (a)  Find the first 3 terms in the expansion of (1+3x)* in ascending powers
of x. [2]

(1+3x)8:1+8(3x)+(§j(3x)2+... M1

=1+24x+252x" +... Al
(b) Hence determine the first 3 terms in the expansion of (2+6x+3x%)*. [3]
3 8
(2+6x+3x2)8:28(1+3x+§x2) M1

8
:256(1+3(x+%x2jj Ml
1 1,Y
= 256(14—24(x+3x2]+252(x+5x2j +j

= 256(1+24x+12x2 +252x° +)
=256(1+24x+264x2 +)
=256+ 6144x+67584x> +... Al

(c) Explain why there is no constant term in the expansion of

(2—ij (1+3x)". [3]

3x

2 2
(2_ij (1+3x)° :(Z—L] (1+24x+252x" +..))
3x 3x

:(4—i+%j(1+24x+252x2 +.) Ml
3x Ox
4 1
constant term = 4(1)— 3 (24) + 5 (252) MI
=0
Hence there is no constant term in the expansion of
2
(2—ij (1+3x)°. Al
3x
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®

ADE is a semicircle with centre O. It is given that D and E are midpoints of
AB and AC respectively and AB = BC.

(a) Prove that AABE = ACBE .
In AABE and ACBE
AB = BC (given) M2 for 3 conditions

AE = EC (E 1s the midpoint of AC)

BE is a common height MI for 2 conditions

AABE 1is congruent to ACBE . (SSS) Al

(b) Prove that LZBEA=90°.

Since AABE is congruent to ACBE, /BEA= ZBEC . (corresponding
angles of congruent triangles)

ZBEA+ ZBEC =180° (angles on a straight line)
/BEA+ ZBEA=180° Bl
/BEA=90°
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(¢) Determine, with explanation, whether AADE is similar to AABC. [3]

Since D and E are midpoints of 4B and AC respectively, by midpoint

theorem, DE // BC and DE = %BC . Bl

In AADE and AABC,
ZDAE = ZBAC (common angle) M1

ZADE = ZABC (corresponding angle, DE // BC) MIl
AADE is similar to AABC . (AA similarity test)

DF 1
(d) Show that F_ =—

2 [3]

In ADFE and ACFB,
ZEFD = /BFC (vertically opposite angle) Ml

/FDE = ZFCB (alternate angle, DE // BC) M1
ADFE is similar to ACFB.

By midpoint theorem, DE = %BC .
DF _DE
FC BC

:% (proven) Al
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3 A radioactive substance decays according to the equation 4 =15¢™", where
A 1s the mass in grams of radioactive substance remaining and ¢ is the time in
hours after the radioactive substance starts to decay.

(a) Given that there are 10 grams of radioactive substance remaining after
30 hours, verify that the value of b is 0.013516.

A=15¢"
10=15¢7"
e—aob:E Ml
15
—30b:1nE
15
1. 10
=——In—
30 15
=0.013516 Al

(b) Find the mass of radioactive substance left at the end of 1 week.

A — 156—0.013516(7><24)

=1.55g Bl

(c) Find the number of hours for the radioactive substance to decay to half
of its original mass.

When =0, 4=15. M1

A _ 15e70.013516t

E — 1500135161

1
o 0o13sI6r _ 2 M1

2
1
—-0.013516¢ = lnz

t =51.3 hours Al
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(d) Find the rate at which the substance decays at ¢ = 50 hours. [2]

A — 15e—04013516l

d_A — _0 20274e—0.013516t Ml
dt
When ¢ =50,

d_A — —0.20274¢0013516(50)
dt

=-0.103

The rate of radioactive decay at ¢ =50 hours is 0.103g/h. Al
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4 (a) Prove that cot(45°—x) =

cot(45°—x) =

Jurongville Secondary School

cotx+1

cotx—1"

1
tan(45°—x)
1+tan45°tan x

tan45°—tan x Ml

1+tan x

M1
1—tanx

1+ L
cot x

- 1
cotx

cotx+1

(proven) Al
cotx—1

cos(45°—x)
sin(45°—x)

cos45°cos x +sin45°sin x

sin45°cos x—cos45°sin x

cosx+sinx

cosx—sinx
CcoS X

+1

sin x

COS X

: 1
sin x

cotx+1
(proven)
cotx—1

4049/02/2025
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M1

Al



(b) Hence express cot15°in the form p+ q\/g , where p and ¢ are
integers. 3]

cot15°=cot(45°=30°) M1 - sub x = 30°
_cot30°+1
cot30°—1
1

+1
_ tan30°
1

tan30°’_1
_\/§+1
31

\/§+1 \/§+1
"Bl B M
B 3423 +1
31

4423

2
—2+3 Al
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10

5 It is given that cos @ = % , where 0° <6 <360°.

(a)  Show that the value of 2—sin’ @ is D4 .
169 [2]

2-sin’f=2-(1-cos’0) Ml

=1+cos’ @

2
o
13
194

T 169
(b) By finding the value of sin” @, find the exact value of tan’(90°—6). [4]

A1 — with correct substitution

194
169
14
169
tan2(90°—0):t 129 M1
an
cos’ @
sin’ @
5 2
16
Sl M
169
25

"l A

2-sin’ 0=

sin’ @ = Bl
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6 The function f(x)=x"+ px’ +qx—12, where p and ¢ are constants, has a
factor x+1 and leaves a remainder of 36 when divided by x—3.

11

(a) Show that p=5 and ¢ =-8.

f(x)=x"+px’ +qx—12

f(-1)=0

—-1+p—q-12=0

p—q=13

f(3)=36

27+9p+3g—12=36

9p+3g=21
3p+q=7

0O+@:
4p =20
p=35
qg=5-13
q=-8

~p=5 and ¢q=-8 (shown)

(b) Using these values of p and ¢, solve the equation f(x)=0.

When p=5 and g =-8,

fx)=0

X +5x2-8x-12=0

(x+1)(x" +4x-12)=0
x+1)(x+6)(x-2)=0

x=-1 or

Jurongville Secondary School

x=—-6
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(b)

12

Given that log, x =m and log, y =2n, express xy in terms of m and
n.

Given that

log, x=m and log, y =2n

x=7" y=T7" MI
= (7))

xy — 7m+2n Al

Solve the equation log, 3x* +4 =log, 27.

log, 3x* +4 =log_ 27
log,3+2log, x+4=1log 27 Ml

log, 3’
2log, x+5=—""— M1 — for Change of Base Law
log, x
2log, x+5=
log, x
Let y =log, x,
2y+5=i M1
y
2y°+5y-3=0

(2y—1)(y+3)=0

or y=-3

y=d
Y 5

log3x:% or log,x=-3 Ml

x =32 or x=3"
1

-3 —— Al
\/_ 27
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)
8
The diagram shows the curve y =asinbx+c for 0 < x < %radians.

The curve has a minimum point at (% , —8) and a maximum point at(% , 2) .

(a) Explain why ¢=-3. [2]

y =c is axis of curve

maximum + minimum
C =

2
_2+(8) M1
)
=-3 Al
(b) Explain why b=4. [2]
2 .
b period
2z _%
PR M1
b=4 Al
(¢) Hence find the equation of the curve. [2]

y=asinbx+c
Since this is a negative sine graph and the amplitude is 5, a =—-5. Ml
The equation of the curve is y =—-5sin4x-3. Al
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9 A boat travelling in a straight line passes a buoy, B, with a speed of v m/s.

The velocity of the boat after passing B is given by v =¢>—5¢+4 . The boat
comes to rest momentarily, first at point C and then at point D.

(a) Find the distance CD.

v=t'-5t+4

s=Jt2—5t+4 de

t3 2

=——-—+4t+c
3 2
Whent=0,5s=0,c=0.
3 2
s:t——si+4t Ml

At instantaneous rest,
v=0

2
t"=5t+4=0 M1
t-DE-4)=0
t=1 or 4 M1

When ¢t =4,

s:§—¥+4(4)

:—2z m
3

Distance between C and D =1
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15

(b) Find the total distance travelled by the boat in the first 5 seconds after
passing B. [3]

When ¢t =5,
3 2

52230 L4 M
302

M1
Total distance travelled by boat =1 > +4 1 +| - > +2 2
6 2 6 3
1 Al
=8—m
6
(¢) Given that 4 is the point at which the boat has zero acceleration,
determine with full working, whether 4 is nearer to B or to D. [3]
a=2t-5
When a =0,
2t-5=0 Ml
1
t=2—
2
1
When t=2—,
2
3 2
) o) oy
s = - +4|2—
3 2 2
5
=——m
12

distance from 4 to B = % m

distance from 4 to D = (2% — %j m [ Al —with conclusion
=2 1 m
4

A is nearer to B. .
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10

—

A D

The diagram shows a drawing of a mini garden ABCD in the school. It is
given that BC =4 m, CD=8 mand £4ABC = ZADC =6, where 6 is an
acute angle measured in degrees.

(a)  Show that the area of the mini garden is 4 =20sin260 —16cos26+16. [4]

B

4cosf
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17

A= %(4 cos@)(4sin )+ % (8cos #)(8sin B) + (4sin 8)(8sin ) M1

=8cosfsin@+32cosfsinf+32sin’ 6

=40cos@sin @ +32sin* 6 Ml
:20sin29+32(#j M1
=20sin260 —16¢c0s20+16 Al

(b) Express 4 in the form Rsin(260 —«)+16, where R > 0 and « is an
acute angle. [3]

A=20sin20—-16co0s260 +16

=202 +16” sin (20— tan”' (%D +16 M1 for R

M1 for o
= 656sin(20—38.659°)+16

=656 5in(20-38.7°) +16 Al

(¢) Find the value of & when the area of the garden is 25 m”. [3]

V656 sin (26 —38.659°) +16=25

. N
Sll’l(29—38659 )—E M1
20 —38.659°=20.572° Ml

0=29.6°(1d.p.) Al

(d) Determine the maximum value of 4 and the corresponding value of 6. [3]

Maximum value of 4 =/656 +16
=41.6 m (3s.f) Ml

Corresponding value of 0:

260-38.659° = 90° Ml
0=64.3° (1 dp.) Al
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11

The curve x =(y—2)° and the line y = x—10 intersects at the points M and
N.

(a) Find the coordinates of M and N.

x=(-2 — ()
y=x-10 - (2)
Sub (1) into (2):
y=(r-2)*-10 M
y=("-4y+4)-10
¥ =5y-6=0
(y+Dh(y-6)=0
y=-1 or y=6 M1
x=9 or x=16
Coordinates of M and N are (9,—1) and (16, 6) respectively. Al
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(b) Find the area of shaded region 4 and the area of the shaded region B. [6]

. 1 6
area of region 4 = E(9+16)(6+1)—L(y—2)2dy M2

1 [=27T
_g7l_ |2
2 3

=87——

1 ((6-2y (-1-2)

2 3 3

= 57l units’
6

area of region B = J.i (y—2)’dy +%(10—1)(9)

{(y—ﬂz L8l
3|2

_(2-2° (-1-2) sl

3 3 2

=49 1 units®
2

END OF PAPER
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